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Abstract—In this paper, we study the scheduling problem to as the many-channel many-user asymptotic regime when
for downlink transmission in a multi-channel (e.g., OFDM- goes infinity. The connectivity between each user and each
based) wireless network. We focus on a single cell, with the channel is assumed to be time-varying, due to channel fading

aim of developing a unifying framework for designing low- . L .
complexity scheduling policies that can provide optimal pe We assume that the base station (BS) maintains separate Firs

formance in terms of both throughput and delay. We develop in First-out (FIFO) queues that buffer the packets destioed
new easy-to-verify sufficient conditions for rate-function delay each user. Thdelaymetric that we will focus on in this paper
optimality (in the many-channel many-user asymptotic regime) is the asymptotic decay-ratéalso called therate-functionin
and throughput optimality (in general non-asymplotic setting),  the |arge-deviations theory) of the probability that thegést
respectively. The sufficient conditions allow us to prove ree- - . . .

function delay optimality for a class of Oldest Packets Firs packet waiting time in the system exceeds a fixed threshold,
(OPF) policies and throughput optimality for a large class ¢ as both the number of channels and the number of users go
Maximum Weight in the Fluid limit (MWF) policies, respectiv ely. to infinity. (Refer to Eq. (2) for the precise definition.)

By exploiting the special features of our carefully chosenuficient Next, we overview some key related works. In [2], the
conditions and intelligently combining policies from the dasses 5 thors considered a single-server model with time-varyin

of OPF and MWF policies, we design hybrid policies that are
both rate-function delay-optimal and throughput-optimal with a  channels, and showed that the longest-connected-que@@)(LC

complexity of O(n*? logn), where n is the number of channels @lgorithm minimizes the average delay for the special case
or users. Our sufficient condition is also used to show that of symmetric {.i.d. Bernoulli) arrival and channel. Later, the

a previously proposed policy called Delay Weighted Matchig results were generalized for a multi-server model in [3]eTh
(DWM) is rate-function delay-optimal. However, DWM incurs a  authors of [4] further generalized the multi-server modgl b

high complexity of O(n®). Thus, our approach yields significantly S L . .
lower complexity than the only previously designed delay an considering more general permutation-invariant arriétat

throughput optimal scheduling policy. We also conduct numeical ~ ré not restricted to Bernoulli only) and multi-rate channe
experiments to validate our theoretical results. model. Hence, the problem of minimizing a general cost

function of queue-lengths (includes minimizing the expédct
delay) studied in [4] becomes harder. There, for speciagsas

o ) ) ] of ON-OFF channel model with two users or allowing for frac-
Designing high-performance scheduling algorithms hagna) server allocation, an optimal scheduling algoritivas

been a vital and challenging problem in wireless networkgerived. Using the insights obtained from the analyticalites
Among the many dimensions of network performance, thg [4] for ON-OFF channel model, in [5] the same authors
most critical ones are perhaps throughput, delay, and Cofsveloped heuristic policies and showed through simuiatio
plexity. However, it is in general extremely difficult, if DO that their proposed heuristic policies perform well under a
impossible, to develop scheduling policies that attain thgsneral channel model. Note that in contrast to this paper,
optimal performance in terms of both throughput and delae apove studies directly minimize queue-length or delay
without the cost of high complexity [1]. _ in a non-asymptotiadegime, which is an extremely difficult

In this paper, we focus on the setting of a single-hop multsoplem in general.
user multi-channel system. A practically important exanpl as we do in this paper, another body of related works [6]—
of su_ch a multi-channel system is the downlink of a singl@] focus on the many-channel many-user asymptotic regime,
cell in 4G OFDM-based celluar networks (e.g., LTE anflhere the analysis may become more tractable. Even though
WiMax). Such a system typically has a large bandwidihe analysis for an asymptotic setting is very differentriro
that can be dlivided into multiple orthogonal sub-bands (ghe non-asymptotic analysis in [4], it is remarkable thahso
channels), which need to be allocated to a large number @fthe insights are consistent. For example, from a delaiy opt
users by a scheduling algorithm. The main question that Wejity perspective, the above two bodies of studies bothtpoi
will attempt to answer in this paper is the followingow do g the tradeoff between maximizing instantaneous throughp
we design efficient scheduling algorithms that simultasgou 54 palancing the queues. Thus, we believe that, colldgtive
provide high throughput, small delay, and low complexity? these studies under different settings provide usefubhtsi

We consider a multi-channel system that haghannels and for designing efficient scheduling solutions in practice.
a proportionally large number of users. This setting ismref# In [6]-[9], a number of queue-length-based scheduling-poli
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policy that maximizes the queue-length-based rate-fancti
has been derived with complexity(n?) [9]. However, these
works have two key limitations. First, the schedulers’ perf
mance are proven under the assumption that the arrival ggoce
is i.i.d. not only across users, but also in timehich does not
model the temporal correlation present in most real network

traffic. More importantly, it is well known that good queue-
1. System model. The connectivity between each paiuefigQ; and

Iength performance does not necessanly translate to gqalﬁi/ers is “ON” (denoted by a solid line) with probability, and “OFF”
delay performance [10]-[12]. A recently developed schidul (denoted by a dashed line) otherwise.

policy called Delay Weighted Matching (DWM) [10], [11],
which makes scheduling decisions by maximizing the sum of
the delays of the scheduled packets in each time-slot, éscugueue multi-server system with stochastic connectivity, a
directly on the delay performance as we do in this paper.dt hghown in Fig. 1.For ease of presentation, the number of
been shown that DWM is rate-function delay-optimal in somésers is assumed to be equal to the number of channels. Our
cases. However, DWM has the following two key drawbackanalysis for rate-function delay optimality follows siarily
1) it is unclear whether DWM is rate-function delay-optinral if the number of users scales linearly with the number of
general; and 2) DWM yields a very high complexity@fn°) channels.Throughout the rest of the paper, we will use the
and is thus not amenable for practical implementations.  terms “user” and “queue” interchangeably, and use the terms
Hence, the state-of-the-art does not satisfactorily answe “channel” and “server” interchangeably. We assume thag tim
main question of how to design scheduling policies with a loig slotted. In a time-slot, a server can be allocated to only o
complexity, while guaranteeingrovable optimalityfor both queue, but a queue can get service from multiple servers. The
throughput and delay. In this paper, we address this clgglenconnectivity between queues and servers is time-varyiag, i
and provide the following key intellectual contributions. it can change between “ON” and “OFF” from time to time.
First, we characterizeasy-to-verifysufficient conditions for We assume that perfect channel state information (i.e.tlveine
rate-function delay optimality in the many-channel masguu each channel is ON or OFF for each user in each time-slot)
asymptotic regime and for throughput optimality in generas known at the BS. This is a reasonable assumption in the
non-asymptotic settings. The sufficient conditions alloss wdownlink scenario of a single cell in a multi-channel cedlul
to prove rate-function delay optimality for a class ©fdest system with dedicated feedback channels.
Packets First (OPF)policies and throughput optimality for The notations used in this paper are as follows. We let
a large class oMaximum Weight in the Fluid limit (MWF) @; denote the FIFO queue (at the BS) associated with the
policies. Moreover, the sufficient conditions can be used feth user, and letS; denote thej-th server. We assume
show that a slightly modified version of the DWM policy isinfinite buffer for all the queues. Let4;(¢t) denote the
both rate-function delay-optimal and throughput-optimal number of packet arrivals to queug; in time-slot ¢, let
Second, we develop a@(n?® logn)-complexity schedul- A(t) = > | A,;(t) denote the cumulative arrivals to the
ing policy called DWM#n. The DWM= policy shares the entire system in time-slat, and letA(tq,t3) = th:tl A(T)
high-level similarity with the DWM policy [10], [11], but denote the cumulative arrivals to the system from timeo
makes scheduling decisions in each time-slot by maximizing. We let \; be the mean arrival rate of quedg, and let
the sum of the delays of the scheduled packets over only thes £ [\;, \,, ..., \,] denote the arrival rate vector. We assume
oldest packets in the system, rather than over all the paelset that packet arrivals occur at the beginning of each timé-slo
in the DWM policy. We show that DWM:z is an OPF policy and packet departures occur at the end of each time-slot. We
and is thus rate-function delay-optimal. However, DWMs let Q;(¢) denote the length of queug; at the beginning of
not throughput-optimal in general, and may perform poorlime-slot¢ immediately after packet arrivals. Also, 18} ;(t)
whenn is not large. denote the delay (i.e., waiting time) of theh packet of queue
Third, by exploiting the special features of our carefullyg); at the beginning of time-slat which is measured since the
chosen sufficient conditions and intelligently combinirgip time when the packet arrived to que@g until the beginning
cies from the classes of OPF and MWF policies, we develgptime-slott. Note that at the end of each time-slot, the packets
a class of two-stage hybrid policies that are both throughputill present in the system will have their delays increasgd
optimal and rate-function delay-optimal. In particulare wone due to the elapsed time. We then Wt(t) = Z; 1(¢)
can adopt the DWM: policy in stage 1 and the Delay-denote the head-of-line (HOL) packet delay of quépeat
based MaxWeight Scheduling (D-MWS) policy in stage Zhe beginning of time-slot. Further, we us€; ;(¢) to denote
respectively, so as tdesign an optimal hybrid policy with the capacity of the link between quedg and serverS; in

a low complexity ofD(n??logn). time-slott, i.e., the maximum number of packets that can be
Finally, we conduct numerical experiments to validate owerved by serves; from queueq); in time-slott. Finally, we
theoretical results in different scenarios. let 1., denote the indicator function, and I&t" denote the
set of positive integers.
Il. SYSTEM MODEL We now state the assumptions on the arrival processes.

