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Abstract—Peer-to-Peer (P2P) streaming technologies can take thousands of TV channels or movies for viewing, and may
advantage of the upload capacity of clients, and hence canserve hundreds of thousands of users simultaneously [5].
scale to large content distribution networks with lower cos. A In contrast to the practical success of these P2P streaming

fundamental question for P2P streaming systems is the maxiom t the th tical understandi f th f f
streaming rate that all users can sustain. Prior works have sidied systems, the theoreucal understanding of the periormance

the optimal streaming rate for a complete network, where evey ~ P2P streaming seems to be lagging behind, which may impede
peer is assumed to be able to communicate with all other peers further improvement of P2P live streaming. A basic question

This is however an impractical assumption in real systems.nithis  can be asked is what is the maximum streaming rate that all
paper, we are interested in the achievable streaming rate vén 1o can sustain for all possible policies? This questas h

each peer can only connect to a small humber of neighbors. b tudied der th ti f let twork
We show that even with a random peer-selection algorithm and €en studied under the assumption of a compiete network,

uniform rate allocation, as long as each peer maintain§2(log N) Where each peer can connect to all other peers simultaryeousl
downstream neighbors, whereN is the total number of peers in  Under this assumption, the maximum streaming capacity has
the system, the system can asymptotically achieve a streamsi peen found in [7], and both centralized and distributed rate
rate that is close to the optimal streaming rate of a complete 5cation algorithms to achieve this maximum streaming ca

network. These results reveal a number of important insighs . .
into the dynamics of the system, base on which we then design pacity have been developed [7]-[10]. However, the assumpti

simple improved algorithms that can reduce the constant fawr  Of & complete network is impractical for any large-scale P2P
in front of the Q(log V) term, yet can achieve the same level of streaming systems. In a real P2P streaming system, typicall
performange guarantee. Simulation results are provided toverify  egch peer is only given a small list of other peers (which we
our analysis. refer to as neighbors) chosen from the entire populatiod, an
each peer can only connect to this subset of neighboringpeer
I. INTRODUCTION (neigbhbor? mqyr?é)t pe closein .tern;ts of phyiical dilzlstang@. Th
, . : . __number of neighboring peers is often much smaller than the
With the proliferation of high-speed broadband SENVICeHtal population, in order to limit the control overhead.
the demand for rich multimedia content over the Internet, When each peer only has a small number of neighbors
in particu.lar high-quality Vi‘,’eo ‘?'e“"ef}’ over the Intetne the P2P network can be modeled as an incomplete graph with
has kept increasing. Streaming video d|rectlly from the aervnode-degree constraints. In this case, the streaming iGapéc
requires a large amount of upload bandwidth at the servghp oy stems becomes more complicated to characterizet Liu e

which can be very costly. The service quality can also . [11] investigate the case when the number of downstream
poor when the clients are far away from the server. Ig

dditi ; be difficult for th bandwidth to k eers in a single sub-stream tree is bounded. However, the
addition, it may be ditficult for the server bandwidth 10 ke, ey of neighbors that each peer could have over all sub-

up when the demand is exceedmglly high. There haye be&Peams can still be very large (in the worse case it can
different approaches to off-load traffic from the serveings be connected to all the other peers simultaneously). Some

either CDhN (Icontenthisltrib_ution InetWo(r:k%I\?r PZP (peder-toé proximated and centralized solutions to solve the optima
p_eer) _tec nologies. Deploying a large N can mtro_ uceq eaming capacity problem on a given incomplete netwosk ha
high f|?<ed cost. In contrast, P2P technologies are pamlyulabeen proposed in [12]. However, for large-scale P2P stregmi
attractive because they take advantage of the upload bdﬁdw‘systems, such a centralized approach will be difficult tdesca

of the clients, which does not incur additional cost to thiteai |5, ot 41 [13] proposed a Cluster-Tree algorithm to conitau

service provider. Several well-known commercial P2P “Vf%oology subject to a bounded node-degree constraint,whic

sctre?;n ing s_ystergs P;agfl\l/aéer:\s Su_(lf{:/ZSSfu"Z dzpd%'gg’ ?CI% uld achieve a streaming rate that is close to the optimal
oolStreaming [2], [31. nts [4], [5]. streaming capacity of a complete network. This result gives

PPStream [6]. A typical P2P streaming system can now Oﬁ8§ hope that, even with node-degree constraints, a P2P rketwo

An earlier version of this paper [1] has appeared in the 3@EEH may achieve almost the same streaming rate a§ thqt of a
International Conference on Computer Communications EEEFOCOM complete network. However, the Cluster-Tree algorithmas n
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However, these works did not provide theoretical results gf System Model
the achievable streaming rate. To the best of our knowledge, ) . ]
there is no fully distributed algorithm in the literatureatrcan e consider a peer-to-peer live streaming network wiith

achieve close-to-optimal P2P streaming capacity in indetap Peers and one source In the rest of the paper, we will use
networks. the terms “source” and “server” interchangeably. Simylane

In this paper, we are interested in the following que%III use the terms “peer’, “node” and *user” interchanggabl

tion: without centralized control, how many neighbors do enote the set of all peers and the sourcgquhus, V= .
a peer in a large P2P network need to maintain in ord r+1). We assume that the source has an |nf|n|tely.long video
to achieve a streaming capacity that is close to the opti jeam to be streamed to all peers and it has a fixed upload

streaming capacity of an otherwise complete network? Eurthcapac':cy%' Le_E[ _Ui denote the l_Jplolad gﬁpgglt:y of gerefor del
can we develop fully-distributed algorithms for peer-sétm ease of exposilion, we use a simpie § modet to mode

and rate-allocation to achieve the close-to-optimal stiag the heterogeneity and random variation of the upload cépaci

capacity? This paper provides some interesting and pesitR/aCh peerlhaz an uplltza%jca_pa(t)cit).ltJr?f: ubwg.fll_tprlobabil_it.yéo
answers to these questions. We first show that, if each p&Bf @n upload capacity &f; = 0 with probability1 —p, i.i.d.
has Q(log N') neighbors, where is the total number of across peers. Thus, an ON peer represents a user with large

peers in the system, close-to-optimal streaming rate can lﬂ?%oad capacity, while an OFF peer rep_resents a user with low
achieved with probability approaching 1 Asgoes to infinity. upload capacity.We assume that> u. Like other works .[7]’
Further, in order to achieve this goal, each peer only nee’ég]’ [13], [18], we assume that thg QOwnIoad capacity and
to chooseQ(log N) downstream neighbors uniformly and core netwc_)rk capaqty are sufficiently large, anq hence
randomly from the entire population, and simply aIIocateth qnly capacity con_stralnts are on the upload cap_acmyh Ea
its upload capacity evenly among all downstream peers. O eri € V\{s} has afixed sef; of M/ downstream neighbors.

the server needs a slightly different peer-selection pasee milarly, the source has a st of 1 downstream peers. We
Section II-B for details). can then model the P2P network as a directed and capacitated

The results that we obtain have a similar flavor as scaIinrandom graph [19]. 1fj € & assign a directed edg@, j)

fom i to j. Let the set of all edges b&. Note that there may

law results in wireless ad hoc networks [16]. Although suc@e multiple peers that have a common downstream neighbor.

results only hold when the size of the netwavkis large, they H.sine & and .. be the streaming rate from peérand
do provide important insights into the dynamics of the syste sources Z?especti\jjely to peef

For example, our analysis indicates that, with a random peerR KThe ab del ¢ that h ,
selection strategy, for each user the most likely bottleknec emark.1he above model seems 1o assume that each peers

for its streaming capacity is at the “last hop’, i.e. the su pload capacity is fixed in time. Nonetheless, we note that

of the upload capacity allocated to this user by its immtesdiahe results in the paper can also be applied to the case

upstream neighbors. This insight suggests that we couldsfoét’;']h?rt'hthe ulplo:d capa_?tyfls" tlme-v?rylng. Spec']:)‘:?”}?g%
on balancing the capacity at tiest hop when designing new ta h etgp oa Cap?rcr: y othowsba |me-v§1r?/|ng l:l)J st m:j
distributed resource allocation algorithms for P2P stiegm stochastic process. then, th€ above model can be viewed as a

Based on this insight, we then design an alternative algorit snapshot of SUCh. a system at any given time instant, Heree, th
that can substantially reduce the number of neighbors muiresults reported in the rest of the paper will also hold farbea

to achieve the same probability of attaining the near-othimsnapShOt in time for such a system with a stationary marginal

streaming rate. This improved algorithm is still very simpldismgu“on' (N(;)t_e trlﬁt a s_lmllar ‘;(snapshgt“ izsqut'msh
and can be implemented in a distributed fashion. Hen €S0 Deen used in other prior work, €.g. [7], [12], [13], }8]

we believe that the insights from these results can be vj addition, we note that the ON-OFF model can be viewed

helpful for designing more efficient control algorithms fof the most extreme case of heterogeneous upload capacity.

