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Abstract—Caching plays an important role in reducing the coded caching scheme in [6], the worst-case transmissten ra
backbone traffic when serving high-volume multimedia contet.  at the upstream link is reduced 6(1 — %)m The
Recently, a new class of coded caching schemes have receiveddd.t. | fact 1 hich i f d t+ {h lobal
significant interest because they can exploit coded multiast a '_'Oha aC or FKM/N' whic '_5 r_e_ erre_ 0 as thgloba
opportunities to further reduce backbone traffic. Without con- ~ ¢aching gainin [E]’ suggests a significant improvement over
sidering file popularity, prior works have characterized the the uncoded case when tigéobal storage capability< M of
fundamental performance limits of coded caching through a all users is comparable to, or larger tha¥, The key idea
deterministic worst-case analysis. However, when heteregeous s [Ia] is to transmitcodedpackets so that multiple users can

file popularity is taken into account, there remain open quesons .
regarding the fundamental limits of coded caching performance. benefit from the same broadcast packet. Thus, the broadcast

In this work, for an arbitrary popularity distribution, we fi rst ~capability in the system can be exploited even if differesens
derive a new information-theoretical lower bound on the exgcted request different flles.EtG] further shows in an information

transmission rate of any coded caching schemes. We thentheoretic sense that the worst-case transmission rateeof th
show that a simple coded-caching scheme attains an expected,qe( caching scheme iE| [6] is at most a constant factor

transmission rate that is at most a constant factor away fronthe ifically. 12 ti f th . ible. |
lower bound (except a small additive term). Unlike other exsting (specifically, imes) away from the minimum possible. In

studies, the constant factor that we derived is independerdf the  this sense, the performance of the coded caching SChe'E]? of [6
popularity distribution. is close to the fundamental limit for the system studied. The

works in ﬁ,] extend this idea to decentralized caghin

hierarchical networks, multiple group-cast, and onlinehiiag,
As the amount of Internet traffic continues to grow, video igespectively.

expected to dominat&9% of the overall trafficml], which will
greatly stress the underlying communication infrastrietu
Historically, caching has played a significant role in redgc

I. INTRODUCTION

The studies cited above all focus on theterministioworst-
case, i.e., not only does each user request distinct files, th

the bandwidth requirement for serving video traffic. By jolac performance of the system_ is studied ag_ainst the vv_orst-case
contents closer to, or even at the end-users, the bandwi Huest pattern. Arguably, if the popularity of the files are

requirement at the upstream links can be greatly reducedt M entlclal,.Fhe probability of each request pattern will war
of such studies of caching have focused on the case wh s significantly. Then, the worst-case performance may no

uncoded video packets were stored and transmitted (see, €. er significantly fro_m the average-case perf.o.rmariﬂ:e 8]
[E—B] and references therein) reality, however, the file popularigandiffer significantly, and

Recently, a new class of caching schemes, called CO(]tEHS some request patterns will occur much more frequently
caching ], have gained significant interest because' 2" other reques_t pat_ter_n_s. As a result, the average-case
can significantly reduce the upstream bandwidth requirém rformance can dlffe.r significantly from the vyorst-casarh:b

in systems with broadcast/multicast capabilities. Coarsid see also the discussions at the end of Section II).

users request contents from one server through a shareWVhile the average-case performance of coded caching un-
communication link with broadcast capability. Each useymaler heterogeneous file popularity was studiedir_[8-10], the
request any one of th¥ files (V. > K), but each user only hasoptimality bounds obtained are substantially weaker ttnen t

a storage with sizé/ < N. In the worst case, each user mayesults in [[__B] because the gap between the achievable bound
request a distinct file. With conventional (uncoded) caghirand the lower bound depends on various system parameters.
scheme, it is easy to see that the worst-case transmisgin Bpecifically, in [8], contents are divided into groups with
on the upstream link must b& (1 — %), because each usersimilar popularity. Each group is assigned a separate quorti
can only cachell fraction of all the contents||[6] refers toof the cache and uses the coded caching schemélof [7].
this factor (1 — W"f) as thelocal caching gain. Unlesd/ is The gap between the corresponding transmission rate and the
large (compared tdV), this local caching gain will not differ lower bound is found to increase with the total number of
significantly from 1 (i.e., the baseline with no-cachingptdl groups. Similarly, in |I|9] the authors study the case when
that the broadcast capability of the system is not expldiex@ the file popularity hasL different levels. The theoretical
because each user requests a different file. In contrabttfeét gap between the achievable transmission rate and the lower



bound increases a&>. The work in Eb] is most related Section VI.
to ours, where the authors study the special case when file
popularity follows a Zipf distribution. The upper bound dret Il. NETWORK MODEL

achievable transmission rate is obtained in 8 differenegsas )

according to different network parameter settings. Alglou !N the following, we present the network model for a
the authors show that the gap between the upper bound ¥iftf0 delivery system with both local caches and broadcast
the lower bound is of a constant order, the gap estimated ¢Pabilities (see Figud 1).