We consider a multi-channel system with orthogonal The throughput analysis is carried out under very general
channels andu users, which can be modeled as a multieonditions (Assumption 1) similar to that of [13].



Assumption 1:For each usef € {1,2,...,n}, the arrival set of positive recurrent states is nonempty, and it costain
processA;(t) is an irreducible and positive recurrent Markowa finite subset such that with probability one, this subset is
chain with countable state space, and satisfies the Strong Lr@ached within finite time from any initial state. When all

of Large Numbers: That is, with probability one, the states communicate, stability is equivalent to the Mark
S A(r) chain being positive recurrent. Théroughput regionof a
lim %ﬂ =\. (1) scheduling policy is defined as the set of arrival rate vedior
t—o00

) which the network remains stable under this policy. Further
We also assume that the arrival processes are mutually e optimal throughput regioris defined as the union of the
dependent across users (which can be relaxed for showjghughput regions of all possible scheduling policies. We

throughput optimality, as discussed in [13].) let A* denote the optimal throughput region. A scheduling
Assumptions 2 and 3 (stated below) will be used for ratgpjicy is throughput-optimal if it can stabilize any arrival
function delay analysis. rate vector\ strictly inside A*. For more discussions on the

Assumption 2:There exists a finitd. such thatA;(t) < L  characterization ofA* please refer to our online technical
for anyi andt, i.e., arrivals are bounded. Further, we assumeport [14].

P(A(s,s +t—1) = Lnt) >0 for anys, ¢t andn. For delay analysis, we consider the many-channel many-
Assumption 3:The arrival_ processes af@d. across Users, yser asymptotic regime. L&t/ () denote the largest HOL
and A; = p for any useri. Given anye >0 andd > 0, there  dejay over all the queues (i.e., the largest or worst packet

exists Tp(e,6) > 0, Np(e,6) > 0, and a positive function wajting time in the system) at the beginning of time-sipt

Ip(e,6) independent of. andt such that i.e., W(t) £ max;<;<, Wi(t). Assuming that the system is
t stationary and ergodic, we define trege-functionfor integer
2r=1 L{A() —pn|>en)
P n > 6| < exp(—ntlp(e,d)), thresholdb > 0 as
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for all ¢ > Ti(e,8) andn > Np(e, o). [(b) = lim —=1logP(W(0) > b). 2)

Assumptions 2 and 3 are relatively mild. The first pafjye can then estimat®(W (0) > b) ~ exp(—nI(b)) when
of Assumption 2 and Assumption 3 have also been used,jns |arge, and the estimation accuracy tends to be higher as
the previous work [10], [11] for rate-function delay anasys ,, increases. Clearly, for large a larger value of the rate-
In Assumption 2, the first part requires that the arrivals iQinction leads to better delay performance, i.e., a smaller
each time-slot have bounded support; and the second p@agpability that the largest HOL delay exceeds a certain
guarantees that there is a positive probability that a”rSJSQhreshold.Ascheduling policy imte-function delay-optimaf
have the maximum number of arrivals in any time-intervah, any fixed integer thresholg> 0, it achieves the maximum
with any length. Assumption 3 allows the arrivals for eacpyte-function over all possible scheduling policies.
user to be correlated over time (e.g., arrivals driven by@tw Note thatthe rate-function optimality is studied in the
state Markov chain), which is more general than the arriV&kymptotic regime, i.e., when goes to infinity. Although

processesi{.d. in time) considered in [6]-[9]. the convergence of the rate-function is typically fast, the
We then describe our channel model as follows. throughput performance may be poor for small to moderate
Assumption 4:In any time-slott, C; () is modeled as a yajues ofn. As a matter of fact, a rate-function delay-optimal
Bernoulli random variable with a parametge (0,1), ... policy may not even be throughput-optimal for a fixede.q.,
Oy (1) = 1, with probability g, the DWM-n poligy that we_will propose in Sec_tion IV).. To
0. 0, with probability 1 — g. that end, we are interested in designing scheduling pelitiat

maximize both the throughput (for any fixed and the rate-

All the random variable€”; ;(t) are assumed to be mutuallynction (in the many-channel many-user asymptotic refjime
independent across all the variableg andt.

We assume unit channel capacity as above. Under this |||. AN UPPERBOUND ON THE RATE-FUNCTION
assumption, we will also le€; ;(¢) denote the connectivity
between queue); and serversS; in time-slot ¢, without

causing confusions. As in the previous works [6]-[L1], ifsth Then, later in Section IV, we will provide a sufficient coridit

paper we assumid.d. channels for the analytical results onlyTor achieving this upper bound and thus achieving the optima

Moreover, we will show through simulations that our proﬂbserlate-function.

Iow—complexity solution also performs yyell in more genera As in [10], [11], for any integet > 0 and any real number
scenarios, e.g., when the channel condition follows a tiates 2 > 0, we define the quantity
Markov chain that allows correlation over time. Further, we — '
will briefly discuss how to generalize our solution to more I4(t,x) = sup[f(t +z) — A (—t41,0)(0)],
general scenarios towards the end of this paper. >0

Next, we define theptimal throughput regiorfor stability whereA4,(_;;1,0)(8) = log E[e/4:(—t+1.0)] js the cumulant-
region) of the system for any fixed integer > 0. As in generating function ofd;(—¢ + 1,0) and A;(—t + 1,0) =
[13], a stochastic queueing network is said todvebleif it Zgz_tH A;(1). From Cramer's Theorem, this quantity,
can be described as a discrete-time countable Markov chai(t, =), is equal to the asymptotic decay-rate of the prob-
and the Markov chain is stable in the following sense: Thahility that in any interval of: time-slots, the total number of

In this section, we derive an upper bound on the rate-
function that can be achieved by any scheduling algorithm.



packet arrivals to the system is no smaller thein + x), as in [10, Section V.D], there may be a gap between the rate-
n tends to infinity, i.e., function attained by DWM and the upper bound derived in
1 [10], depending on the value df and the arrival process.
Jim —=log P(A(—t +1,0) = n(t +2)) = La(t,z)-  (3) More specifically, it can be shown that for givén> 0, if
_ _ _ Ia(b—c) = I;(b— c) for all values ofc € {0,...,b} for
Define the f_oIIowmg for the case df > 1. For any integer the given arrival process, then both FBS and DWM are rate-
z 2 0, we definet, as function delay-optimal.
t, 2 T However, it is unclear whether the DWM policy is rate-
L-1 function delay-optimal in general. Moreover, its high com-
Then, we definel, 2 {c € {0,1,...,b} | tp_. € Z*+}. It plexity O(n®) renders it impractical. Hencéhe grand chal-
will later become clear why the values ofin the set¥, are lenge is to find low-complexity scheduling policies that are
important and need to be considered separately. [iet2  both throughput-optimal and rate-function delay-optiméd

log = Then, for any integeb > 0, we define the quantity that end, in this section, we first characterize easy-tdyver
- sufficient conditions for rate-function delay optimality the

Io(b) & min{(b+ 1)Ix, many-channel many-user asymptotic regime and for through-
min { inf Ia(t,b—c)+clx}, put optimality in non-asymptotic settings. We then develop

0<esb >ty —c (4)  two classes of policies, called the Oldest Packets FirsFjOP

ggi{IA(tb_c,b —c)+ (c+1)Ix}} policies and the Maximum Weight in the Fluid limit (MWF)
polices, that satisfy the sufficient condition for rate-gtian
Further, for any given integet > 1, we define delay optimality and throughput optimality, respectively

e a [ b+ DIx, ifL=1, As discussed in the introduction, our ultimate goal is to

15(0) —{ Io(b), if L>1. develop low-complexity hybrid policies that are both rate-