P2P streaming. Finally, although due to space constraiats W fact, among all possible distributions of the peers’ aplo

focus in this paper on single-channel P2P systems (i.ey, oﬁ?pac'tyt;hatoilr%gl‘itweeéﬂal(fhmax]tha”? thatthavt? the s:me
one video is served), we believe that the results and irsig eanu, the i modet has Ihe largest variance. Hence,

obtained here can also be generalized to multi-channel 5 uncertainty/variability of the ON-OFF model will be the

systems [17]. Readers can refer to [1] for examples. largest, and the performance (.)f the_ system will also likaly b
the worst. Based on this relationship, we can also generaliz

the main conclusions of this paper to other distributionslie
upload capacity (see also the numerical results in Sectipn |
Il. SYSTEM MODEL AND MAIN RESULT However, due to space constraints, we have to omit the detalil
Interested readers can refer to our online technical rd@oit
In this section, we will show that even without central- The values of&;, &, C;; and Cs; depend on the peer-

ized control,Q(log N) neighbors are sufficient for large P2Pselection and rate-allocation algorithm. Given such arm-alg
streaming networks. Specifically, we will show that just byithm, we can define the “streaming capacity” of the system as
letting each peer select if3(log ) neighbors randomly and the maximum rate that the source can distribute the streamin
do uniform rate allocation among these neighbors, the dlmse content to all peers. For example, for a complete network,
optimal streaming rate could be achieved with high prolitgbil we have&; = V\{i,s} and & = V\{s}. Under such an
when the network sizéV is large. idealized setting, [7] shows that the optimal streamingacity



selection and rate-allocation algorithm that can achiéie t
with high probability when the network size is large.

Each peer i
:icclacrf:tx\c[amln B. Algorlthms
neighbors ) ) L. L. )
Eii i‘l??i’él}”’ We will now give explicit description of our simple control
algorithm. First, we use a random peer-selection algorithm
Specifically, each peer randomly selegfsdownstream neigh-
v Ve bors uniformly from all other peers. On the other hand,
the server selectd/ downstream neighbors uniformly and
Fig. 1. lllustration of the neighbor selection and a cut randomly among the ON peers. We note that uniformly-
o wt S,y Us . ) ) random_ peer—seleption is very easy to implement in prg_ctice
IS mm{“sa %} and it can be achieved by settingayen with dynamic peer arrivals and departures. Specificall

Cij = U;/(N —1) and Cy; = Ug/N for all i,j. Note note that the number of upstream neighbors of a peer will be
that themin(-) function is a concave function. Therefore, the binomial random variablé&l (sum of N Bernoulli random
expectation of the above optimal streaming capacity sesisfivariables with mean%)_ Note that the mean of is M.
us+ 3. v Ui Thus, when a new peer joins the system, it simply contacts
. s eV Yi . . .
E [mln {us, N }] X peers chosen uniformly randomly among the existing peers.
Then, each contacted peer will choose one of its current down
< min {us, us + X iev ElUI] } 2 ¢y (1) stream neighbor uniformly randomly, break this downstream
N connection, and take the new peer as the downstream neighbor
For ease of exposition, we refer t6; as “the optimal Further, the new peer selecld downstream neighbors uni-
streaming capacity” throughout the rest of this paper. kor oformly randomly among the existing peers. On the other hand,
ON-OFF model of upload capacity, this optimal streaminghen a peer leaves the system, all of its upstream neighbors
capacity is equal ta”; = min {us, Lo 4 up}, However, as simply re-selects a new downstream neighbor randomly. With
we discussed in the introduction, the assumption of a caimpléhis mechanism, it is easy to verify that, at any point in time
network is impractical. In this paper, we are interestechia t the set ofM downstream neighbors of each peer is uniformly
streaming capacity of an incomplete network, which can Isistributed among the current set of active peer.
calculated by the minimum cuts. Specifically note that for a Second, we use a uniform rate-allocation algorithm, i.e.,
given uset, a cut that separatesandt is defined by dividing each peei simply divides its upload capacity equally among
the peers in/ into a setV,, of size (n + 1) that contains the all of its downstream neighbors ii;. Therefore, each peer
server, and the complementary 3éf of size (N — n) that in the set&; receives a streaming rat€; /M from peeri.

contains the peet, i.e., Similarly, each downstream peer of the server recelvgs\//
s eV |Val=n+1,t€Veand[V| =N —n. frgm th(_a server. Under the above scheme, the link capacity
The capacity of the cutC, is defined asC, = Cig s given by U;/M, ifje&,its
. e Ci;. See Fig. 1 for illustration. L £ C_
ZLZ‘;”CEZS(‘;”% Zf) denotegthe minimum-cut capacity, which @i ([)],S/M’ I(];trjleerv:zfs’eZ -

is the minimum capacity of all cuts that separate the sour
s and the destination. It is well-known that this min-cut
capacity is equal to the maximum rate fromto t. Let
Cimin —min(s — 7T) denote the min-min-cut which is the
minimum cut of all individual min-cut capacities from th
source to each destinatiagnwithin a setT, i.e.,

Crnin — min(s — T) = ItIé17I'1 Cmin(s — t)

Rl%te that since€; and & are chosen randomly();;'s are
also random variables. We define another import parameter
for the total capacity that each pegedirectly receives from
its upstream neighbors, which is given byf* = Zjev Cjs.
We will see that this value is the main factor that determines
the streaming capacity from the source to each node.
Remark: Since an OFF peer represents a user with low
The streaming capacity of the network is then equal tipload capacity, the above scheme implies that, regardfess
Chmin —min(s = V\{s}) [21]. Note that given the graph andeach user’s upload capacity, it will choose the same number
the capacity of each edge, this streaming capacity can bkof downstream neighbors uniformly and divide its capacity
achieved with simple transmission schemes, e.g., withordtw evenly among these downstream neighbors. In [20], we use
coding [22], [23] or with a latest-useful-chunk policy [8].this model and show that, even with a general distribution
However, it may required global knowledge and centralizeaf upload capacity§2(log N') neighbors are still sufficient to
control in order to optimally construct the network graplttain a close-to-optimal streaming capacity. For detplisase
and allocate the upload capacity. A natural question is thegfer to [20].
the following: without centralized control, can the stréagn ~ Somewhat surprisingly, we will show that, as long as
capacity over an incomplete network approach the optim#df = Q(logN), the algorithm achieves close-to-optimal
streaming capacity’; of a complete network? In the nextstreaming capacity, with probability approaching 1Nas-+ oo
subsection we will provide a simple and distributed pee(Theorem 1).



Remark: Note that the server only chooses ON peers asir model. To address the first difficulty, we will first conesid
its downstream neighbors. This is essential for achievirgg tthe subgraph that only contains the ON users, and hence the
close-to-optimal streaming capacity. To see this, notéttim number of cuts is also reduced correspondingly. To address
optimal streaming capacit§’; of a complete network is also the second difficulty, we will show that the joint distribori
constrained by the server capacity (see Equation (1)).df tbf C;; can be approximated by i.i.d. random variables, which
server had used a substantial fraction of its upload captit significantly simplifies the analysis.

serve OFF peers, intuitively the rest of the peers would thenwe first introduce the following general relationship be-

suffer a lower streaming rate. With the same intuition, ongeen the min-cut from the serverto the peet in a random

need to be careful in choosing their downstream neighboksy subgraph, of G that containss and+.
However, this turns out to be unnecessary. For our main
result (Theorem 1) to hold, no other peers (except the servBroposition 2. Let G be a random graph defined on some
are required to differentiate their downstream neighbdss. probability spaceQ? that has a fixed source and a fixed
readers will see, this is because those cuts Withonly destinationt. Let H, be another random graph defined on the
containing the downstream neighbors oplay a small role same probability space such thé} (w) C G(w) forall w € 2
in the overall probability of attaining the close-to-opéim and H; containss and ¢. Then for any given positive value
streaming capacity. C, the following holds,