the theoretical results oﬂllO] still depends on the paramet
of the Zipf distribution, and may also become large for darta

ranges of the parameter values|[11]. Therefore, it remains a Popularity
important open question what is the fundamental limit of the '
performance of coded caching for the more practical scenari Server
of heterogeneous file popularity, and whether one can find a ® File \ File
coded-caching scheme whose performance gap from the lower Placement ., T @LTransmiSSion
bound isindependenbf the system settings. 1234 - N File
In this paper, we make the following contributions to answer S)F”e @ Fie
I 1 i equest
the above open question. First, we show that a simple coded"¢4 / @/ Request

caching scheme (similar to the one in__|[10]) can attain an

average transmission rate that is at m®sttimes from the | User 1 | | User 2 |
optimal (except a small additive term). Although this facto
appears to be large, it is the first result in the literaturéhwi Fig. 1: An illustration of network model.

a constant-factor gap that is independent of the popularity
distributions. In contrast, in earlier studies the perfante  \ye assume that there afé distinct files from the seff —
gap could be arbitrarily large depending on either the num?g-l Fy, ..., Fx}. The popularity of the fileF; is p;, where

of groups [8], the number of level5|[9], or the parameter N | pi = 1. Without loss of generality, we assume that the

the Zipf distribution [1b[ 1], Second, a key step towardge size is of unit length and the file popularity is decregsin
this result is to use a new construction to establish a mughihe index ie.p; >p;if i<y

sharper lower bound on the achievable transmission rate ofpare is one server who has aVf files and who serves

any schemes (see Section IV for details). Specifically, W ase files tok™ users interested in these files. Each user has
establish this lower bound by a series of reduction steps tha|;.al cache with sizel/ (again measured with respect to
convert the original system with heterogeneous populdaity y,e ynt-length of the files). Thé& users are connected to the
another system with uniform popularity. The technique may,er through a network with broadcast capability, i.ache

be of independent interest for future studies of coded e@chiyyngmission from the server can be received by all users.
performance. Third, our analysis reveals the importare odl Before users request any files, some of the contents are
the file with a threshold popularity. Specifically, supposatt laced in the users’ caches. This’ is called cache placement

_the number of users I& and the size of each Users storaggn i, practice is usually carried out during off-peak haafrs
is M. The achievable scheme caches evenly all files who,

larity i tor th I dd ; h e network. Then, at each time, a ugewill request file F;
popularily IS greater than or equa ﬁé_ and does not cache, ;y, probability p;, independently of all other users and files.

the rest of the files. The decentralized coded caching scheﬁn?he user's local cache already has (some of) the content
in [Ij] is then usecli to serve t_he files whose popularity is ganea}he request can be served locally. Otherwise, the servet mus
than or equal tog; . It is quite remarkable that, regardless o ransmit (via broadcast) contents not available from ttoallo

th_e popglarlty dlstnbutl(_)n,_ this simple co_ded cachingesol cache. The goal is that every user should be able to recanstru

will ‘achieve a transmission rate that is a constant faCtBSLe file that it requests with the information received frdre t

away from the fundamental .Iower .bound (except a sm rver and the cached content in its local cache.

additive term). Finally, as an immediate corollary, ourules

implies that the version of Random LFU schemelin [10] th

numerically optimizes the threshol@d (which is comparable

to N1 in our paper) also attains an average transmission ratdn this subsection, we will define the expected rate needed

that is away from the optimal by at most a constant factdrom the server in serving the requests. Note that we do not

independently of the popularity distribution (even thoupl consider the transmission rate for cache placement.

theoretical results irL_LiO] focus only on Zipf distributen Let W; = {fa, fi2,.., fixx} denote a request pattern,
The remainder of this paper is as follows. We first presenthere f;; € F is the requested file for thg-th user,

the network model in Section Il. Main results are summarized< j < K. Note that there aréVX such patterns. Let¥V

in Section lll. Followed is the analysis on the informatiofbe the set of all possible request patterns frAhusers, i.e.,

theoretical lower bound in Section IV. The achievable saberV = {W;, W5, ..., Wy« }. Since each user can request one

is analyzed in Section V. Finally, we conclude this paper fiile from N files independently, the probability for evelit;

%. Definition of the Expected Transmission Rate



is given by transmission rate for any coded caching scheme. [kpt
- K , denotemax{0, z}.
(W2) = 1:[1 (£35) Theorem 1With K users requesting files independently in
= F according to the corresponding popularity distributiBn

where P(f;;) is the probability for a user to request fifg;.  the lower bound on the expected transmission rate is given
Note that in our original system, the probability for a usegy

to request fileF}; is p;. However, later in the analysis we

will compare to another system with a different populari'% 1 [Ny
distribution 7. Hence, we use the notatioW (K, F,P) to 115 F,P) 2 max 29 {ﬁ -1
denote the seW of possible request patterns associated with

the corresponding popularity distributiop.