) ) . function delay-optimal and throughput-optimadowever, it
In the following theorem, we show that for any given integ&g nclear that, just because one policy is rate-functidayde

thresholdb > 0, I5(b) is an upper bound of the rate-function,imal and another one is throughput-optimal, their combi

that can be a.ch_ieved by any scheduling policy. _ nations will necessarily yield the right hybrid policy thiat
~ Theorem 1:Given the system model described in SeGspiimal in terms of both throughput and delay. As we will
tion II, for any scheduling algorithm, we have discuss further at the beginning of Section V, our carefully

chosen sufficient conditions possess some special feahates
allow us to construct low-complexity hybrid policies thata
both rate-function delay-optimal and throughput-optimal

—1
lim sup — log P(W(0) > b) < Ij(b),
n—oo N
for any given integer threshold> 0.
We prove Theorem 1 by considering three types of events
that lead to the delay-violation evefit’ (0) > b} and comput- A. Rate-function Delay Optimality

ing their probabilities. We provide the proof in Appendix A. We start by presenting the main result of this section in the

Note that in [10], the authors derived another upper bou?gllowing theorem, which provides a sufficient conditiorr fo

: : + +ooy A
mln{(btl)lx’mlnoﬁjﬁb{IA gb_,C)erX}}' wherel; () = scheduling policies to be rate-function delay-optimal.
infeso Ly (t, ) and I (¢, 2) = limy v La(t y). We would g0 0om o ynder Assumptions 2 and 3, a scheduling
like to remark that their upper bound was derived by consid olicy P is rate-function delay-optimal if in any time-slot,
olicy P can serve the: oldest packets in that time-slot for

ing two types of events that lead to the delay-violation éyve
which yet accounts for only a proper subset of the events t AL largest possible value éfe {1,2 n}
To prove Theorem 2, we will exploit a dominance property

we consider in Appendix A. Hence, their upper bound could
be larger thari;(b) in some cases. (Lemma 3) of the policies that satisfy the above sufficient
condition. Due to space constraint, we have provided the
IV. SUFFICIENT CONDITIONS full proof with all the details in our online technical repor
In [10], [11], the authors proposed the DWM policy and14]. However, in this paper we do provide an outline of
studied its rate-function delay optimaftywithout the second the proof in Appendix B, and give the intuition behind it
part of Assumption 2) in some cases. Specifically, in [101][1 as follows. First, it is easy to see that the First-come First
the authors proved that DWM attains a rate-function thaois serve (FCFS) policy, which serves tloddest packets first
smaller thanmin{(b + 1)Ix, ming<.<p{la(b — ¢) + cIx}}, is (sample-path) delay-optimal in a single-queue singleer
wherel 4(z) £ infy~¢ La(t, z). This is proved by showing that system. Also, it is not hard to see that for a multi-queue imult
the FBS policy (with a properly chosen operating parametgerver system wittiull connectivity where all pairs of queue
h) can attain this rate-function and DWM dominates FB8nd server are connected, a policy that chooses to serve the
for all values ofh in a sample-path sense. As pointed outldest packets (over the whole system) first is delay-optima
These motivate us to ask a natural and interesting quedtian:
2Although the delay metric considered in [10], [11] is slightiifferent policy chooses to serve the oldest packets first in a mutiiqu
from ours, both metrics are closely related. Moreover, #ite-function delay . N . . L
multi-server system with time-varying and partial conngtt

analysis for DWM in [10], [11] is also applicable for our defthrate-function - i ! ’ i .
as in (2). (as we consider in this paper), does it achieve rate-fumctio



delay optimality™Note that in such a system, at magpackets drain these packets within one time-slot with high prolighil
can be served in each time-slot. Hence, if in each time-sloyat the perfect-matching policy needs at leastime-slots.
policy can serve all the oldest packets in the system (as in the The above discussions suggest that if we can find a policy
case with full connectivity), this policy should yield optal that dominates both the FBS policy and the perfect-matching
delay performance. However, due to the random connectivitplicy, there is a hope that this policy may be able to
between queues and servers, no policy may be able to doachieve the optimal rate-function in general. We will show
Hence, we propose a class of policies that choose to serveitheemma 3 that a policy that satisfies the sufficient conditio

k oldest packets for the largest possible valug:ofn other in Theorem 2, indeed dominates both the FBS policy and the
words, for anyk € {1,2,...,n}, if the k oldest packets can beperfect-matching policy in a sample-path sense.

served by some scheduling policy, then our proposed pslicie In order to state the dominance property of Lemma 3 below,
will serve thesek packets too. we consider the following versions of the FBS policy and the

A similar, but less thorough, analysis was also carrigeerfect-matching policy. Suppose that packeis the x,-th
out in [10], [11]. There, the authors proposed tReame arrival to the queue),, in time-slott,. Then, we define
Based Scheduling (FBS)policy, which aims to serve the the weight of the packet in time-slott asw(p) =t —t, +
oldest _packets in each tir_ne-slot and can be viewed as éﬂ‘i—% + %‘(ffﬂ) For two packetg; and p2, we say
approximation of FCFS policy. The FBS policy serves packegs is older thanp, if w(p;) > @(p2). The above way of
in units of frames. With a given positive integér as the defining the weight ensures that among the packets thaearriv
operating parameter, each frame is constructed such thataflthe same time, the priority is given to the packet that Imas a
the difference of the arrival times of any two packets withiearlier order of arrival in each queue; and further, amory th
a frame must be no greater than and 2) the total number packets (in different queues) with the same order of arrival
of packets in each frame is no greater than= n — Lh. the priority is given to the packet that arrives to the queue
In each time-slot, the packets arrived at the beginning isf thwith a smaller index. For the FBS policy, we assume that the
time-slot are filled into the last frame until any of the abovpackets with a larger weight are filled to the frame with a
two conditions are violated, in which case a new frame willigher priority when there are multiple packets arrivinghat
be opened. In any time-slot, the FBS policy serves the HQJame time. While for the perfect-matching policy, we reguir
frame that contains the oldest (up @) packets with high that in time-slott, the perfect-matching policy only serves
probability for largen. As discussed at the beginning of thigpackets with the largest value of- ¢, + L121+—11p_ Under this
section, it has been shown that the FBS policy with a propefigrsion of the perfect-matching policy, it is possible tlaat
chosen operating parameters rate-function delay-optimal in queue may not have any of its packets served even if a perfect-
some cases. matching is found and a server is allocated to the queue. It

However, FBS maynot be rate-function delay-optimal in should be noted that the above versions of the FBS policy and
some other cases. Specifically, consided. Bernoulli arrivals the perfect-matching policy are used for analysis only. tNex
with L = 1. As pointed out in [10], the rate-function attainedve present the dominance property in the following lemma.
by the FBS policy is not optimal in this scenario. We provide Lemma 3:Consider the versions of the FBS policy and the
the intuition as follows. Suppose there are a totalaf perfect-matching policy described above. Suppose thatypol
packet arrivals to the system in an interval fotime-slots. P satisfies the sufficient condition in Theorem 2. Then, for
It is easy to see that FBS needs at lelast 1 time-slots to any given sample path, by the end of any time-glopolicy
completely serve these packets since at mostLh packets P has served every packet that the FBS policy or the perfect-
can be served by FBS in one time-slot. This could lead tomaatching policy has served.
sub-optimal rate-function. To see this, consider pezfect- We prove Lemma 3 by contradiction, and provide the
matching policy defined as follows. LeQ andS denote the proof in Appendix C. Further, by using of this dominance
set of queues and set of servers, respectively. In a timerslo property, and following a similar argument as in the rate-
let ¢ £ {C;;(r) : C;;(r) = 1} denote the set of edgesfunction delay analysis for FBS (Theorem 2 of [10]), we prove
betweenQ and S. Clearly, G[Q U S,C] forms a bipartite Theorem 2. Specifically, we consider all the sample paths tha
graph. If a perfect matching can be found in the bipartitphralead to the delay-violation event. There are different ways
G[QU S, (], then the servers are allocated to serve the oldestt the delay-violation event can occur, each of which has
packets in the respective queues as determined by the peréecorresponding rate-function for its probability of oatug.
matching. Otherwise, none of servers will be allocated ® th.arge-deviations theory then tells us that the rate-fumctor
queues. It has been shown in [6] that in each time-slot,delay violation is determined by the smallest rate-functio
perfect matching can be found with high probability for lergamong these possibilities (i.e., “rare events occur in tlestm
n. Hence, in the case described above, the perfect-matchiikgly way”.) An outline of the proof for Theorem 2 is provide
policy needs onlyt time-slots to drain all theset packets in Appendix B.
with high probability for largen, while FBS is sub-optimal. Next, we define a class of OPF policies as follows.

On the other hand, the perfect-matching policy does notDefinition 1: A scheduling policyP is said to be in the
perform well in many other cases due to the fact that it canndass of Oldest Packets First (OPF) policies if policy P
serve more than one packet from each queue in a time-skutisfies the sufficient condition in Theorem 2.