We also note that the above algorithm uses the “push”
model, where upstream peers choose downstream neighborg. (Cminc(s = 1) < C) <P (Cin (s 2 1) <€) ()
An alternate model is the “pull” model, where downstreamwhere Ci, (s — t) is the min-cut inG from s to ¢, and
peers choose upstream neighbors. Note that both modete crea, ;, 4, (s — t) is the min-cut inH, from s to t.
a mesh-topology, and there is considerable symmetry betwee
the two models. We use the push model in this paper becaus@of. Let A = {w : Crnin gw)(s = t) < C} andB = {w :
is easier to analysis, although we believe that the mairtsesymin, 7, () (s = t) < C}. For anyw € A, the min-cut froms

of the paper can be generalized to the pull model, which W@t in the graphG(w) is less tharC'. SinceH; is a subgraph
leave as future work. of G(w), the min-cut froms to ¢ in Hy(w) is smaller than

the min-cut inG, i.e., Ciin i1, () (5 = 1) < Cnin,g(w)(s —
t) < C. Hence,w € B. We then haved C B and (2) holds

C. Main Result
consequently. O

Theorem 1. For any e € (0,1) andd > 1, there exista
and N, such that for anyM = alog(N) and N > N, the
probability for the min-min-cut under the algorithm in Seat

I1-B to be smaller thar(1 — ¢)C'; is bounded by Proposition 2 is intuitive because every cut @(w) has

a larger capacity than the corresponding cut in the subgraph
H:(w). For a given destination) let H; (W, F') be the subgraph
N2d—1 | ° of G(V, E) such thati¥ contains the peer, the server and all
%jthe nodes whose channel condition is ON, dhd: E are

P (Cminfmin(s — V) S (1 — E)Cf) S @) <

Recall that the min-min-cut is equal to the streaming ra . .
to all peers. Hence, Theorem 1 shows that as long as g€ edges between nodedi The capacity of the edges in

: : is the same as the capacity of the edge&inProposition
number of downstream neighbord is {)(log N), for any 2 allows us to focus on the subnetwork; instead of the

1) the streaming rate of our algorithm will be™ .
|€ € 01 ' 9 . J . . entire networkG. Assume that there aré ON peers in the
arger than(1 — ¢) times the optimal streaming capacity with

- . g network excluding peet, and thugW| = Y +2. Clearly,Y is
probability approaching 1 as the network sixeincreases. a random variable with binomial distribution with paranrete

N — 1 and p. For ease of exposition, we assume thatis

D. Proof of Theorem 1 fixed during the following discussion for one given cut, and

We first find the min-cut for any fixed peer We will use we will consider the randomness &f later when we take the
a similar approach as the one in [19]. We will show that thenion bound over all cuts. We define a cut 8p by dividing
probability for the capacity of a cut to be smaller thgn— the peers in¥ into a setW,, of sizem + 1 that contains the
€) times its mean is very small, a8 becomes large. Then,server, and the complementary $8f, of sizeY —m+ 1 that
we will take the union bound over all cuts and show thatontains peet. The capacity of the cub,, is then given by
overall probability is also very small. However, the teahues
in [19] do not directly apply to our model due to the following Dm = Z Csi + Z Z Ci ®)
two reasons. First, due to the ON-OFF model, there are fewer
“ON” peers and hence the probability for each cut to fall beloNote that for each peeir € W,, (andi # s), we have
its expected value is larger than the case when all peersadpl Zkew% Cirx = L;u/M, where L; is the number of down-
capacity is the same. However, there are still the same numbeam neighbors of peérthat are in the setV?,. Note that
of cuts we need to account for, which may cause the unitime value ofL; must satisfymax{0, M — (N —-Y +m—2)} <
bound in [19] to diverge. Second, the link capacity in [19] L; < min{M,Y — m + 1}. Since downstream neighbors of
is assumed to be independent acrfjsshich is not the case in peeri are uniformly chosen from other peers, we have

kEWE, P1EW,, kEWE,



(Yfm+1) (N7Y+m72)

U l M—1
P Cp=1-—| = —
kezw,% M ()

This is the probability that out of M downstream neighbors

of peeri are inW¢, (of sizeY —m + 1) and M — [ of them
are in the set/\W,,. The distribution ofL; is known as a
hyper-geometric distribution with expectatiéﬁ_ﬁ%llw [24,
pl67]. We can get a similar expression for the souicee.,

CGE) it 4 is OFF

Us
P Csi - l “ar = Y7MA+/[1 -
ie;% M (l(ft)]()lufl) if ¢+is ON.
us(Y—m) if tis OFF,
E Zcﬁ' _{M if tis ON.
1EWE, Y |

Hence, we obtain the expectation bf,, as

ED,=E| > Cu|l+ > E|Y Cu

keWwe, PEWon keWg,
S gem(Y —m 1) if tis OFF, @
“S(};Tfm) + m(Y —m+1) if tis ON.

Next, we are interested in the probability that, > (1 —
¢)E[D,,] for all m for a given constant € (0,1). In other

words, this is the probability that the min-cut value is nssle

than (1 — ¢) times its average. For alh, it is not hard to see

Y
N—lu .

E[D,,] > min{E[Do], E[Dy]} = min {u “7 +
If we haveY > (1 — e)p(N — 1), we will get

Us
Dyn] > (1 — €) mi - .
E[D,,] > (1 — ¢) min {us, N —|—pu}

Recall thatC'y = min{us, % + pu} is the optimal streaming

capacity assuming a complete network [7]. Hengg, > (1—
¢)E[D,,] then implies thatD,,, > (1 —¢€)?C}. In other words,
the probability thatD,,, > (1 — ¢)E[D,,,] for all m becomes

a lower bound for the probability that the min-cut is no le

than (1 — €)?Cy. In the following, we will deriveP(D,, >
(1 — €)E[D,,]). We will use the moment generating fun

the same distribution ag; for all i. Then for any reak,
E [et S n} <E [etzz; f} _

Theorem 4 thus allows us to bound the moment generating
function of negatively related random variables by that of
independent random variables. Its intuition can be expliin
as follows. Roughly speaking, for negatively related Beiho
random variables, conditioned on the event that one of them
is 1, the others are more likely to be small. Correspondingly
conditioned on the event that one of them is 0, the others are
more likely to be large. Therefore, when> 0, the moment
generating function is mainly determined by the probabdit
the sum of all indicator random variables achieving thedarg
value. The sum of negatively related random variables & les
likely to achieve a larger value and hence the value of the
moment generation function is smaller. Rot 0, the moment
generating function is mainly determined by the probabdit
the sum of all indicator random variables achieving the mnal
value. The sum of negatively related random variables i3 als
less likely to achieve a smaller value and hence the value of
the moment generation function is smaller.

One can show that hyper-geometric random variables can
be viewed as the sum of negatively related Bernoulli random
variables (See Example 1 in [26]). Specifically, we first con-
struct/; by choosingV/ neighbors out ofV —1 peers. For each
peer:i on the right, letl; = 1 if peeri is chosen as a neighbor,
and let; = 0 otherwise (Note that; is not defined for peers
on the left). We can then construgf; as follows. First, set
Ji; = 1; for all j. Then if J; =0, in order to makeJ;; = 1,
we choose one neighbdr randomly (either from the left or
the right), and exchange that neighbor with peelf & was
on the left, we then lefl;; = 1. If k£ was on the right, we then
let J;; = 1 andJ;, = 0. Clearly,J; has the same distribution
asI given that/; = 1. However, by our construction,; < I;
for all j # 4. Hence,I;,i = 1, ..., M, are negatively related.
We can now use Theorem 4 to bound the moment generation

Sf§mcti0n of ) cwa Cir by the moment generating functions

of the sum of i.i.d. random variables. Towards this end, we

Etiorhave the following Proposition.

for D,,,. Before we go further, we need to address the secopgposition 5. For any given cutV}, and V¢ of a network
difficulty we mentioned above_, i.e., th@;;’s are_correlated G(V,E), letW; and1¥, be subsets df;, and V¢, respectively.
acrossj. To remove the coupling, we need to introduce thgss;me thatiy| = ¢ < k+1 and |[Ws| =r < N — k. Let
notion of negatively related for Bernoulli random variablethe ypload capacity of each peee W, beu. For each peer
[25], [26]. in W1, it choosesM downstream neighbors uniformly and
randomly from a given subséf of V' that is a superset of
are said to be negatively related if for ea¢h< n there exists Wa. Let IV = |g|' Thgr}_ the moment generating function of
random variables/;;, such that the distribution of the random2—ic W, 2-jei, Cij satisfies

vector[J;1, Ji2, ..., Jin] is equal to the conditional distribution g [679 Piew, Ljew, Cu} < exp {ng (679% _ 1)

of the random vectofl;, I, ..., I,,] given thatl; = 1, and - N

Jij < Ij fOI’_];!éZ

Definition 3. The Bernoulli random variables;,i = 1, ..., n,

- ()