Obviously, given a set of file¥ and the files’ corresponding
popularity distributionP, there exists numerous caching an ,
transmission schemes to meet users’ request. For a caching® the best of our knowledge, the lower bound in Theorem
and transmission schenge let r5 (K, W;) denote the amountd has _not been .reported in the I|teraFure, and this sharper
of broadcast transmission from the server that is neededP@Und is the main reason behind the improved performance

satisfy a requestV;. The expected rate under schees characterization reported in this paper. Thus, this loveamial
therefore defined as is one of the main contributions of the paper. Further, we

comment on the indexXvV;, which plays an important role in
most of the results in this paper. Recall that the popularity
is non-increasing in the file index Roughly speaking)V; is
) ) o the index for the file whose popularity is arougé-. We may
We wish to find the schedule§ that minimizes yjew all filesi < N; as the “more popular” files, and all files

1
+7%lZKpZ_2‘| )
4

>Ny
6

whereM > 2 and N, is an integer that satisfigs Mpy, > 1
édeMleH < 1.

NK
Rg(K, F,P) =" rs(K,W;)P(W,). (1)
=1

Rz(K, F,P). Define the optimal rate as i > N; as the “unpopular” files. As readers will see in the
R(K,F,P) = min Ry(K, F, P). @) proofs of Theorerll in Section 1V, the first ter;}@[%—lh is
T 3 T a lower bound on the expected transmission rate for serkimg t

Unfortunately, finding the exact optimal schedule thateehs more popular files, while the second term is a lower bound on
this optimal rate is very difficul{ [6—14]. Liké [6—114], ouogl the expected transmission rate for serving the unpopuba;'. fil
is to find a simple schemg whose achievable rate is as closd hus, they combine to produce the lower bound in Theorem

to the optimal rateR(K, F,P) as possible. [@. This result is shown by carefully constructing a series of
Remark: In [B], instead of studying the expected rdie (1yeduced systems whose performance is easier to characteriz
the authors focus on the worst-case rate, i.e., Details of the proof will be presented in Section IV.

We next present an achievable scheme that can attain a
corresponding upper bound. Recall that each file is of unit

Let 3* be the optimal scheme that attains the minimum vallgngth. In order to allow a portion of each file to be cached,

of @), and letg be the scheme proposed id [6]. Théh [6]ve refer to a minimally divisible portion of a file as a “bit”,
shows’ that and assume that each file h&s'bits”. We are most interested

maxyy, 75 (K, W;) <19 @) in the case of large files, i.e., when the bits are very small
maxyy rg- (K, W/) = compared to the file size, and henge — +oo. Our pro-
N " . ) osed achievable scheme uses the decentralized codedgachi
Howeyer, n this paper since we are |ntergsted in the exgec heme of[[7] to serve the “popular” files, and uses uncoded
rate given in[(2), we would be interested in the gap transmissions to serve the “unpopular” files. Specificaach
Zf\g rs (K, W;)P(W;) user randomly caches an equal numbengf{F, %—f} bits
ZZ\E re- (K W-’)P(W-’)' (5)  from every fileFy, ..., Fn,. The remaining unpopular files are
i=1"4¢ R i notcached unless there are space left after all the more popular
Note that the bound iri]4) does not imply that the expressidites are cached (i.e., wheld > N;). After the users request
in @) is bounded by the same constant, especially when tihe files according to the popularity distribution, ..., p,
probability P(W;) varies significantly. In general, even if thethe decentralizedtoded transmission scheme [7] is used
bound in[4) holds, the expression id (5) can still be arhlra to serve those users requesting popular files, andreoded
large. Thus, quantifying the performance gap in terms of tlkansmission scheme is used to serve those users requesting

%XTS(K, W;). 3

expected rate represents a new research problem. unpopular files. The details will be presented in Section ¥ W
note that this scheme is similar to the Random LFU scheme
. MAIN RESULTS studied in ], although the rules for choosing the thrégho

In this section, we provide an overview of our mairfile N; (which corresponds tan in [@]) are different. The
results. Given an arbitrary popularity distribution, oursti following result summarizes an upper bound on the expected
result establishes a fundamental lower bound on the exgpecteansmission rate of this simple scheme.



Theorem 2:With K users independently requesting files imny fixedm, the theoretical performance guarantees@ [10]
F according to the popularity distributioR, as F' — +oo, for Zipf distributions also apply to this numerically-opiized
the optimal achievable rate can be upper bounded by RLFU scheme. In contrast, in this paper the threshold file
N, is chosen to be the one with popularity closeltai M.
+min (Z Kp;, NN 1) Not only does this rule apply to all popularity distributgn
+ i> N, [M — Nl it also leads to an achievable transmission rate that is away
(7)  from the lower bound by at most a constant faétalependent
In (@), the first term[% — 1] is an upper bound on theof the popularity distribution Thus, our results reveal new
expected transmission rate to serve the more popular fies (iinsights on the choice of this threshold. Further, we nog th
with index ¢ < Nj), and the second minimization term isthe performance of the numerically-optimized RLFU scheme
an upper bound on the expected transmission rate to seitvgll0] must also be no worse than that with our choice
unpopular files. Assuming that/ < N, note that increasing of N;. Thus, as an immediate corollary of our result, it
N; by 1 will increase the first term by/M, and will reduce implies that the numerically-optimized RLFU schemelinl [10]
the second term by roughliXpy,. Thus, by settingpy, &~ also attains a constant-factor performance gap for arpitra
ﬁ, this index NV, is chosen such that the net effect to thpopularity distributions. We also note that, for certaingas
upper bound[{7) is approximately zero, and thus the sum afi the exponentr of the Zipf distributions, the performance
(@) is approximately maximized. characterization in[[10] may be tighter than the 87 factor
Remark:We note that a similar upper bound is also reportg@ported in [(8). Thus, the results in_[10] and in this paper
in [10], although without the last term ifi](7), which captsrecombined provide a more complete characterization of the
the case with abundant caches (i&,> N). performance guarantees for the numerically-optimized RLF
From Theorem 1 and Theorem 2, it is easy to show that tREheme across both Zipf and non-Zipf distributions.
gap between the lower bounfd, and the upper boun®., A Main Intuition
is bounded by