For example, consider the case where there larpackets  Clearly, the class of OPF policies are all rate-function
existing in Q; and the other queues are all empty. FBS catelay-optimal. We would like to emphasize that the suffitien




condition in Theorem 2 is very easy to verify and can that of DWM, i.e., the schedule is determined by a
be readily used to design other rate-function delay-odtima  maximum-weight matching ove¥, except that DWMr

policies. Specifically, Theorem 2 enables us to identify & ne finds a maximum-weight matching based on trestex

rate-function delay-optimal policy, called ti®VM- n policy, weights. Such a maximum-weight matching is also

which substantially reduces the complexity @{n>*logn). called Maximum Vertex-weighted Matching (MVM)

This in turn allows us to desigow-complexityhybrid schedul- [16], [17]. Specifically, the weight of each vertpxe X

ing policies that are botthroughput-optimaandrate-function is set tow(p) (i.e., the weight of the corresponding

delay-optimal(in Section V). packetp), and the weight of each vertex in the 3étis
Now, we review theDelay Weighted Matching (DWM) set to 0.

policy proposed in [10], [11]. DWM operates in the following | the following proposition, we show that the DWM-
way. In each time-slot, define the weight of thé-th packet policy is rate-function delay-optimal and has a low comitiex
of Q; asZ;,(t), i.e., the delay of this packet at the beginning proposition 4: The DWM-n policy is an OPF policy, and
of time-slot ¢, which is measured since the time when thig thys rate-function delay-optimal under Assumptions @ an
packet arrived to queu@; until time-slott. Then, construct 3. Fyrther, the DWMs policy has a low complexity of
a bipartite graphG[X U Y, E] such that the vertices iX O(n23logn).
correspond to the oldest packets from each of thequeues e provide the proof in Appendix D. The fact that the
andY is the set of all servers. ThugX| = n* and|Y'| = n.  pwM-n policy is an OPF policy follows from a property of
Let X; C X be the set of packets from queqg. If queue \ym [16] that if there exists a matching that matches all
Qi is connected to servef;, then for each packet € Xy, of the k heaviest vertices, then any MVM matches all of the
there is an edge betweenand.S; in graphG: and the weight ;. heaviest vertices as well. The low complexity of DVWiM-
of this edge is set to the weight of packet The schedule fo|lows immediately from the fact that DWM- reduces the
is then determined by a maximum-weight matching ofer numper of packets under consideration ffackets in total),
Clearly, DWM maximizes the sum of the delays of the packeisd that an MVM in am x n bipartite graph can be found
scheduled. _ _in O(n*®logn) time [16]. Note that even if the DWM policy

It has been shown in [10], [11] that the DWM policyaqopts MVM when determining the schedule, its complexity
is rate-function delay-optimal in some cases. Howevers it j5 only be reduced t6(n? log n)
unclear whether it is delay-optimal in generalle would  Ajthough the DWM# policy achieves rate-function delay
like to highlight that our proposed sufficient condition INyptimality with a low complexity, it may not be throughput-
Theorem 2 allows us to show that a slightly modified VerSibetimal in general. This is because the DWMpolicy con-
of the DWM policy is rate-function delay-optimal in generadigers only the: oldest packets in the system. It is likely that
(under an additional mild assumption - the second part ertain servers may not be connected to any of the queues that
Assumption 2)Specifically, in the modified version of thecontain these: packets, which results in the server being idle
DWM policy, we assign the weight of a packgtas W(p)  and is thus a waste of service. Hence, DWiNE a lazy policy.
instead of its delay only. Then, by simply duplicating theq | fact, we can construct a simple counter-example to show
of Lemma 7 in [10], we can show that the modified versiogat the DWM# policy is, in general, not throughput-optimal
of the DWM policy is an OPF policy and is thus rate-functionys stated in Proposition 5.
delay-optimal. S _ Proposition 5: The DWM- policy is not throughput-

However, the DWM policy still suffers from a high COM-gptimal in general.
plexity, which renders it impractical. Specifically, DWM $a

a complexity of O(n”), since the complexity of finding a pattern that forces certain servers to be idle, even when the
_maX|mum-we|ghgmatch|ng [15] over a bipartite grafi, E]  can serve some of the queues. We provide the proof in
is O(|V||E| + |V log [V]) in generaQI, and the blpartge 9raphappendix E. Proposition 5 suggests that a rate-functioaydel
constructed by DWM hg1sV| =O0(n ,) and|E| = 0(n?). optimal policy may not have good throughput performance
_TO overcome th? hlgh—qomplexny ISSue, we develqp @or a fixedn). This may appear counter-intuitive at the first
S|mpl_er policy that |s_also in the f:lass of the OPF pOIIC'eﬁlance. However, it should be noted that the rate-functedayd
(andis thus rate-fug;:ﬂon delay-optimal), but has a muelelo i ajity is studied in the asymptotic regime, i.e., when
complexity of O(n™logn). The new policy is called the .0 1o infinity. Although the convergence of the rate-figrct

DWM-n policy due to the high-level similarity with DWM. g yvnically fast, the throughput performance may be poor fo
However, it exhibits critical differences when picking Bats - gmaj| to moderate values af Our simulation results (Fig. 3

to construct the bipartite graphi[.X U Y, E|] and finding the in Section VI) will provide further evidence of this.
maximum-weight matching ove. The differences are as

follows:
1) In each time-slot, instead of considering theoldest B- Throughput Optimality
packets from each queue (and tmispackets in total) as  In this section, we present a sufficient condition for thrioug
in DWM, DWM-n, considers only the oldest packets in put optimality in very general non-asymptotic settings.
the whole system. Hence, the bipartite graph constructedRecall that@;(t) denotes the length of queug, at the
by DWM-n has|X|=n and|Y| = n. beginning of time-slott immediately after packet arrivals,
2) The rest of the operations of DWM-are similar to Z;,(t) denotes the delay of théth packet of @, at the

We prove Proposition 5 by constructing a special arrival



beginning of time-slott, W;(t) = Z,1(t) denotes the HOL HOL delay (among all the queues connected to this server),
packet delay of); at the beginning of time-slat andC; ;(t) breaking ties by picking the one with the smallest index if
denotes the connectivity betwegh and.S; in time-slott. Let there are multiple such queues.

S;(t) denote the set of queues being connected to sefyer It is easy to see that D-MWS is an MWF policy and
in time-slott, i.e., S;(t) = {1 < i < n | C;;(t) = 1}, and is thus throughput-optimal. Also, it is worth noting that D-
let I';(¢) denote the subset of queuesdy(t) that have the MWS has a low complexity of)(n?) in our mutli-channel

largest weight in time-slat, i.e.,I'; (t) £ {i € S;(t) | Wi(t) = system. However, we can show that D-MWS suffers from
max;es, ) Wi(t)}. We now present the main result of thipoor delay performance. Specifically, we show in the follogvi
section. proposition that under D-MWS, the probability that the sy

Theorem 6:Let i(j,t) be the index of the queue that isHOL delay exceeds any fixed threshold, is at least a constant,
served by serve§; in time-slot¢, under a scheduling policy even ifn is large. This results in a zero rate-function.
P. Under Assumption 1, policyP is throughput-optimal if  Proposition 8: Consideri.i.d. Bernoulli arrivals, i.e., in
there exists a constant/ > 0 such that, in any time-slot each time-slot, and for each user, there is a packet arritial w
t and for allj € {1,2,...,n}, queueQ;, satisfies that probability p, and no arrivals otherwise. By allocating servers
Wiy (t) > Z a(t) for all r € T'(t) such thatQ,.(t) > M.  to queues according to D-MWS, we have that

We prove Theorem 6 using fluid limit techniques [13], [18]
and standard Lyapunov argument. Due to space constraint, lim sup -1 log P (W(0) > b) =0, (5)
we provide the proof in our online technical report [14]. The n—00

condition in Theorem 6 means the following: In each timefor any fixed integeb > 0

slot, each server chooses to serve a queue with HOL packe . . . .
q P bue to space constraint, we provide the proof in our online

delay no less than the delay of thé-th packet in the queue chnical report [14] and explain the intuition behind itthe

. t
with the largest HOL delay (among the queues ConneCtEdfgﬁowing. Note that under D-MWS, each server chooses to

the server) if this queue (with the largest HOL delay) has ted having the | t weight without
less thanM packets, then the server may choose to serve a ?ve a connected queue having the fargest weignt withou
counting for the decisions of the other servers. This way o

al
queue. . ;
It is well-known that the MaxWeight Scheduling (MWS)aIIocatlng servers may incur an unbalanced schedule sath th

policy [12], [13], [19]-[22] that maximizes the weightednsu in each time-slot, with high probability, only a small fr_mrt

of the rates, where the weights are queue lengths or delag/fsthe queuesq(logn) C.)Ut 0“”% que_ues) get served, wh|Ig the
is throughput-optimal in very general settings, includihg uht:er((j)f queues gal\/lng arfnvals is much large(:()). Th|§ i
multi-channel system that we consider in this paper. Tﬁ%e” ea s to poor delay performance. By an argument similar
intuition behind Theorem 6 is that to achieve throughpt that in Theorem 3 of [7] (where the authors show that the

optimality in our multi-channel system, it is sufficient for2u€Ue-length-based MaxWeight Scheduling (Q-MWS) policy