Note that the right hand side of (5) can be viewed as the
dnoment generating function of, 5, >y, Ci; assuming
that C;;'s are independent. Prop. 5 then follows from The-
orem 4 and the negatively-related property discussed above
Theorem 4. Supposel;’s are negatively related Bernoulli The detailed proof of Proposition 5 is available in [20].
random variables with identical distribution, = 1,2,...,n. Proposition 5 combined with the Chernoff bound will be
Letl;, i =1,2,...,n, be ii.d. random variables, whete has frequently used to estimate the probability for a cut tol*fai

For negatively related random variables, the following-th
orem holds (Theorem 4 in [26]).



i.e., the capacity of a cut being less th&h — ¢) times be bounded by
its expected capacity. the sum of the capacity from several

identical peers on the left side to the right side. Recall tha P (Cuin(s = 1) < (1 —6)Cy)

capacity D, of the cutW,, is given by (3). Then, by taking

W1 andWs in Proposition 5 to béV,,, and W}, respectively, (Conin, 1, (s = 1) < (1 - €)C) = U B

we can show the following result for the cuft,, in H, under

the assumption of ON-OFF upload capacities. Recall that ifY > /1 — ¢pN, D,,, > /1 — ¢E[D,,] implies

D,, > (1 —¢)Cy. By Lemma 6, lettinge’ =1 — /1 —¢ and
Lemma 6. Lete € (0,1). Given that the total number of ONﬁ e (( E)ufs )ywe have ifY >I(?E_ "pN, ‘
peers in the entire networK is equal toy, the probability that *p Us €

the capacityD,,, of the cutiv,,, in H, is less thar{1—¢)E[D,,,] P(D,, > (1 —¢€)Cy) <P(D,, > (1 —)E[D,))
can be bounded by the following, m 2
-m+1 -—m\ u €
P(Dy, < (1~ JB[D,]Y =) <“P[(M'yN_1 M );51
y—m+1 y—m\ u € my=mEl | y—m
< — — . = -1 v,
_exp{ (Mm N_1 + M ; )U32] S

— /
The proof of Lemma 6 can be found in Appendix ANOW letn=1—¢"and apply Lemma 7 to (8). We get

Lemma 6 gives us an upper bound on the probability that y o
the capacityD,, of a cut W,, is less thanl — e times its P (Cunin(s > 1) < (1= €)Cy) <P | | ] B
mean conditioned on the event that the total number of ON N m=0

H y—m-+41 -
peersY is equal toy. Note thatMm“—~= is the average <287 (1 —i—pﬁg) + O(exp(—€?p? N)).

number of edges from peers i, to peers inlV<,, while

M¥=" s a lower bound on the average number of edgesNote that by assumption}/ = «alog(N). For anye > 0
from the server to peers i¢. Hence, the upper bound inande’ = 1 — /1 — ¢, choose a sufficiently large such that
Lemma 6 decreases exponentially if the average numberof> jdus We then have, for largé/,

edges increases. Furthermore, since the average number of .

edges is proportional td/, the upper bound also decreases v _ exp(_MWEE_) = exp(—2dlog(N)) = 1/N??,
exponentially if M increases. We will use Lemma 6 for each s 2

m = 1,2,...,Y. The following lemma then bounds the effecHence, the minimum cut satisfies,

of all cuts separating and ¢. Note that for each value of ,

m, there are()) possible cutsiV,,. Due to symmetry, the P (Cuin(s = 1) < (1 = €)Cy)

; - o N-1
capacity of all(; ) cuts has the same distribution. L 1 5 (1 +pO( 1 )) 0 (ﬁ)

- — N2d
Lemma 7. DefineB,, to be the even{D,,, < (1 — ¢)C} for N
any cuti,, among the(*) cuts}. Suppose that there existsThus, the min-min cut satisfies

€ (0,1) such that for anyy > npN and any integerm P (Cis m < (1—6)C))
between 0 ang, the following holds fors = exp(— ﬁ%) N e !
and Y =1P, i e < Z mm S — t) (1 - G)Cf)
P(D,, < (1—e)Cs|lY =y) < gmim—1 +57. t=1

© ().

(UB><O -(1- n)pN)+ﬁ7[(1+pﬁ3)N 1] O
We remark on several implications of Theorem 1. First,
In addition, we can separate the union bound into two partfheorem 1 not only shows that pure random selection is
sufficient to achieve close-to-optimal streaming capaeity
< U B ) < O(exp(—(1 —n)?*p*N)) long as each peer h&qlog N) downstream neighbors, it also
reveals important insights on the significance of diffetgpes

- 1
Then, the probability of the union of af,,’s is bounded by <0 (N—)

. 4\ V-1 of cuts. To see this, note that if we choases in the proof
+8 (1 +pﬂ2) -1, ®)  such that3” = O(1/N2%), we have (from (6))
P (By) <O —(1—=n)?pN)) + 7. 7 el A N-1
(Br) < O(exp(~(1 = )**N)) + 8 () P(U&néwﬂO+Wﬁ _{
Lemma 7 is obtained by taking the union bound over all m=0
cuts. The detailed proof of Lemma 7 is in [20]. Combing :()(1/j\f2d)0(el/Nd’1 —1)= 0(1/N2d)_

Lemma 6 and Lemma 7, we can now prove Theorem 1.

On the other hand, we have By2 = O(1/N?%%). Hence,
Proof of Theorem 1According to Proposition 2 and Lemmathe probability that the last cut (thé’y and Wy cut) fails
7, for any peet, the minimum cut from the sourceto ¢t can is much larger than the probability that any other cut fails.



Thus, for each peet, the min-cut from the source to is As we observed in earlier sections, with high probability,
mainly determined by’ (recall thatC[ is the total capacity the bottle neck for uniform rate allocation lies in the lasph
received by peet directly from its upstream neighbors, whichi.e., the total upload capacity allocated to some peers from
is also the capacity of the last cut). their immediate upstream neighbors is smaller than average
The above insight suggests that, if we want to desidtence, a natural idea is to design a more sophisticated rate-
improved distributed control algorithms for P2P streamingllocation scheme such that the capacity of the last hop is
systems, we may want to focus on improving the capacitgore balanced, and therefore, we may be able to reduce the
C[ at the last hop. Note that one of the main reason<fr number of neighbors that each user needs in order to achieve
to fall below its mean value is the imbalance Gf* across a close-to-optimal streaming rate. More specifically, weyma
t. More specifically, some peersmay have a larger numberfind C;; > 0, 4,5 € V, such that with as few neighbors as
of upstream peers, and hence have a larger-than-average vabssible, the following holds

of CF, while other peers may have a smaller-than-average Z C.. < U for all i

value of CJ*. Such imbalance will lead to an increase in the o T ’

probability that some peers have low streaming rates. Based ZC > R, for all j )
) = 4 ’

on this intuition, we can design a slightly more sophistdat
scheme to balance the value ©f* of different peers, which here U; denotes the set of all the upstream neighbors
will be discussed explicitly in section lll. of peerj. Such a rate-allocation scheme is in general not
Theorem 1_also reveals_|mportant relationships between i&icult to complete: It can be found by solving a linear
number of_nelghbors _requwed and key system parameters. EBfimization problem. Wu and Li [27] has proposed a fully
example, if we require a better performance (smadleor jistributed rate-allocation algorithm to solve a similarelr
larger d) or have fewer ON peers (smallg), the number rogram. However, a potential limitation of this approach
of downstream neighbors needed by each pefdr will increage the following: such a rate-allocation scheme may only
e . Us .
Specifically, according to the proof, we need> 7. If we g arantee the capacity for the last hop. There may be another
require a higher streaming rate or a faster convergence raigr with smaller capacity, which still constrains the oveera
i.e., ¢ is smaller (consequently is smaller) ord is larger, We  streaming rate of the system. To the best of our knowledge,
will need a largera. If the probability that a peer is ON is\ye are not aware of an existing result that can rigorously

i€U;