Ny
K < |l— -1
R(K,F,P) < |

®) Before we present the proofs for these main results, we
would like to illustrate the main intuition behind. Firstore
Thus, except a small additive term of 2, the bounds diff@ider only the “popular files to IV, i.e., assuming that the
by at most a factor of 87. As we discuss in the introductionnpopular filesN; 4+ 1 to N are removed. Let us refer to
although this factor may appear to be large, it is the firatltesthis system as “System 1”. In our proof, we will consider
in the literature with a constant-factor gap that is indefment an alternate system where the popularity of all popular files
of the popularity distributions. In contrast, the gap (begw is reduced topy,. We will refer to this alternate system
upper- and lower-bounds) estimated by the existing resalts as “System 2" (see Sectidn_IWA). Intuitively, the average
be arbitrarily large depending on either the number of gsoufransmission rate in System 2 is no larger than that in System
[B], the number of Ievels[[g], or the parameter of the Zipt. Further, since all files are with the same popularity in
distribution [10]. It is remarkable that such a simple code@ystem 2, the average-case and the worst-case performance
caching scheme, with a very simple choiceMf, can achieve will not differ too much I[_$]. Thus, one can then use System
such a strong performance guarantee, independently of #héo derive a lower bound on the average transmission rate,
popularity distribution. and compare it with an upper bound attained by an achievable
We briefly discuss the relationship between the abo$€heme.
scheme and the Random LFU (RLFU) schemé in [10] becausdiowever, the potential problem of this argument is that,
they are similar. RLFU also evenly caches files whose popthen we reduce the popularity of all popular files 7@,
larity is above a threshold. In RLFU, the file with the threlsho SOme popularity values could be reduced by several orders of
popularity is denoted ag:, which plays a similar role ad’; magnitude. It is then unclear why the lower bound derived
in this paper. In this sense, the above simple scheme can 4[é" System 2 is still a reasonable lower bound for System
be viewed as a member within the class of RLFU. Howevek; The intuition behind this insensitivity can be explaireesi
the details in choosing the threshold popularity differthe follows. Suppose that there ad€’ users in System 1 that
theoretical analysis in_[10];» is chosen as a function of request any of the popular files. Then, according to the tresul
the exponenty of the Zipf distribution (assuming that thein [6], the worst-case transmission rate to serve thesasers
popularity of thei-th most-popular file is proportional t/i®). IS no larger than
Based on this choice oh, ] bounds the gap between the , M 1
achievable rate and the lower-bound as a function.oT his K1~ E)
theoretical bound on the performance gap roughly scales as
1/(a — 1), which becomes unbounded asapproaches 1. On Now, suppose that the individual cache sideis much smaller
the other hand| [10] also proposes a practical version of RLREhan N1, and the global cache siz€’M is much larger than
that numerically optimizes an upper bound over all possibi¥: (note that this is precisely the regime where coded caching
values of /. Since the performance of the numericallywill be most helpful [5]). Then, we have — 4L ~ 1 and
optimized RLFU scheme is always no worse than that with+KA',—11‘4 ~ % Thus, the expression il(9) is approximately

Ruy < 8TRp + 2.

9)

K'M "
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equal toN; /M. The significance of this observation is that thisandomly requests a file ioF; according to the popularity
approximated expression is independenkdf In other words, distributionP;. We have
in a suitable regime of interest, the exact popularity of the
“popular files” does not seem to matter! It is then plausible t R(K, F1,P1) 2 R(K, F1, P2). (11)
argue that, even when we reduce the popularity valugsito  The proofs of Lemma % 2 use similar coupling idea as
in System 2, there is no substantial change in the lower#oug [ emma 5, and are omitted here due to space limits.
performance. Of course, this argument needs to be carefullfpity, Lemma[l and Lemmd]2, we have proved that
made. Further, we have to account for not only popular fileﬁb(K F,P) > R(K,F1,P»). In the following analysis for
but also unpopular files. The proofs in the next section Wilhe first part of The’ore;ﬁll we will focus oR(K, Fy, Ps).
make this intuition precise. Note that the systeriK, 71, P») is precisely the “System 2”
IV. L OWER BOUND ON THE EXPECTED RATE that we discussed in Sectidn IIIA. !\le?d, we will derive a
) i ) lower bound on the average transmission rate of System 2,
In this section, we present the proof of Theolgm 1, i.e., thehich also provides a lower bound dd(k, F, P). We will
lower bound. _ derive this lower bound on thaveragetransmission rate of
The prpof consists of two parts. Subsections A-C focus %}/stem 2 by relating it to a lower bound on thmrst-case
popular files 1 toNy, and prove the part thak(K, 7, P) > transmission rate. Note that since all files have equal Eojyl