. results in a zero queue-length rate-function), we can sheiv t
each server to choose a connected queue with a large enoUgh . ’ .
9 g der D-MWS, the delay-violation event occurs with at lesast

weight such that this queue has the largest weight in the fl I : :
limit. This relaxes the condition that each server has to ﬁnCé)nstant probability for any fixed threshold evemifs large.

a queue with the largest weight in the original system, and Ve conclude this section with a summary of the scheduling

thus sianificantly expands the set of known throuahputroati Pelicies proposed and/or discussed in this section. The FBS
poulicielg . yexp W SORPEEE policy is a good policy that is useful for the rate-functiceial

Next, we define the class of Maximum Weight in the Flui(f’llnaIySiS of ot_her policies, yet it_ is neither throughputhogpl
limit (MWF) policies as follows. nor rate-fgnctlon delay-opUma] in general. Although (theq-

Definition 2: A policy P is said to be in the class of ified version O.f) the DWM pohcy |s.both thr.oughput—opumal
Maximum Weight in the Fluid limit (MWF) policies if and ratejfunct|on delay—optlmal, it yields an impractig&ligh
policy P satisfies the sufficient condition in Theorem 6. Comp'?x'ty- Our an_aIyS|s shows_that our proposed_ the DWM-

Clearly, the class of MWF policies are all throughloutpohcy is rate-_functlon dQeSIay-opUmaI a_nd_ substantiabigluces
optimal. It is claimed in [10], [L1] that the DWM policy is 1€, complexity 0O(n*"logn), but it is not throughput-
throughput-optimal, yet the throughput optimality was egt optllmal. Further, we s_how that a simple throughput—op.tlmal
plicitly proved there. For completeness, we state the fatig policy, the D-MWS policy, suffers from a zero rate-function
proposition on throughput optimality of the DWM policy, and

provide its proof in our online technical report [14]. V. HYBRID POLICIES
Proposition 7: The DWM policy is an MWF policy, and is
thus throughput-optimal under Assumption 1. It is clear from the previous section that a policy that

Next, we study a simple extension of the delay-basesdtisfies the sufficient conditions in Theorems 2 and 6 is
MaxWeight policy [12], [13], [22] that is throughput-optath both throughput-optimal and rate-function delay-optimal
in our multi-channel system. remains however to find such a policy witH@v complexity
Delay-based MaxWeight Scheduling (D-MWS) policy:In  Interestingly, our carefully chosen sufficient conditiguossess
each time-slot, the scheduler allocates each serdgto serve the following special features, which allow us to constract
queueqQ); ;) such thati(j,¢) = min{i | i € I';(¢)}. In other low-complexity hybrid policy that is both rate-functionlaie
words, each server chooses to serve a queue that has the& laa@imal and throughput-optimal



« The sufficient condition for throughput optimality has anuch more challenging. Further, it is not necessary that all
decoupling feature, in the sense that the condition can bembinations of the OPF and MWF policies lead to desired
separately verified for each individual server. hybrid policies. For example, it is unclear that the suffitie

« The sufficient condition for rate-function delay optimglit condition for throughput optimality can be satisfied if mesd,
guarantees not only rate-function delay optimality itselfve run an MWF policy in stage 1 and do post-processing
but also that all scheduled servers for theldest packets by applying an OPF policy in stage 2. In this case, because
satisfy the sufficient condition for throughput optimalitythe servers allocated by an MWF policy in stage 1 can be

Hence, by exploiting the above useful features of our sefiici "eallocated in stage 2, the sufficient condition for thrqugh
conditions, we can now develop a class of two-stage hybi@@timality may not hold any more. In contrast, our solutions
OPF-MWF policies that runs an OPF policy (focusing ofXPloit the special features of our carefully chosen sefiti
the n oldest packets only) in stage 1, and runs an ngjn_dmons, and |nte_II|gentIy comblne different policiés
policy in stage 2 over the remaining servers (that are ndtfight way, to achieve the optimal performance for both
allocated in stage 1) only. We will then show that all pokiciethroughput and delay. o _

in this class of hybrid OPF-MWF policies are both rate- There are still many policies in the class of hybrid OPF-
function delay-optimal and throughput-optimal. In pautar, MWF policies. In the following, as an example, we show that
we can find simple OPF-MWF policies with a low complexityh® DWM-n policy combined with the D-MWS policy yields

O(n25logn). an O(n?? log n)-complexity hybrid OPF-MWF policy that is
We now formally define the class of two-stage hybrid oppoth throughput-optimal and rate-function delay-optimait
MWEF policies. this policy be calledWM- n-MWS policy. Then, we present

Definition 3: A scheduling policyP is said to be in the t€ main resuit of this paper in the following theorem.
class ofhybrid OPF-MWF policies, if the following condi- Theorem 10:DWM-n-MWS policy is in the class of hybrid

tions are satisfied under polidy: In each time-slot, there OPF'MW'_: policies, a“‘?' is thus both throughput-optimal and
are two stages: rate-function delay-optimal. Further, DWNHMWS policy

. _ _ has a complexity oD (n?5logn).
1) in stage 1, it runs an OPF policy over theoldest 14 show that DWMr-MWS is a hybrid OPF-MWF policy,

packets only; it suffices to show that Condition 2) of Definition 3 is satidfie
2) in stage 2, lef?(t) denote the set of servers that are ngjy provide the proof in Appendix G.

allocated by the OPF policy in stage 1, andilgt ¢) be
the index of the queue that is matched by serygfor VI. SIMULATION RESULTS
j € R(t) in stage 2. There exists a constarit> 0 such

. : ) In this section, we conduct simulations to compare the
that in any time-slot and for allj € R(t), queueQ;(;,

performance of the scheduling policies proposed or diszliss

satisfies thatV;(; ) (t) > Z, a(t) for all r € T';(¢) such in this ; : . .
“J ’ . . paper, where the Hybrid policy we consider is DWM-
that@,.(£) > M. In other words, it runs an MWF policy n-MWS policy. We also compare the delay performance

over the system with the remaining servers and packe6 “our proposed policies along with twe (n?)-complexity

In the following theorem, we show that the class ofjueue-length-based policies (i.e., using queue lengtitsan
OPF-MWF policies are both rate-function delay-optimal angf delays to calculate weights when making scheduling de-
throughput-optimal. cisions): Queue-based Server-Side-Greedy (Q-SSG) and Q-

Theorem 9:Any hybrid OPF-MWF policy is rate-function MWS, which have been studied in [6], [7]. We implement
delay-optimal under Assumptions 2 and 3, and is throughpuind simulate these policies in Java, and compare the emipiric
optimal under Assumption 1. probabilities that the largest HOL delay in the system in any

We provide the proof in Appendix F, and give the intuitiorgiven time-slot exceeds a constant.e., P(W(0) > b).
behind it as follows. In stage 1, an OPF policy not only For the arrival processes, we consider bursty arrivals that
guarantees rate-function delay optimalliyt also satisfies the are driven by a two-state Markov chain and are thus cormlate
sufficient condition for throughput optimality for all attated over time. (We obtained similar results foi.d. 0-L arrivals
servers in this stageNote that the allocated servers and paclover time, but omit them here due to space constraints.) We
ets in stage 1 will not be considered in stage 2. In stagee2, adopt the same parameter settings as in [10], [11]. For each
run an MWF policy for the remaining servers and packets onlyser, there are 5 packet-arrivals when the Markov chain is in
Hence, it ensures that the sufficient condition for throudghpstate 1, and no arrivals when the Markov chain is in state 2.
optimality is satisfied for the remaining servers as welhc8i The transition probability of the Markov chain is given by
the allocated servers and packets in stage 1 are not touctresl matrix [0.5,0.5;0.1,0.9], and the state transitions occur
in stage 2, the satisfaction of the sufficient condition felay at the end of each time-slot. The arrivals for each user are
optimality is not perturbed, and the sufficient conditiom focorrelated over time, but they are independent across.Usars
throughput optimality is also satisfied. the channel model, we first assurmied. ON-OFF channels

We note that the idea of combining different policies int¢as in Assumption 4) and set = 0.75, and later consider
(heuristic) hybrid policies to improve the overall perf@ante, more general scenarios with heterogeneous users and bursty
is not new. However, our goal in this paper is to achiewehannels that are correlated over time. We run simulations f
provable optimality in terms of both throughput and delaya system withn € {10,20,...,100}. The simulation period
Hence, the task of designing the right hybrid policy becoméssts for10” time-slots for each policy and each system.
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Fig. 3. Performance comparison of different  Fig. 4. Performance comparison of different
scheduling policies in the case with homo-  scheduling policies in the case with Markov-
geneousi.i.d. channels, forn = 10 chan- chain driven heterogeneous channels, for delay
nels/users. thresholdb = 2.