reduced, i.e.p is reduced, we will also need a larger prove or disprove that guaranteeing the last-cut capasity i
sufficient for guaranteeing the end-to-end streaming ratie w
I1l. AN IMPROVED HYBRID ALGORITHM high probability in a random topology. On the other hand, if

we were to formulate the rate-allocation problem as another

In the previous section, we proposed a simple scheme Witear program for the minimum cut, the complexity would be

random neighbor selection and uniform rate allocation thfﬂuch higher than (9). Hence, it remains a challenging queesti

coan suf?tam a <|:Iose-t(_)-€<)£t|mal strea}rr;]lgg rafte for r?” USELS develop low-complexity rate-allocation algorithmsttican
ur scheme only requireS(log V') neighbors for each peer. .\ ap outperform the uniform rate-allocation scheme.
However, our simulation results (see Section 1V) indichat t ) i i . )

ecall that in the previous section, using uniform rate

the number of neighbors that each peer needs may still b . he d iahb h hat all
quite large. This is because the actual number of neighb&l cation among the downstream neighbors, we show that a

required also depends on the constant factobefore the the other cuts have a much higher probability (than theHagt-

log N term. As in the remarks following Theorem 1 forCUt) for achieving a rate larger than the required streamatey
; : ddu " A natural question is then whether we can design a scheme that
uniform rate-allocation schemes, we need> —~%, which ralq gnasc
combines the advantages of both the more sophisticated rate

increases inversely proportional to the square’ofThe goal D . . .
y prop d 9 glocatlon in (9) for improving the last-cut, and the unifor

of this section is to study whether we can design a slight te allocation f intaining the hiah val t oth ¢
more sophisticated scheme for neighbor selection andter r € aflocation for maintaining the fugh vaiues at otheiscu
his question leads us to the following hybrid algorithmttha

allocation that can significantly reduce the constant fagto . > .
Specifically, our strategy is to retain the random peeresiele is simple to implement and provably reduces the number of

algorithm but focus on improving the rate allocation algori. neighbors required.

One may argue that random peer-selection may still be sub\We consider the following class of hybrid algorithms
optimal. However, as we explain in Section 11-B, random peefor rate allocation: each peer reserves a fractlan (0, 1) of
selection has the advantage that it is very easy to impleméftupload capacity for the more sophisticated rate allonat
and robust to peer dynamics. In contrast, other peer-gatectsimilar to (9) and uses the remainirigy — 6) fraction of its
algorithms (e.g., based on forming tree [13]) will likely belpload capacity for uniform rate allocation. Specificalist
more costly in the presence of peer dynamics. Since our géa} be the allocated capacity yofrom i's ¢ fraction of upload
in this paper is both to attain a close-to-optimal streamirf@Pacity using the more sophisticated rate-allocatiorrseh
capacity and to use simple, robust and distributed contrel, and letC;; be the uniformly allocated capacity to peefrom
believe that the choice of using random peer-selectiokestra  P€eré’ remaining (1 — ¢) fraction of upload capacity. Note
reasonable trade-off. In fact, as we will show below, even Bfjat each peer still randomly selects downstream neighbors.
improving the rate-allocation alone, significant perfonma Hence C = (=2 if j € & Then, the total allocated
improvement can be attained. capacity fromi to j is Cj; = C + C = % + CZ.



We now formulate a linear feasibility problem to cont[éf}. example, suppose that we want to sustain at 1685t of
As we did before, we wish our algorithm could achieve the optimal streaming capacity, which means that 0.1.
close-to-optimal streaming capacity. Hence we set thestar@he uniform rate-allocation scheme requires> %. In
streaming rate of each usgrto be R; = (1 — ¢)C. Recall contrast, if we use the hybrid algorithip and choosé = 0.3,
that C; is the optimal streaming capacity. Therefore, the godien we only needv > %. The number of neighbors of
of the more sophisticated rate allocation algorithm is tal fineach peers is reduced By times.

Cisj’s such that We separate the proof of Theorem 8 into two parts. First,
Z ij < 0U;, for all 4, since the allocation OCE is based on (10), we need to show
S (10) that, given the uniform rate allocation 6f] = % there
Z (Cg + C;Z) > (1—¢)Cy, forall j. exists a feasible solution to (10) with high probability.ride,
= all last cuts should be able to exceed the required streaming

Note that as long as a feasible solution to (10) exists, rate with high probability. Second, we need to show thatetas
sufficient condition to (10) can be produced by the followingn the uniform rate allocatiofi; alone, the values of all other
modified optimization problem: cuts should also exceed the required streaming rate with hig

probability. Theorem 8 would then follows.

ma}f " s ) For the first step, we will use the following results, which

subject to » _ Cfj < 0U;, for all 7, state an equivalent characterization to (9) and (10). $peci
et (11) cally, there exists a rate-allocation such that the sum ef th
Z (Ci+C5) =r, forall j. upload capacity allocated to each user from its immediate
€U upstream neighbors is larger than its required streamiteg ra

Like the case with uniform rate-allocation, in (11) we do noR; if and only if, for any group of peers in the network, the
even need to know the optimal streaming rétebefore hand. total upload capacity from their upstream neighbors isearg
Hence, the control of the peers (such as peer-selection dhan the sum of the streaming rates of this group of users.

rate-allocation) is decoupled from the problem of choosing, ., a 9. There exist > 0. i j €V, such that(9) holds
the streaming raté.The distributed algorithm proposed in-]c d |' if f g e ' :

S 4 X . ) ef C V, the foll hold
[27] is still suitable for solving this problem. Thereforthjs i anc only 1 for any sUbseb ~ © foflowing holds

hybrid algorithm still preserves the feature of being fully > Ui=) R (12)
distributed and simple to implement. Next, we will show that i€U(S) jes
it can achieve a close-to-optimal streaming capacity withveherel/(S) = U csl{;.

significantly lower number of neighbors. Corollary 10. There existCiSj >0, 4,5 € V such that(10)

. holds if and only if for any subset C V, the following holds
A. Performance Analysis

Next we will show that this hybrid algorithm can achieve a Z oU; > Z (1—e)C;— Z oy, (13)
streaming capacity ofL — ¢)C; with a much smaller number N Y
of downstream neighbors of each peer. The following theorem
states the performance of this hybrid algorithm more c}earlwhereij =

i€U(S) JES 1€U;

(1-9)U;
o

Theorem 8. For anye € (0,1), § < 1/2 andd > 1, there The proof of Lemma 9 follows a similar line of the argument

exist as the Hall's Theorem [28]. The complete proof using the min-
obe cut max-flow theorem is provided in [20]. Note that for the
o > max (2d)us ’ 2+ 5 +d ’ hybrid schemes, the reserved upload capacity of each user fo
a pumax {%, @0-1)% } [p— L2 (1 —¢) the more sophisticated rate-allocatioris;. In addition, each

user receives a capacity of, ., CY from the uniform rate
and Ny such that for anyN' > No and M = alog(N), the allocation. Thus, since the required streaming rate foheac
probability that for the capacity of the min-min-cut undeet user; is (1 — ¢)C}, the target downloading rate for the more

algorithm 7y is smaller than(1 — €)C is bounded by sophisticated rate-allocation should (le-€)Cy — 3, Cy).-
1 Therefore, Corollary 10 follows from Lemma 9 immediately,
P (Criin —min(s = V) < (1 =¢)Cy) <O (W) : by letting the upload capacity of each user in Lemma 9 be

_ _ o 0U;, and lettingR; in Lemma 9 be(1 — €)Cy — 37, O
This result shows that the hybrid algorithm indeed reducesprollary 10 states that if (13) holds, then we can find a prope
the lower bound on the number of required neighbors of eaglprid rate-allocation scheme such that the capacity ofatse

peer. Note that for smad, the factora: does not depend on - hop of each user is enough for its streaming rate. Next we will
at all. In contrast, the factax for the uniform rate-allocation show that (13) holds with high probability.
scheme must increase proportional ltee?. As a numerical )
Lemma 11. Fix 6 € (0,1). For anye € (0,1) andd > 1,
Iwe note that this decoupling property may also be exploitetieip the there existNVy and ag such that if N > Ny and
server to find the optimal streaming rate. For example, theesecan use
a simple probing mechanism to estimate the largest possitd@eming rate 2+ (p+e)/0+d

) [ )
based on the peers’ feedback. [p—(p+¢€)0d/0](1 —¢)