1 (N i i
35(27 — 1). This proof is composed of 5 steps. From thg, System 2, the fact that itaveragetransmission rate is at

first step to the fourth one, we map the original system intorﬁost a constant factor away from itsorst-casetransmission
series of reduced systems, whose information-theoratidal rate is in fact known from the results if] [8]. Indeed, we
is strictly smaller than previous ones. Then, we calculae t.,, ohtain a lower bound on the average transmission rate
rate needed for the system constructed in the fourth St%?'System 2 from Theorem 2 ir|[8] by choosing—= 1
Finally, Subsection D focuses on the unpopular files aqgl — N, there and by choosinds; in [8] as the numb'er

i =
proves the part thal(K, 7, P) > 55(3 i v, Kpi = 2). of users requesting popular files. However, the lower bound
A. Reduction Steps & 2 derived in this way involves an expectation ovkj. Since
later we will use System 2 again to deal with unpopular files,
we wish to obtain a lower bound that is a function of the
éotal number of userd{. The following derivation accounts
or such technical details, and at the same time yields aetigh

Recall that the set of files is given By = {Fy, F5, ..., Fx }
and their popularity distribution is given byP
{p1,p2,...,pn}. Next, we will compare to a series of reduce

Zysa:_ei]mlse\tNJI\tfh ggf?;inﬁnstgtse?gg?i: dnqnp-?ﬁgf:g (iILIStl’IIi)lDIS. characterization (which eventually translates to theofatt29
gain, ! integ : ! : and1/58 in (8)). We note that some of the proof techniques

In the first constructed system, the set of files is given bc}/elow and in SectionE TVIB t5TVAC are also similar {d [8]
F1={Fo, 1, Iy, ... Py, }, where [y denotes the empty file, although here we exploit the fact thak, ~ = to obtain
which is introduced for ease of presentation. Its corredpoqhe tighter characterization KM

mgipopularl]t\x distribution isPy = {po, p1,p2, ., px. } and To proceed, note that in the syste(i, Fy,P2), it is

po = 1 —> .2 pi. In other words, we replace all unpopular . S .

files Fiy, +1...., Fy in the original system by the empty filep055|ble that some file is requested by multiple users. In
1Ly e

Iy, and reassign their popularity all téy. Intuitively, the SectiorlIV-8, we will re‘?'uc? itto the third system where gver

new system should require a lower transmission rate than {h%n-empty reqL_Jested file is _requested exactly once. Tovv_ards

original system, which is stated in the following lemma. at end, we first characterize the number of distinct files
Lemma lLet R(K, Fy,P;) be the minimum expected ratereqUESted in systerfi(, 1, Pa).

required to meet the requests by theusers, each of which FOF @ given system settings, 71, 7,), let ; = 1 if useri
randomly requests a file igF; according to the popularity request_s a non-empty flle,Kand Bt=0 if user: requests the
distribution ;. We have empty file. Denote<, = ;2 I;. Then, K, is the number of

users who request non-empty files. Allarei.i.d. distributed
R(K,F,P) > R(K, F1,P1). (10) with meanN;py,. The probability distribution foi, is given

We next create another new system by a further adjustmgl){t
on the tuple(K, 71, P1). Note thatN, < KM. Otherwise,  P(K, = K;) = CE* (Nypn, )" (1 — Nipy, )5 50
we will have S p, > KM - py, > 1, which is a

contradiction withS"V, p; = 1. Define a new popularity Lemma 3:Define K1 £ |§}]. Then we havek; <
distribution P, = {1 — Nipn,. PN, PN+ Pn, . In other [KNipw, ], and .
words, compared tqK, F1,P1), in this new system, each P(K, > K;) > 3 (12)

non-empty file is requested with a smaller probability, .

Intuitively, its expected transmission rate should be duar, This follows from the result in[[15], which shows that any

which is stated below. median must lie in the intervd|np|, [np]], for a binomial
Lemma 2.Let R(K, Fi,P2) be the minimum expected ratedistribution B(n, p).

required to meet the requests Wy users, each of which In other words, with probability no less than 0.5, no less



than K; users request non-empty files. Still, some of thedkat either the number of users requesting non-empty files,
K, users may request a common file. Next, we are interest&d, is less thank’, or the number of distinct non-empty files
in the number of distinct files that are requested. Denote thiequested<y, is less thank; £ L%J.
number ask . Then, in the third system, with probability( ) the users
Lemma 4:Given that there arés, users requesting non-will all request the empty file. With probability — = (K7),
empty files, the probability that the number of distinct filesxactly K3 users will request exactly(’s distinct non-empty
requested is no smaller thanin{|1 K, |, 3K |} is greater files from Fy, ..., Fi,, and all other users will request the
than or equal td.56. empty file. Note that there are exactly,IgSAﬁf request
Proof: Clearly, we only need to considek, < K; patterns where exactly<; users requesf(s distinct non-
(because a larger value &f, only increases the number ofempty files. We let each such request pattern occur with equal
distinct files). Whenk, = 1,2, or 3, we have that;K,| probability é}Z(AK;%;-
equals O or 1. In this case, it is easy to see that this lemmg 4 ihis th}i(rd gi/stem be denoted BY; (K3, K1), and let