Fig. 2. Performance comparison of different
scheduling policies in the case with homoge-
neousi.i.d. channels, for delay threshotd= 2.

The results are summarized in Figs. 2 and 3, where tfeg near-users and far-users ai®833,0.167;0.5,0.5] and
complexity of each policy is labeled. In order to compare the.5,0.5;0.167,0.833], respectively. The arrival processes are
rate-function/ (b) as defined in Eq. (2), we plot the probabilityassumed to be the same as in the previous case. Also, the delay
over the number of channels or users, ig.for a fixed value requirements are assumed to be the same for different slasse
of thresholdb. In Fig. 2, we compare the rate-functidiib) of users, i.e., we still consider the probability that thegést
of different scheduling policies fob = 2. The negative of HOL delay exceeds a fixed threshold, without distinguishing
the slope of each curve can be viewed as the rate-functidifferent classes of users.
for the corresponding policy. From Fig. 2, we observe that The results are summarized in Fig. 4. We observe similar
the Hybrid and DWM= policies perform closely to DWM, results as in the previous case, where channelsi.ack
and that D-MWS and Q-MWS have a zero rate-functiom time. In particular, our low-complexity policies (DWM-
which supports our analytical results. Further, the resslibow n and Hybrid) again perform closely to DWM, in terms of
that the delay-based policies (DWM, DWM-and Hybrid) rate-function, although the delay-violation probabilisya bit
consistently outperform Q-SSG in terms of delay perforreancsmaller under DWM whem is not large (i.e.,n < 50),
despite that it has been shown through simulations that @-S®hich is expected. Note that in this scenario, rate-fumctio
performs closely to a rate-function (queue-length) optimaelay-optimal policies areot known yet. For future work, it
policy [6], [7]. This provides further evidence of the fablat would be interesting to explore whether our proposed pesici
good queue-length performance does not necessarily &tanstan achieve optimality of both throughput and delay in more
to good delay performance. general scenarios.

We also plot the probability over delay threshdidas in
[6]-[8], [10], [11] to investigate the performance of diféat VII. CONCLUSION

policies whenn is small. In Fig. 3, we report the results for |, this paper, we addressed the question of designing low-
n=10andb € {0,1,2,...,29}. From Fig. 3, we observe .omnnhjevity scheduling policies that provide optimal perfo
that the Hybrid policy consistently performs closely to DWMpance of both throughput and delay in multi-channel systems
for almost all values ob that we consider, while DWMr i  \ve derived simple and easy-to-verify sufficient conditions
worse than DWM. This is because DWM#may not schedule ¢, hroughput optimality and rate-function delay optiinal

all the servers, and the probability that some of the se®&'s \hich allowed us to later develop a class of low-complexity
kept idle can be significant whenis small. hybrid policies that simultaneously achieve both throughp

Finally, we evaluate the performance of different schewdyli optimality and rate-function delay optimality.
policies in more realistic scenarios, where usersheteroge-  Our work in this paper leads to many interesting questions
neousand channels areorrelated over timeSpecifically, we that are worth exploring in the future. It would be interegti
consider channels that can be modeled by a two-state Markovknow if one can further relax the sufficient conditions,
chain, where the channel is “ON” when the Markov chain iand design even simpler policies that can provide optimal
in state 1, and is “OFF” when the Markov chain is in state Derformance for both throughput and delay. Further, it \oul
This type of channel model can be viewed as a special cdse worthwhile to analytically characterize the fundamknta
of the Gilbert Elliot model that is widely used for descrigin trade-off between performance and complexity.
bursty channels. We assume that there are two classes dfurther, itis important to investigate the scheduling peab
users: users with an odd index are calfer-usersand users in more realistic scenarios, e.g., accounting for more gene
with an even index are callefar-users Different classes of multi-rate channels that are correlated over time, rathant
users see different channel conditions: near-users seer bati.d. ON-OFF channels, and heterogeneous users with differ-
channel condition, and far-users see worse channel conditient statistics as well as different delay requirements. e
We assume that the transition probability matrices of ckénnis to find efficient schedulers that can guarantee a nonitrivia
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lower bound of the optimal rate-function, if it is too hard tchaveb — ¢ < (L — 1)¢, and thusla(t,b —c) = I (t,b—c)
achieve (or prove) the optimal delay performance itself oren from Lemma 11. Hence, for any fixed > 0, there exists
general scenarios. ad > 0 such thatla(t,b —c+6) < If(t,b—c) +e =
Finally, it is interesting and important for us to understani 4 (¢,b— c¢) +e. Suppose that from time-slett —b to —b— 1,
the delay performance beyond rate-function optimality & vithe total number of packet arrivals to the system is greater
considered in this paper. The log-asymptotic results froen tthan or equal tovt + n(b — ¢ + d), and letp,_.,45) denote
large-deviations analysis may not suffice, since they do e probability that this event occurs. Then, from Cramer’s
account for the pre-factor of the delay-violation probiil Theorem, we havéim,, ., ‘71 log py—cqs) = La(t,b—c+
Therefore, a very important direction is to analyze and vnde) < I4(¢,b— c)+ €. Clearly, the total number of packets that
stand the exact delay asymptotics as well as the mean dedag served in any time-slot is no greater tharFor any fixed

performance. 0, we havend > 1 for large enough (whenn > %). Hence,
if the above event occurs, at the end of time-slat— 1, the
APPENDIX A system contains at least one packet that arrived beforediate
PROOF OFTHEOREM 1 —b. Without loss of generality, we assume that this packet is in

. . . . . Now, assume th is disconnected from alt servers in
We ‘begin with stating an important property &ji(t, z) t%e nextc time-slots ?:Zl from time-slotc to —1. This occurs

in the following lemma, which will be used in deriving the . - o mele
upper bound in Theorem 1. Recall that we define the quant\l"y‘y:h pr_obablhty(l —g)"=e = _mdeper_ldently of all the .
It 2) 2 limy e Ta(t,y). past history. Hence, at the beginning of time-slot O, there i
ALémma 11'yS_l>Jg|CaposeL’( > 1. For any given integet > still a packet that arrived before time-slet. Thus, we have
0, and for a.II v € [0,(L — 1)), the limit I} (t,2) — W(0) > b in this case. This impliegs C {W(0) > b}. Note

lim, .+ Ia(t,y) exists and we havé (t, ) = It ). that the probability that everdl§ occurs can be computed as

Proof: Consider any given integer> 0. First, note that P(ES) = p(b_c+5)e_nCIX.
the total number of packet arrivals to the system during an
interval of ¢ time-slots cannot exceefint. Hence, we only Hence, we have
need to considetd 4(¢,z) defined on[0, (L — 1)t]. By the —nel
v o ’ P(W(0) >b) > pip—e X,
second part of Assumption 2, it is easy to see thaft, z) (W(0) > 8) 2 pp-csae
must be finite in0, (L—1)t). Note thatl 4 (¢, z) is @a supremum and thus

(overd) of linear functions (ofr). Hence,l4(t, z) is a convex _1

function (of z), and is thus continuous oft), (L — 1)t) (i.e., limsup —log P(W(0) > b) < I4(t,b — ¢) + € +clx.
the interior of[0, (L — 1)t]) [23, Pg. 68]. Further, itis easy to "~

see thatl4 (¢, z) is monotone (non-decreasing) fin (L—1){]  Since the above inequality holds for any {0, 1,...,b},

due to (3). Hence, it is not hard to show tHat(t, z) is right- anyt >, and anye > 0, by lettinge tend to 0, taking the
continuous at the left-most poiat = 0. Therefore, the limit infimum over allz > ¢,_., and taking the minimum over all

lim, .+ Ia(t,y) exists and we havé,(t,z) = I} (t,z) for ¢€ {0,1,...,b}, we have
anyz € [0, (L — 1)t). [ . 1
First, we focus on the case wheke> 1, and consider three hm_)SUPY log P(W(0) > b)
types of events, £5, and&s, that imply the delay-violation e < . . B
event{W(0) > b}. - ce{éflf,?_,b}{téﬁf,ff‘(t’ b—c)+elx}.

Event £;: Suppose that there is a packet that arrives to the
network in time-slot—b — 1. Without loss of generality, we
assume that the packet arrives to quéue Further, suppose

]E?(?r:f?_lbli ?lf(;:()_nlnected from all servers in all time-slots and letp;, ., denote the probability that this event occurs.