(14)



the following holds for the hybrid algorithmy N

= 1
% , v p=0.5e=0.2
P(o > UL-<Z[(1—<—:)Cf—ZCf§ for someS C V 1 o8 O p=05e=03
i€EU(S) jeS eV 7\/ ——p=0.9,¢e=0.2
1 ~ 06 —6—p=09,6=03
SO(W) ? o — % — Uniform, e = 0.2
Lemma 11 and Corollary 10 together imply that the prok % '
ability with which (10) has no solution, converges to 0 a 0.2
the network sizeV grows. Therefore, with high probability, &

we can find a rate-allocation such that (10) holds, i.e., t i/ ole$¢

. . 0, 0, 0, 0,
capacities of all last-hop cuts are greater tiian- ¢)C with Nutber of 12, 0% mll\?e{‘é 22 fraction of N
high probability. For others cuts, our random graph apgroac
in Section 11 still applies (it is here that we nedd< 0.5). Fig. 2. The success probability versus the number of doeastrneighbors
Theorem 8 then follows. Readers can refer to [20] for th# under uniform rate-allocation
detailed proof. neighbors needed by each peer to achieve the same success

probability of 0.9 reduces t640 ~ 75log N (12.8% of N).
IV. SIMULATION Further, we can observe that with the same ON probability

In this section, we provide simulation results to verify th#&hen we increase from ¢ = 0.2 to ¢ = 0.3, the required
analytical results in previous sections. We simulate a PZ@mber of downstream neighbors to achieve the same success
network with N = 5000 peers and one server. Although thdrobability of 0.9 decreases td00 ~ 47log N (for p = 0.5)
analytical results in this paper focus on the ON-OFF modand 320 ~ 38log N (for p = 0.9). These observations
for peers’ upload capacity, here we provide simulation ltesuVverify our remarks following Theorem 1 that/ needs to be
both for the ON-OFF model and a uniform distribution modelarger if € is smaller orp is smaller. We also observe that,
In the ON-OFF model, each user has an ON probability #fhen the upload capacity of each peer follows the uniform
p. When a user is ON, it contributes an upload capaciiistribution and when the number of downstream neighbors
u = 10. On the other hand, in the uniform distribution modeRf each peer is more tha#80 ~ 56log N (9.6% of N),
the upload capacity of each peer is uniformly distributedle success probability of sustaining more than 80% of the
betweer|0, 10]. Further, each peer chooses the same numberagtimal streaming capacity is almakt This suggests that our
downstream neighbors and divides its upload capacity gvednalytical result is still valid for other models of peer opd
among these neighbors, regardless of its upload capanity.CRpacity.
both cases, the server has a capacity. o0& 20. The optimal We note that in the above simulation results, the number
streaming capacity is thuS; = 9.004 for the ON-OFF model of neighbors required to achieve a high success probability
with p = 0.9, andCy = 5.004 both for the ON-OFF model is still quite large. Using a similar set of configurationsg w
with p = 0.5 and for the uniform distribution model. We varynext simulate the hybrid algorithm proposed in Section III,
the number of downstream neighbors of each user f&dm which is designed to further improve the performance. We
(~ 9.4logN) to 960 (~ 113log N), which correspond to first choose the parametérto be0.4 (i.e., each user performs
1.6% and 19.2% of the total number of peerd’. For each the more sophisticated rate-allocation with’ of its upload
choice of the number of downstream neighbors, we generagpacity as described in Section Il and allocates the neimgi
random networks for 200 times. For each iteration, all usewpload capacity uniformly among its downstream neighbors)
select their downstream neighbors randomly as describedTine result is shown in Fig. 3. We notice that the number of
section 1I-B, and we use the algorithm in [29] (a modifiedheighbors required is reduced by an order of magnitude. For
push-relabel algorithm) to find the min-min cut from thexample, focus on the curve fpr= 0.9 ande = 0.2. In Fig. 3,
source to all the users and compare it with— ¢)C;. We when the number of downstream neighbors of each peer is
count the number of times that the min-min cut of the networkore than 15 @.3% of N), the probability that the system
is larger than(1 — ¢)C; and plot the probability for that to can sustain a streaming rate higher ti of the optimal
happen as the number of downstream neighbors of each pgiegaming capacity is already almost 1. In contrast, rebatl
varies. The result is shown in Fig. 2, where we simulate fofer the corresponding curve in Fig. 2 wih= 0.9 ande =
different combinations op (for the ON-OFF model) and. 0.2, if we use uniform rate allocation, each peer needs more
First, let us focus on the two curves marked with a trianglghan 640 ~ 75log N (12.8% of N) downstream neighbors to
They correspond te = 0.2, i.e., the targeted streaming rateachieve the same performance. Hence, the hybrid algorithm
is 80% of C;. We can observe that, using random peereduces the required number of downstream neighbors of each
selection, wherp = 0.5 for the ON-OFF model and when peer by more than 40 times, while still retaining the simptic
the number of downstream neighbors of each peer is mared robustness of the random peer-selection scheme.
than 960 ~ 113log N (19.2% of N), the success probability In order to further understand how the valueiddffects the
that the system could sustain a streaming rate higher tharformance of the hybrid algorithm, we conduct the follogyi
80% of the optimal streaming capacity is greater thaf. simulations. We vary the value éffrom 0.1 to 1.0. For each
If p = 0.9 for the ON-OFF model, the number of downstreari, we run the simulation in the same way as we generated
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N =5000, 0 =0.4 N =5000,p=09,e=0.1 _ N =5000, p=0.9, ¢ =0.2

= 1 S o1 !
Q x - p=0.5,e=0.1 % %
w
| 08 v p=0.5,e=02 los los
) O p=05.e=0.3 N A
//l 0.6 X [):0.97620.1 g 0.6 S\ 0.6
=~ —0.9,c= 1
| ——p=0.9,e=0.2 10'4 104
= 0.4 ——p=0.9,6=0.3 & g v 0=0.4
02 202 IS
£ 0.2 5 S _
e S Lo eas C Lo ddl-8-0=-10
O p, 0 —oEREm n, 0-e-¢
- S 0 0.2% 0.4% 0.6% 0.8% 0 02% 0.4% 0.6% 0.8%
o 00 - 0.4% 0.6% M as a fraction of N M as a fraction of N
Number of Downstream Neighbors M as a fraction of N Fig. 4. The success probability versus the number of doeastrneighbors

M under hybrid rate-allocation for different values éf

Fig. 3. The success probability versus the number of dowastrneighbors
M under hybrid rate-allocationd (= 0.4)

N = 5000

0.8% T T
= —6—e=0.1,p=0.9
- . ] ) W — % —€=0.2,p=0.9
Fig. 3. Note that although our analytical result in Theorem z N —O- €=01,p=05
requires that! < 0.5, here we experiment with an even large £ R v €=02,p=05

range off. In Fig. 4, we plot the success probability versus th = b- -8 - - P
number of downstream numbers for different valueg.ofhe v b .
two sub-figures correspond to two configurationgmfe). We
observe that the performance of the hybrid algorithm idyfair
insensitive to the value of in the range[0.2,1]. To more
clearly observe the trend, in Fig. 5 we plot, for each valt
of 9, .the smallest number of downstream nelghbfmi_hat IS Fig. 5. The required number of downstream neighhlfsersus the fraction
required for the system to reach a success probability.®f of capacity for sophisticated rate allocation

Each of the four curves corresponds to a different comtonati

of p and e. We recall that the poiné = 0 corresponds to

uniform rate allocation. We can observe from Fig. 5 that,

when ¢ is small (e.g.,0 = 0.1), the required number of degrades ag’ increases. The reason is that whEns small,
downstream neighbors is significantly larger for all curves M may be even larger thalv, in which case we usé/ = N
we explained towards the end of Section II-D, this behador &and the network becomes fully connected. However,N\as
due to the difficulty for uniform rate-allocation to guaraet increases, the sparse connectivity and the negative effect
the capacities of the last-hop cuts. On the other hand, timt pdow M will eventually kick in. On the other hand, wheW

6 = 1 corresponds to the “pure” sophisticated rate-allocatiois. sufficiently large(A/ = 801log V), the success probabilities
For all curves, we observe that there is a large rangendfere under all different values oV are always 1. For the results of
the required number of downstream neighbors is less than tiee hybrid rate-allocation algorithm in Fig. 7, we choose th
required whend = 1. As we conjecture in Section Ill, this parameterg = 0.5 ande = 0.2. Each curve corresponds to
may have something to do with the difficulty for the “pure’a different choice of\/ from M = 2log N to M = 5log N.
sophisticated rate-allocation to guarantee the capadcifieuts We observe that the performance of the hybrid rate-allonati
other than the last-hop cuts. Although in our simulatioris thalgorithm is less sensitive to the total number of usafrs
performance degradation f&t = 1 does not appear to beUnder the same value af/, the success probability remains
very large, we are not aware of a theoretical result that can the same level a§ varies. On the other hand, we can still
rigorously prove or disprove the performance of the “puregee that when\/ is sufficiently large, the success probability
sophisticated algorithm. From Fig. 5, we observe that aevalbecomes 1 for all different values o¥.

of 6 between0.3 to 0.5 appears to be a reasonable choice: it
provides both theoretical performance guarantees (réuail
Theorem 8 require# < 0.5), and good empirical performance.