holds, since there must be at least one distinct file reqdest%(K W) be the corresponding minimum expected transmis-
For K, > 4, consider only thosé,. users requesting non-gjon rate. Then. we have the following lemma.
empty files. Each user requests one file fromshenon-empty | emma 5:

files uniformly randomly and independently. There awé“
possible request patterns for ti#é. users, each of which is R(K, F1,P2) > R(K,W3). (13)
equally likely. For some of these request patterns, the mumb Proof: Th f i N E :
of distinct files are smaller thaft; £ | 1K, ]. The number of WK ;‘;"b € proqt tjses cozplrrg/__,[_ll ].WorKevi(Wz <

h request patterns must be smaller g - K,*". To see (K, 71, P2), map It o & randomv; € Ws(Ks, Ky) as
such req pattert , L2 follows. If the number of users requesting non-empty files in
th|s,.note that the first term is the number of ways to ghoo%i is less thank;, or the number of distinct non-empty files
K, files from the Ny non-empty files. The second term is th‘?equested is less thai; 2 L%J: then inT¥", all users request

number of ways that each user can choose one akihéles. the empty file. Otherwise, we perform the mapping described
We thus have

below.
CNPKS For every remaining¥; with K, > K5, we conduct the
P(Kq < Ko|K;) < NlKT following splitting procedure.
ey/N7 (A1) o For each non-empty file that is requested by some users,

< €
T V/21(Ny — Ky) (R Ez)Ni-K,

€

randomly choose one user requesting it. Note that there
are K, such chosen users.
' 1 (&)K o Among the chosen users, randomly chodsgof them.

N

2r K, (£2)Ke TheseK; users now request distinct non-empty files, and
. N ‘ Ni-K» we let all other users request the empty file.
1 1\Ko—K. . .
< — (=) BRe2 T
S5 (N1 —KQ) (KQ) It is easy to see that, given any cache placement and

transmission schemg, we have

Here, we have used Stirling’s formula in the third step, i.e. ,
TS(Ka WZ) > TS"(Ka Wz)v (14)

n\" n
2 (—) <nl< (—) , . .
m e/ — nt < evn e becausdV, requests a subset of the files ;. It remains
In the fourth step, we have usm < 1, due to to show that, ifiW; is chosen_accgrdmg to the d|st_r|bgt|op of
1 It 21 ; ” 1 W(K, Fi1, P2), then the resultingV; has the same distribution
Ky > 2andK; < 5Ny Itis easy to prove thalll +2)* < e 55y, (K, K,). To see this, note that the probability with
for anyz > 0. Therefore, which W; requests no empty files is exactly 7 (k). Further,
N, Ni—Ko Ko T2 Ko due to symmetry on the files and the user$Wijk, 7, ,/732),
(7) = (1 + 7) < el along with the symmetry of our mapping, each pattéinthat
Ny — K, N, — K, ; ) .
requests non-empty files must occur with equal probability.
Due to K, < $K, < $K; < 1N, (sinceM > 2), we have We can then conclude that eadh/ occurs with the same
e probability as inWs (K3, K).
5" Thus, with the coupling methoﬂl?], we have

n

P(K, < Kso|K,) < 2ieK2 ek <
Y

e
Finally, P(K, > K, |K,) =1 — P(K; < £2|K,) > 0.56. m Ry(K, F1,P2) > Rz (K, Ws). (15)

B. Reduction Step 3 and the result then follows. [ |

Combing Lemm&I3 and Lemnfia 4, we can show that, wifh- Reduction Step & the Lower Bound

probability no less than 0.28, the number of distinct files We now consider theith systemW,. In this system,
A

requested is no smaller thag K |. We now perform the third there are alwaysds; £ L%J users requestind(s distinct

reduction. ForW (K, F1,P2), let 7(K7) be the probability non-empty files and all the other users request the empty



file. Further, each such request pattern occurs with equidl times in these subgroups. Hence, the number of times
probability ——=—%- K% xS Let R(K, W,) be the minimum expected eachW; € H; appears in the summation in Equatidnl(19)

Ny
transmlssmn rate for the above systéiy. The following is % Hence,
lemma is easy to show. N1

Lemma 6:R(K,Ws3) = (1 — 7n(K7))R(K,W,). e

Next we focus on the systefiV,. Yw,em UG W) 1 ~ )

Let H;,i = 1,2,...,Cr* be theCr* choices of pickingks AL - L&J Ny & Z rs(isJ
users out of theK users. In systenW,, if in a requestiv;, ! Ks . =t J’]\lf
the users requesting distinct non-empty files are exactly;in > —— . Ny|( {_1J K3 — K3M)
we denote it byl; € H;. Note that there ard {* = 72 L%J - Nq! 3
such patterns in e_acHi. We have the following result. L&J Ks — KaM