Then, at the beginning of time-slot 0, this packet is Stilote that the total number of packet arrivals to the systemnfr
. S . ime-slot—t,_.—b to —b—1 can never exceedLt,_.. Then,
in the network and has a delay bf+ 1. This implies&; C , . 1 ,
. from Cramer’s Theorem, we havém,, ... — logp;, ., =
{W(0) > b}. Note that the probability that eved} occurs n (b—c)
can be computed as Ta(tp—c,b— c): CIearI)_/, the total number of pgckets that can
be served during the intervght,_. — b, —c — 1] is no greater
P(&) = (1 — q)"0+D = g~ n+1Ix thann(t,_. +b—c) = nLt,_.. Suppose that there exists one
gueue that is disconnected from all the servers in any one
time-slot in the interval—¢,_. — b, —c — 1]. Then, at the end

Event &: Consider any fixed: € ¥;,. Suppose that from
time-slot —¢,_. — b to —b — 1, the total number of packet
arrivals to the system is equal tdy_. + n(b— ¢) = nLty_,

Hence, we have

P(W(0) > b) > ¢ 0+ DIx of time-slot —c — 1, the system contains at least one packet
that arrived before time-slotb. Without loss of generality,
and thus we assume that queug, is disconnected from all the servers
: —1 in a time-slot, say time-slot¢,_. — b. This event occurs with
lim sup,, o 57 10g PW(0) > b) < (b+ 1) Ix. probability (1 — g)n = e "Ix_ Further, assume tha®; is
Event &5: Consider any fixed: € {0,1,...,b} and any disconnected from all the servers in the next time-slots,
t > tp_.. Recall thatt,_. = Zj‘i. Then, for allt > t,_., we i.e., from time-slot—c to —1. This occurs with probability
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(1 — q)" = e "/x, independently of all the past history.process. We fix < 2 ande < £. Then, from Assumption 3,
Hence, at the beginning of time-slot 0, there is still a packéhere exists a positive functiodg(e,d) such that for all
that arrived before time-slot-b. Thus, we havaV (0) > b n > Ng(e,d) andt > Tg(e, d), we have

in this case. This implie€s C {W(0) > b}. Note that the It
probability that events occurs can be computed as P (ZT—Hl L{A(r)—pn|>en) > 5) < exp(—ntIg(e,d)),

t
P(ES) = ply—pye "I
for any integerl. We then choose

Hence, we have

1 2Ig(b
POV (0) > 1) = ply_ge "FD, o {TB(E’(S)’ Lp o 35)} |es] } o

and thus The reason for choosing the above valuehotvill become

1imsup_—110g[P(W(0) >b) < Ia(ty_c,b—c)+ (c+1)Ix. clear later on. Recall from Assumption 2 thdt is the

n—oo T maximum number of packets that can arrive to a queue in any
Since the above inequality holds for anyc U,, by taking time-slott. Let H = Lh. Then, H is the maximum number
the minimum over alk € ¥, we have, forL > 1, of packets that can arrive to a queue during an interval of

1 time-slots, and is thus the maximum number of packets from
11713;801(1)1)7 log P(W(0) > b) the same queue in a frame.

Let L(—b) be the last time before time-sletb, when the
backlog is empty, i.e., all the queues have a queue-length of
zero. Also, let; be the set of sample paths such thét-b) =
) —t—b—1andW(0) > b under policyP. Then, we have
lim sup — log [P(W(O) > b) [P(W(O) > b) _ Z;il [P(gt)- (6)

n—oo T

< min{IA(tb_c, b— C) + (c+ 1)Ix}.
cev,

Considering event§;, £, and&$, we have

< min{(b + 1)Ix, Let £F and&PM be the set of sample paths such that given
min { inf T4(t,b—c)+clx}, L(-b) = —t — b — 1, the eventiW(0) > b occurs under
0sesb t=tome the FBS policy and the perfect-matching policy, respettive
gg}PI}){IA(tb—ca b—c)+ (c+1)Ix}} Recall that policyP dominates both the FBS policy and the
— Iy(b) perfect-matching policy. Then, for arty> 0 we have
F ~ cPM
Next, we consider the case whete = 1. In this EeC & NET. ()
case, we 0”|1y need to consider evefit, and we have Recall thatp is the mean arrival rate to a queue. Now, we
limsup,, _, o, <=10g P(W(0) > b) < (b + 1)Ix. choose any fixed real numbgre (p, 1), and fix a finite time

Combining both cases of = 1 and L > 1, we have * g5
limsup,,_,., =+ log P(W(0) > b) < I;(b). This completes

our proof. t* = max{T, HB—(N smax{ty_c [ c€ Up}},  (8)
A 5 where
PPENDIX Ty 2 max({Ta(p— p, <= ’[i—‘ °
PROOF OFTHEOREM 2 ! Ts(p ~ P 5ty) |15 |} )
and

Suppose policyP satisfies the sufficient condition in The- A (—p)ix A 1
orem 2. We want to show that for any given integer threshold Ipx = min{*—=,Ip(p = p: 5rz3)) - (10)
b > 0, the rate-function attained by polid? is no smaller The reason for defining the above valug ofvill become clear

than I5(b). The proof follows a similar argument as in thaater on. Then, we apply (7) to (6) and split the summation as
proof of Theorem 2 in [10]. However, our proof exhibits the

following key difference. In [10], the authors prove thatth P(W(0) >b) < P+ P»,
FBS policy can attain a certain rate-function, which, in 80mnere
cases only, meets the upper bound derived in [10]. In cantras p A Z:*—l P(EF N EPM)

in the following proof, by exploiting the dominance propert
over both the FBS policy and the perfect-matching policy iéind
Lemma 3, we will show that the rate-function attained by Py 2307 L PES NESM).
policy P is always no smaller than the upper bouRdb)
that we derived in Theorem 1 and is thus optimal.

We first consider the case @f > 1, and want to show that
the rate-function attained by poli® is no smaller thary (b). P < Cyn™Hemnlo®),

In the following proof, we will use the dominance propertyl.hen in Part 2, we show that there exists a fitite> 0 such
of policy P over the FBS policy and the perfect-matchin%?at f;)r alln > ']\72 we have
policy considered in Lemma 3. We first choose the value 0 -0
parameterh for FBS based on the statistics of the arrival Py < 4~ "o(®)

We divide the proof into two parts. In Part 1, we show that
there exists a finitév; > 0 such that for alln > N7, we have
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Finally, combining both parts, we have Note that in each time-slot, the packets served by the perfec
< TbH —nlo(b) matching policy are the oldest packets in the system. The
PW(0) > b) < (Cln + 4) € ’ difference between FBS and the perfect-matching is the fol-
for al n > N £ max{N;,N,}. By taking log- lowing. The HOL frame that can be served by FBS has at most
arithm and limit as n goes to infinity, we obtain Lh packets from each queue and has at mest n — Lh
liminf, o = logP (W(0) > b) > Io(b), and thus the de- packets from the system, while the set of packets that can be

sired results. served by the perfect-matching policy has at most one packet
The detailed proof is provided in our online technical répofrom each queue and has at maspackets from the system.
[14]. Following a similar argument as above for the FBS policy, we
can show that for any given sample path, by the end of any
APPENDIXC time-slott, policy P has served every packet that the perfect-
PROOF OFLEMMA 3 matching policy has served. This completes the proof.
Suppose policyP satisfies the sufficient condition in The-
orem 2. We first want to show that polidy dominates the APPENDIXD
version of the FBS policy described in Section IV-A. The droo PROOF OFPROPOSITION4

follows a similar argument as in the proof of Lemma 7 in [10].

Consider two queueing systen@; andQ-, both of which We first prove that DWM policy is an OPF policy

have the same arrival and channel realizations. We asswahe ﬁ]nd IS thus rate-function delay-optlmal..Thfa prpof follows
0, adopts policyP and(), adopts the FBS policy. Recall that|mmed|ately from a property of the MVM in bipartite graphs.

; 2 . . N We restate this property in the following lemma.
the weight of a packep in time-slot¢ is defined asi(p) = . o
t—t,+ Ltl-zy | (n+1—q(p) For two packets, andp;, we Lemma 12 (Lemma 6 of [16])Consider a bipartite graph,

(L+1) L+1)(n+1)" and thek heaviest vertices, for sonie If there is a matching

saypy is older thanp; if w(p1) > w(p2). _ that matches all the heaviest vertices, then any MVM
_ Let R;(t) represent the set of packets present in the systeRtches all of them too

Q; at the end of time-slot, for i = 1,2. Then, it suffices to
show thatR, () C R»(t) for all time ¢. We letA(¢) denote the .
set of packets that arrive at timieLet X, (¢) denote the set of
packets that depart the systémat time t, fori = 1, 2. Hence,
we haveR;(t+1) = (R; (t)UA(t+1)\ X, (t+1), fori =1,2.