~ s

0.4%

Required M as

s

I = Y —
0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Fraction of Capacity for Sophicated Rate Allocation Capacity Fraction (6)

L
0.1 0.2

Uniform, p =0.9,e=0.2
e _\1’/“ 4, 4, 077777 |

We next simulate the performance of both the uniform rat 5 \’_Nm\* o M =30logN
allocation algorithm and the hybrid rate-allocation altdon - 08 M = 401log N
when the total number of use¥ changes. We vary the JARPN M — 5010 N

. N g
total number of users in the systems frav = 100 to T o
N = 6400. The results are shown in Fig. 6 and Fig. 7. Fc = 04 o M= 00loel
the results of the uniform rate-allocation algorithm in Fég 02 —— M =80logN
we choose the parameters= 0.9 ande = 0.2. Each curve S
corresponds to a different choice 8f from M = 30log N & (ioz 10° 10

to M = 80log N. An interesting observation is that wher Total Number N of Peers in the System

M is small (e.g.,M = 30log N), the performance in fact
Fig. 6. The success probability vershs under uniform rate-allocation



Hybrid (6 = 4,p =0.5,¢ =10.2)

U; lM e M =2logN
L 08 % M =3logN
JARYS —A— M =4logN
? —+— M =5logN
» 04

T o 10

Total Number N of Peers in the System

Fig. 7. The success probability versds under hybrid rate-allocation
V. CONCLUSION
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Measurement and analysis of p2p iptv under large-scaledbesting,”
in IEEE GLOBECOM 2009Nov. 2009, pp. 1 —6.

R. Kumar, Y. Liu, and K. Ross, “Stochastic fluid theory fe2p
streaming systems,” itEEE INFOCOM May 2007, pp. 919 —927.

L. Massoulié and A. Twigg, “Rate-optimal schemes foep&-peer live
streaming,”Perform. Eval, vol. 65, no. 11-12, pp. 804-822, 2008.

C. Feng and B. Li, “On large-scale peer-to-peer stregmsystems
with network coding,” inProceeding of the 16th ACM international
conference on Multimedja/ancouver, British Columbia, Canada, 2008,
pp. 269-278.

T. Bonald, L. Massoulie, F. Mathieu, D. Perino, and Awidg,
“Epidemic live streaming: optimal performance trade-pff;n ACM
SIGMETRICS '082008, pp. 325-336.

?fﬂ S. Liu, R. Zhang-Shen, W. Jiang, J. Rexford, and M. Cgjdi®erfor-

mance bounds for peer-assisted live streaming AGM SIGMETRICS
'08, 2008, pp. 313-324.

] S. Sengupta, S. Liu, M. Chen, M. Chiang, J. Li, and P. AoGh

high probability when the network size is large. These tssul

provide important new insights on the streaming capacitg]
of large P2P network with a sparse topology. One such
insight is that the capacity of the last cut (i.e., the cayaci,,,
from direct upstream neighbors) is often the bottleneck. We
then use this insight to improve the peer-selection and rate

allocation algorithm to further optimize the achievabkeam-

[15]

ing capacity. Specifically, we design a hybrid algorithmttha

uses a slightly more sophisticate rate-allocation algorito

[16]

improve the capacity and to reduce the constant factor in the

Q(log N) result. This new algorithm still retains the simplicit

Yy

. 7
and robustness of the random peer-selection scheme, bLH'&
significantly reduces the number of neighbors required to

achieve a certain performance guarantee.

(18]

Throughout this paper, we have assumed a uniformly-
random peer-selection scheme. It is highly likely that moygg,
sophisticated peer-selection schemes (albeit with a highe
complexity) may lead to even better performance, e.g., an

even smaller factor. For instance, one may assign a larg

éf!

number of downstream neighbors to a peer with a larger upload
capacity. However, we caution that the resulting perforoean

improvement is not automatic. As we have seen in Section If!!
for the hybrid algorithm, the effect dbcal improvement on .,
the global performance can be difficult to quantify. Thus, the

insights obtained from our analysis may be used to guide
the design of more sophisticated algorithms. Further, tHfS!
paper has focused on P2P live-streaming systems. For futw@

work, we will investigate whether similar insights can als®

extended to P2P video-on-demand services, which have d&o

become increasingly popular.
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APPENDIXA substitutingfs min iNto (16) and using the above relationship,
PROOF OFLEMMA 6

Qgs(os,min) S &(es,min)
Proof. By Chernoff bounds, we have fér> 0 M {(1 o - 1} _ Mi(l — &) log(1 — ¢)
. Us
P(D,, < (1 —€)E[D,]|Y =y,t is ON) " u /e y 2
B e 9Duly ] curfio s 2 ()] -t
Il pb(0)+6s(0) (15) Ug Us \ 2 Us 2
" em(mEDnlY ’ Consequentl
u ’
where d y
0) = log B [e=0 =51 Sl Cus 7i¢{Besmin) + s Bo.min)
¢(0) = log [6 =t e } <G(Bsmin)m(y +1—m)/(N —1)
+0(1 —e)m(y —m + Du/(N —1) 4 Dy (Bsmin) (y + 1= m)/(y + 1)
(bs(@):logE[ —63 041 Cs } <_<my+1—m+y+1—m>Mue2
+O0(1l—e)(y—m+Dus/(y+1) o N -1 y+1 Us 2

Now we apply Proposition 5. Recall that we define a cut o Slnce (15) holds for ang > 0, letting 6 = 6, min yields

H, by dividing peers into set§V,, and W¢,. We could also P(Dm < (1 = )E[Dy]|Y =y,t is ON)

view W,, and WS, as subsets of some ci#, and V¢ of < exp(md(s min) +¢S(95 min))

network G. We need to exclude the server froWi,, since _ _ 2
' ) - ] y+1 y+1 u €
it has a different upload capacity. For each peefiin,\s, <exp |—(Mm N_1 + M- ) g

it will choose M downstream neighbors randomly from the .
entire network. Hencel’ = V. According to proposition 5, Similarly, one can show that if is OFF, we have

we haveq = [Wy,\s| = m, r = [WS| =y—-m+1 and P(D,, < (1 —¢)E[D,]|Y =y,t is OFF
|V| = N. Therefore, using (5), we have, _ _ 2
‘1-m <exp{ (Mmy_]t/v1 1m+My m)i%}
¢(0) <log< exp MmdT =" (efeﬁ —1) a 4 s
N _1 S yJ,»l m
" ince > y-m S we have
+0(1—¢€)(y+1-—
1 (1=e)ly ™y P(DmS (1 = e)E[Dy]|Y =y,tis ON)
=N_1 [Mm (879% — 1) +0(1— e)u} (y+1—m). <P(D,, < (1 —=¢)E[D,]|Y =y,t is OFF
Note that the server only choose neighbors fromthel ON Hence,
\?veee;LVtLo;nyd;(l) Using similar techniques, for the server, P(Dy, < (1 — OE[D][Y =)
° <P(D,, < (1 —¢€E[D,]|Y =y,tis OFF
z\_ _ _ _ _ 2
@s(0) < y+1{ (e 1)—!—9(1 E)us:| (y+1—m). <exp _(Mmy—i—l m oY m) ie_}
B N -1 Y Ug 2
Define (b M (e7%37 —1) + 6(1 — e)u, and ¢5(0) = O
M (e=9%F — 1)+9(1 €)us. Theg(-) andg,(-) can be written
as
1 APPENDIX B
$(0) < ﬁ<;§(9)m(y +1—m); PROOF OFLEMMA 11
Proof. Let Y be the number of ON users in the system, which
os(0) < —ngS( Wy +1—m). is a random variable with binomial distribution BIN, p). For
y+1 any subsetS of V, defineTs as the number of ON peers