Lemma 7:Consider system&V, where there are always === ~
exactly K3 users requesting distinct files ifF; and the Lx—iJ
other K — K3 users request the empty file. For aiy;, ) (20)
i=1,2,..., Oﬁs’ the following holds, We therefore conclude this lemma. |

LN J Denote the right hand side of Equati@nl(17) ;). From
7= | K3 — K3M Lemmas[1[P[15 anfl] 6, the minimum expected rate can be
K K- 3 3 Il
D s W) = AR = L&J - (18) pounded by
WjEE K3
N . diately implies th R(K,F,P) > R(K,F1,P2)
Note that Lemma&]7 immediately implies that > R(K, Ws) o
M K3 — KsM = (1 - (K1) R(K,W
R(K,W4) > \‘KgJ ; ° . (17) ( 7T( 1)) ( ) 4)
2] > (1 - n(K))F(Ks).
Proof: Without loss of generality, suppose that, = Recall thatk; = L%J and K3 £ [1K;|. We now consider
{1,1,...,,1,0,0,...,0}. In other words, user 1, 2,..K3 are two cases.
requesting distinct non-empty files. Each user has a caghe, | If % <6, it is easy to verify that
beledM;, Mo, ..., M., each of which has a common storage
ooy g f(Ks) > f(1)

There areN;! permutations for theV; files. For each per- %(& —1) 22
mutation, we split it into| 2 | subgroups, each with(s files. N1~ M (22)
Denoter(i, j) as the rate needed to meet the users’ requests > 1(& —1).

—8'M

if their request pattern is the same as jhil subgroup in the

i-th permutation, i.e., when thieth user requests thieth file On the other hand, % > 6, we haveK; > 2M 1> N_M

in the subgroupk = 1,2, ..., K. ~ and LK_J > |2M]. Since M > 2, we have
For each permutation, consider all the sub-groups (i.e., 3
request patterns) as a whole. Recall that the cache con- FKs) = Ky — K3 M
tent is fixed when these request patterns varies. Consider s 3 {%J
a feasible cache placement and transmission sch@me SM
Based on the cached contelt, ..., M., and the transmis- > K3 (1 - W)
sions from the server for each request pattern (with rates N [2M] (23)
r(i, 1), ..., (i, L%J), respectively), theKs users together > L 3(uS|ngM>2)
must be able to reconstruct dlfs - L%—;J files. Hence, ?MNl 8
> —(— -1
L%J Ks N - - 8(M . )
Z rs (i, 5) + ZMk > Ky - LflJ- (18)  Using both [2R) and[(23) in((21), we conclude that the
= P 3 minimum expected rate needed fo¥(K, 7, P) is bounded
. . b
Summarizing over allV;! permutations, we have y 1.N,
R(K,F,P)>028 - —[— — 1]+
Ny 8 M
i . _ - N, ! > — — 1.
; ; rg(i,j) > QK3J K K3M) N, > 29[M l+
' . __ D. second Part of Theoref 1
Note that there arely; request pattern$l; € H;, while 5,y we will move our attention to the unpopular files and

there are{%—;J - N1! subgroups among all th&;! permuta- prove the other part of the lower bound, i.&(K, F,P) >
tions. By symmetry, each; € H; appears an equal numbe% > isn, Kpi — 2]



Consider another system, where the set of filesFis= asP, = {vo, v1,v2,...vn, }. Here,V; is the empty file and
{Fo, Fny+1, FNy 42, ..., Fn } (recall thatFy is again an empty v = 1 — f\’gl v;. The other filesVi,...,Vy, are non-
file). The corresponding popularity distribution B3 = empty files and we pick them in such a way that they all
{Po> DNy 41, PNy 12, -, DN} Wherepy = 1 — 2%\ p;. In have similar popularity; ~ 1/K M. Specifically, recall that
other words, we replace fileg, F5, ..., Fiy, in the original ﬁ > PNy+1 2 DPNyj42 = ... > pn. Let hg = 0. Pick
system by the empty file and use the corresponding popularity as the smallest integer such t@“j\“,h]ﬂp] > 1/KM.
Similar to Lemma 1, we can prove that We then replace filesF,t1,..., Fn,+n, by one file V7,

whose popularity isy; = ZNlNljrlpj. Similarly, for each

R(K, F,P) = R(K, 75, Py). (25) 2,3, ..., we pick h; as the smallest integer such that
Again, we will perform a series of further reductions and Ny ths
finally construct a system with a smaller rate, which canatil Z pj > 1/KM (29)
the results in previous analysis of “System 2”. G=Niths 141

To proceed, we need the lemma below. Denote a file set
by 71 = {T1,T>,...,T;}. Each elemenfl; can either be a? .
regular file or the empty file. Let its corresponding popuyari Whose popularity is; =5 525", 4, p;- In this way, each
distribution be Q1 = {q1,qo,..,q:}, where S™'_, ¢, = 1 non-empty file's popularity satisfies/ KM < v; g 2/KM

Denote another file set b§s = {11, T, ..., Ty_2, Ty41} with 1or all 1 <2szz< N, and we further havey ™ v; =

popularity distribution Qs> = {q1,¢2, ..., G1—2,q+1}. Here di>N Pi < Rape ) )

Ges1 = Gi—1 + . In other words, the two fileg}_; and By applying LemmdB iteratively, we can show that

T; in the first system are replaced e file 7,,, in the R(K,F3,P3) > R(K, Fa, Py). (30)
second system. Intuitively, it should be easier (i.e., néogl

less cache and lower transmission rate) to serve the secon@efinePs = {1 — 2z 2 . L} Similar to Lemma
system because there is less “diversity”. This statementZswe can prove that

made precise below.