We then proceed the proof by contradiction. Suppose t
Ry (t) ¢ Ro(t) for some timet. Without loss of generality, we
assume that is the first time such tha®, (1) ¢ R»(7) occurs.
Hence, there must exist a packet, gaysuch that € Ry (1)
andp ¢ Ra(7). Becauser is the first time when such an even
occurs, packep must depart from the systef, in time-slot
7, l.e,p € Xao(7).

Let B;(v) denote the set of packets iR;(t — 1) U A(7)
with weight greater than or equal tg for : = 1,2. Clearly,
we haveB;(v) C Ba(v) forall v, asRy(t — 1) C Ra(T — 1)
by assumption. Since packgtis served in the systen)
in time-slot7, we know from the operations of FBS that all
packets inBs(w(p)) must also be served in time-slot This
is because packet is part of the HOL frame in time-slot
(as packep is served in time-slot), and all packets with a  The following simple counter-example shows that DWM-
weight greater thani(p) must be filled to the frames with cannot stabilize a feasible arrival rate vector, and is tois
higher priority than packep and thus should also belong tothroughput-optimal in general.
the HOL frame in time-slot. This further implies that in the ~ Consider a system with two queues and two servers, i.e.,
system@,, there exists a feasible schedule that can match allsystem withn = 2. We assume thei.d. ON-OFF channel
packets inB; (w(p)), since By (w(p)) € Ba(w(p)) and both model as in Assumption 4, i.e., each server is connected to
systems have the same channel realizations. each queue with probability € (0,1), and is disconnected

Now, from the sufficient condition in Theorem 2, poli#®/ otherwise. In each time-slot, a server can serve at most one
will serve all packets inB;(w(p)), including packetp. This packet of a queue that is connected to this server. In such
contradicts with the hypothesis that packes not served (by a system, the optimal throughput region can be described as
policy P) in the systemQ; in time-slotr (i.e.,p ¢ Ri(7)). A* = {\ | A\ <2, A2 < 2q, and A1 + X2 < 2(29 — ¢?)},

So far, we have shown that for any given sample path amdhere the first two inequalities are obvious, and the last
for any value ofh, by the end of any time-slat, policy P  inequality is due to the following. For each of the two sesyer
has served every packet that the FBS policy has served. the probability that at least one queue is connected to tlveise

Next, we want to show that policl? dominates the version is 2¢—q?, hence, the service each server can providgisq?,
of the perfect-matching policy described in Section IV-Aand the total (effective) capacity is th@&2q — ¢*). Note that

Since DWM+# policy finds an MVM in the constructed
partite graph, Lemma 12 implies that for any €
{1,2,...,n}, if the k£ oldest packets can be served by some
scheduling policy, then DWMr policy can serve thesé
ackets as well. This completes the first part of the proof.
atNext, we prove that DWMe policy has a complexity of
O(n?%logn). Note that in order to select theoldest packets
in the system, it is sufficient to sort the? packets picked
by DWM policy, i.e., then oldest packets of each of the
tqueues, as no other packets can be among tldest packets
in the system. The complexity of sorting packets [24] is
O(n%logn). Given then oldest packets in the system, DWM-
n policy constructs am x n bipartite graph and finds an MVM
[16] in O(n*?logn) time. Hence, the overall complexity of
DWM-n is O(n?%logn), which completes the proof.

APPENDIXE
PROOF OFPROPOSITIONS
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any arrival rate vectoh strictly inside the optimal throughputallocates serves; to serve queu€);(; ), which satisfies that
region A*, is feasible. Wi (t) = Z(t) for all r» € T';(t) such thatQ..(t) > n.

Next, we construct an arrival process as follows. ConsiderFirst, we want to show that in stage 1, an OPF policy also
a frame consisting of two time-slots. In each frame, theee aguarantees thall allocated servers in stage 1 satisfies the
packet arrivals to the system with probabilitye (0,1), and sufficient condition for throughput optimalitZonsider each
no arrivals otherwise. In a frame that has arrivals, theee aerverS; such thatl € {1,2,...,n}\R(¢), i.e., all servers
K packet arrivals to queu@; and no arrivals to queug@, in S; that are allocated in stage 1. The®, ) is the queue
the first time-slot, and there are no arrivals to quélyeand served by serves; in stage 1 of time-slot. Since we run
K packet arrivals to queu@- in the second time-slot, wherean OPF policy in stage 1, servéf serves a packet among
we assume thak™ > 4. This type of arrival process yields anthe n oldest packets in the system, and it must satisfy that
arrival rate vector of\* = [%, %]. It is easy to check that W;(; ,(t) > Z,,(t) for anyr € I';(t) such thatQ..(t) > n.
A\* is feasible, ifpK < 4q — 24¢°. Next, consider each servef; such thatj € R(t), then

Now, we characterize an upper bound of the service ratg; ) is the queue served by servgy in stage 2 of time-slot
under DWM+ policy. Recall that DWMr considers only the ¢. Itis clear from Condition 2) of Definition 3 that; ;. (t) >
n oldest packets in the system and maximizes the sum &f,(t) for all » € T';(¢) such thatQ, () > n.
the delays of the packets scheduled over thegackets, and  Therefore, a hybrid OPF-MWF policy is an (overall) MWF
no other packets will be scheduled. Hence, in each time-slpolicy and is thus throughput-optimal.
DWM-n considers only the two oldest packets in the system.
Consider any time-slat;, where K — 1 out of the K packets APPENDIXG
arriving to queug?; in the same time-slot are still waiting in PROOF OFTHEOREM 10

the system. The other one packet could have been scheduled, <\ .\ that DWMr-MWS is a hybrid OPF-MWF policy.
W't_h a packetings, or with a packet that_arnv_ed ©, earlier, it is sufficient to show that Condition 2) of Definition 3 is
or it could have been scheduled alone in a time-slot befare __.: .«

: satisfied.
Note that the first — 2 paCketS out 9f thes& — 1 packets gy any time-slott, consider each serves; such that
cannot be scheduled with p:_;lckets in quepe due to the j € R(t), then Q. is the queue served by servéy in
operations of DWMnr. Hence, in any time-slat, before these stage 2 under D-MWS. Leb — n. We want to show that

K — 1 packets are completely evacuated, each server myst
P S pletely ot | Wi (8) > Z,.n (1) for all 7 € T;(t) such thatQ,(t) > n.
Serve queueé?l It this server 1s connected to quedh, an Let W/(t) be the HOL delay of queu®); at the beginning
no server will serve); even if this server is connected to,¢ stage 2. LetI’.(t) denote the set of queues that are
) J
queued);, as the packets ap, are not among the two oldest 1o cteq to serves; and have the largest weight among
packets in the system in such time-sletHence, the expected

cervice rate for thesé — 2 packets i€ and it thus takes the connected queues at the beginning of stage 2 of time-slot
—-2p q, t, e, Ij(t) £ {i € §;(t) | Wi(t) = maxes, ) W/ ()},

K_Q—‘QQ_ t|me.-slots on avgrage to evacuate tRe— 2 packets. whereS;(t) = {1 < i < n | C;,(t) = 1}. According to the
Similarly, it takeus—;2 time-slots on average to evacuate SUC@perations of D-MWS, the index of queue that is served by
K —2 packets in queu&,. Therefore, the total service rate OfserverSj satisfies that(j, ¢) = min{i | i € I’,(¢)}, hence, we
the system under DWN-is no greater thangisr = 5. havelV, , () = W/(¢) for anyr € I'(¢). This implies that

It is clear that the system is unstable if the total arrivae raWig o (t) > Wiin(t) =Wit) = Zn(t) for anyr € I(t)

is greater than the total service rate, iglk > % Then, such thatQ,.(¢t) > n, where the last inequality is because
by choosingp = % q= % and K = 8, we obtain a feasible Q..(t) > n and thus the HOL packet of queug, at the

arrival rate vector\* that cannot be stabilized by DWM- beginning of stage 2 must not have a later position than the

This completes the proof. n-th packet in queué), at the beginning of time-slat This
holds for allj € R(t) and any time-slot. Therefore, DWM-

APPENDIXF n-MWS is a hybrld OPF-MWF pOllcy
PROOF OETHEOREM 9 Since the complexity of DWM: and D-MWS is

n%°logn) andO(n?), respectively, the overall complexity

i : ) _ (
We first show that a hybrid OPF-MWF policy is an (overallff DWM-n-MWS policy is O(n?5 log n).

OPF policy and is thus rate-function delay-optimal. Notatth
in stage 1, the operations of an OPF policy guarantees that
the sufficient condition in Theorem 2 is satisfied. In stage 2,
since the matched servers and packets in stage 1 will not bd he authors would like to thank the associate editor and the
considered, it ensures that the operations do not pertab tRviewers for their valuable comments.
satisfaction of the sufficient condition for rate-functidalay
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