~ ~ . ~ b that are the upstream neighbors of at least one peéy ire.
Let ¢min and ¢, min be the minimum ofp(f) and ¢s(0) 7" 17 c74(S)|i is ONJ[. Let 5 — |S| be the number of

respecuvely, over > 0. It is easy t0 S€@in = ¢s,min < 0. peers inS. Then,Y",_,, s) U; = uTs, and the following two
Also since¢ and ¢, is convex ond > 0, these minimum is events are equivalent édefined Bs):
attainable. Le¥,,;, andf; i, be the minimizer respectively.
We must have {9 3 UL-<Z[(1—6)Cf—ZCZ }

és (95 min) = st min — &min < é(es min)- (16) s s v
One can show thal i, = —2L log(1 — ¢). Note that for {9UT$ +Y Y CH<S(1—e Cf}- 17)
0<a<land0<z<1, we have(l—x) <1 - ax since i€vyes
(1—x)* is concave and its derivative at O-s:. Moreover, for In the last event of (17), the first term of the left hand side
0 <z <1, one can see thal —z)log(1 —z) > 2?/2—x by is the capacity from the more sophisticated allocation &ed t

checking%(l—:z:) log(1—x)—(2?/2—z) = —log(1—x)—x > second term is the capacity from uniform allocation. Wedvi
0 and (1 — z)log(l — z) = 2%/2 — 2 whenz = 0. Then, the proof into two parts according to the value$f
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1) We first consider the case whéhns small, i.e.,S < éN, such thatS| = S. Note that,
whered € (0,0/2) is a small constant that does not depend on /nv_g N_1 N_§_1 N_1
N. We will show that, whers is very small, the capacity of 1—< u >/ ( u ) <1- ( u >/ ( u >
the more sophisticated allocatiénT's alone will be sufficient
with high probability, i.e., it may be larger tha#(1 — ¢)C;. Thus, for anyi € V, (21) become a lower bound of(.5).
Recall thatCy = min {up+ %,us} < u(p+ ). Let

N-S N -1
p’ = p+ %. Then, for anye > 0, there existsNy ri(S)>1-— ( M )/( M > (22)
such that wheneveN > Ny, p’ < p + e. We thus have
OuTs < S(1 —€)C; impliesTs < (1 — €)Sp’/6. Therefore, The second term on the right hand side of (22) satisfies
P (') < P(0uTs < 51— C)) i S (R
< _ / . — = T < _ < .
<P (Ts < (1-€)5p'/0) (18) (NMl) M!(]ifle)!

Next, we are going to show that the probability th& <  combining (22) and the above inequality, we get a uniform
(1—¢€)5p'/6 for someS C V' is very small. To prove this, we |qwer bound ofr;(S) for all i, which is denoted by-(S),
first make the following claim: if there exists a set of peérs ri(S) > 1—e ¥ 2 (S). Now we have, fory > (1 —¢)Np

=r
such thatl’s < (1 — €)Sp’/6, then there exists another set of
peersS’ such that P (Ts € Zs(e,p)| Y = y)

To e Tole) & [ FOGIE L ag (1)1 -ty

where S’ = |S’|. To see this, first note that i = 1 and ~ *=[(1=)(S-1p'/0]
Ts < (1—¢)Sup’/0, (19) automatically holds by letting’ = 1 (Y )r(S) CESE S (1- r(s))y—\_(l—e)STle
S. Suppose thals < (1 —¢)Sp'6 for someS > 1 butTs < O\[(1—¢)Sp'/0]

(1 —€)(S —1)p’'/6. We then remove one peer fro%h and leTp'e_%M(l_e) (Np_STP')

obtainS’. Clearly S’ = |S§’'| = S — 1. We will have ’

Ts <Ts < (1—€)(S—1)p'/0=(1-¢)Spe. Then, fory > (1 — ¢)Np, we have

Hence, S’ still satisfiesTs: < % If (19) is still not
true for S’, we can remove another node frath and repeat
these steps until we find a set that satisfies (19). Note that 3~ )

by removing nodes one by one fraf in the worst case we = <S>P (Ts € Zs(e,p)| Y = y)
will end up with a setS’ that contains one peer. However, S;Vl )
as mentioned above, ' = |S'| = 1, (19) is automatically <Z leNSTP’e*%MU*e) (NP*STP)
satisfied. As a result, we can always find aSethat satisfies 5= ¢

IN

IN

P(TS € Zs(e,p') for someS < 5N’Y = y)

(19) by removing the nodes froi§ one by one. Therefore, SN Y oo (oS
the claim holds. Consequently, < Z ENS<1+ 4 )N st )<p 4 ) (sinceM = alog N).
S=1
1—¢)Syp
P (TS < % for someS> It follows that
<P (Ts € Is(e, p') for somes). (20) P (Ts € Zs(e,p") for someS < §N)
N
Now we are going to characterize the probability on the right <P(Y < (1 — ¢)Np) + Z P(Y =vy)
hand side of (20). Define;(S) to be the probability that [y=(1—€)Np]

a given user; select at least one of the peers $has its
downstream neighbor. For any peet S, r;(S) is equal tol
minus the probability that peérchoose all its\ downstream N , ,
neighbors from the peers that are notdnMore specifically, ~ <O(exp(—¢’p*N)) + ENS(HP [ONTasUmwrio/0),

X P(Ts € Zs(e,p') for somesS < 5N‘Y = y)

for i € S we have §=1 23)
. N-S\ //N-1 _ o
ri(S)=PEeUlS) =1~ ,, v ) @D Note that whenV is large,a satisfies,
Similarly, fori € V'\ S, we have o> 2t+e/0+d  2+p'/0+d
> - .
. N-5-1 N-1 [p—(p+€)d/0l(1—€) ~ [p—p'd/0](1—¢)
r(S) =P (i €US)) = 1— .
M M We have,
Note that for any peet, the value ofr;(S) is identical for all ON / /
the setsS that have the same siz8]. In the rest of the proof, > §N5(1+” /9) N—aSA=€)(p=p'o/0)p
we will user;(S) to denote the probability that useselects S=1

at least one of the_p(_eers‘ﬁﬁas its_ downstream neighbor for all §1N1+1+p,/9]\]7(2+p,/9+d) _ 1 0 1 (24
the setsS that satisfie§S| = S, i.e., r;(S) = r(S),VS C V 0 ONd Nd
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Finally, combining (18), (20), (23) and (24), we have Consequently,
P U I's
SCV,|S|<SN p U FS
_ ! SCV,|S|>6N
<P (Ts < % for somesS < 6N> N . N s
% (e 3 () sen
<P (Ts € Zs(e,p") for someS < §N) < O (W) . Sesmna1 \ S s 5m S
N
< eS(l*log(;)e—%%]\{[Sp < 9p(1-log 6—%%]&4;0)6N'

2) When s is large, i.e.,S > JN, the capacity from S:6N+1
sophisticate allocation alone may not be adequate. We t 2w
need to count both parts of the capacity in (17). Consider t ence, as long ad — logd - __Mp < 0, the above
quantltyHuTerZZeV Z;es i (17). It can be viewed as expression will converge to 0 exponentlally fast. In fadt,
the maximum capacity that can be assigned foom both the M= O‘.logN a_nda sat|sf|e§2 (14), then for sufficiently Iarge
more sophisticate and uniform rate allocation. Now corrsidév’ the inequalityl —logd — 5 Mp < 0 always holds. Hence,
a purely uniform rate allocation. The total capacity alkech it (14) holds, we have,
to S must be a lower bound of the above value. Next, we will
show that the above lower bound will be larger tliar€)SC/ P U Ts | <O@/N%.
with high probability. More precisely, lef;; be the indicator SCV,|S|>6N
function of the event that there is a link between nedad
nodej, and node is an ON peer or the server. Then we havaa”y’ by combining the resuilt of part (1) and part (2)

ogether, we can thus prove the lemma. O
&
DD INE D SINEEELLD B St

i€V jES ]ES i€V\sJES

Note that for fixed: € V, Zjes I;; < M. Further, ifi is
OFF ori ¢ U(S), then}_, s I;; = 0. Recall thatTs is the
number of ON users it/(S). We have

Z ZL‘;‘: Z ZlijSTSMa

i€V\sjES i€U(S),iis ONJES
and hencel’s > 17 .\, > cs Lij- Then, the total avail-
able capacity froni/(S) to S will be

OuTs+» > CF
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