Lemma 8Let R(K, T, Q1) be the minimum expected rate R(K, Fa,Pa) 2 R(K, Fa, Ps). (31)
required to meet the requests Wy users, each of which Now, note that the systerf¥, 7, Ps) is of the same form
randomly requests a file iff; according to the popularity as the systeniK, F;,P2): all non-empty files are requested
distributionQ,. Let R(K, T2, Q2) be defined similarly foQ,. with a common probability that is greater than or equa}gﬂ
We have (this is also of the form of the “System 2" that we referred

R(K,T1,9Q1) > R(K, T2, Q2). (26) to in SectiondIl=A and_1V-A). Readers can check that the
Proof: The request set fdii, 71, Q1) is W(K, Ti, Q) analysis in Section§_TVAB arild IVIC also applies to the system

(W}, WhereW; — { fu, fia, . fuxc} and fis € 7. We first (K, F4,Ps). Thus, like Equation[{24), we have

and then replace fileBN, +n, ,+1, ..., Fn,+n, DYy One fileV;,
Ni+h;

construct a mapping frofV(K, 77, Q1) to W(K, Tz, Q»). K. FoPs) > 1N 1 Kpr — 9

For every requestV; € W(K,7;,Q;), we map it to a B( 4 Ps) 2 29[M b+ 2 58 [Z_;\;l pi =2
requesth-’ € W(K, T2, Q2) as follows. If fileT;_; or T; in (32)
71 is requested i;, we replace it byl ;. Combining Equationd(24) and(32), we have proved The-

For a cache placement and transmission schgnseippose orem 1.
that each user can retrieve the file requestetlinwith rate
rz(K,W;). Using the same§, with the replacement ot} V. UPPERBOUND ON EXPECTED TRANSMISSION RATE
for T;—, or T} in both cache placement and transmissions, We |, this section, we will show that the achievable transmis-

can show that the rates (K, ;) can also satisfy the requestgion rate of a simple cache-placement and transmissiomsghe
of ;. Therefore, we have (similar to the RLFU scheme if [L0]) provides an upper bound
rs (K, W) > r3(K, Wil)' (27) ©on R(K, F,P). Recall the following statement of Theorem 2,

Further, if IW; follows the distribution of W(K, 71, Q1), R(K,F,P) < {ﬂ _ 1} min Z Kpr N-N_ 1
W must follow the distribution ofW (K, 72, Q2). Thus, by M i [M — Nq|+
the coupling methodﬂ?] we must have (33)
Proof of Theorem 2:We again divide the whole file
Rs(K,Ti, Q) 2 Ry (K, T2, Qo). (28) set into two subsetsF; = {Fi,Fy, .., Fy,} and Fo =
The results of this lemma then follows. B {Fy,11,Fn,+2,.., Fn}. The files inF; are the “more pop-
Next, we create a new systefi’, 74, P,) originated from ular” files whose popularity is larger th%. Recall that in
(K, F3,Ps), by merging multiple files inF5 to a new file in our model each file is of unit length. The minimum indivisible
F4 (described below) and combine their popularity (similgportion of a file is called a “bit". We have assumed that each
to the mapping from@Q; to Q,). We denote this new file file hasF such bits. The cache placement strategy is given as
set asF, = {Vp, V1, ..., Vn, } and the popularity distribution follows.



Algorithm 1 Cache Placement Procedure subsetS is

fori<k<K l<ns<N | ©kes Vi,s\ (k| = max |Vi o\ (xy
Userk randomly cachemin{ %X, F} bits of the file F;, ST e TS\
! M M

end for —F. (F)S_l(l _ F)K4—s+1 + o(F).
1 1 (35)

. . In the sequel, we focus on the “large file-size” regime and
Note that we only cache fractions of th& popular files in ;0506 the factow(F). For eachs, there areC’., subsetss

the users’ storage. On the other_hand, the files requestetebyf o+ satisfiess c U, and|S| = s. Summing over all possible
K users may also come from files if,. Assume that there ;5 a1l subsetss, the rate needed in the first step (in the
are K4 users requesting files i, and denote these users anit of “bit”) can be bounded by

U,. Denote the otheK — K, users requesting files i, as

U,. For everyS that is a subset of/; and for everyk € S, K s M\t M Ka—st1
let Vi s\¢xy represent all the bits that are requested by user R < ZCK4 F (E) (1 B E)

k, that are stored in the cache of every other use$ ekcept =t

- M 1= (1= g5 (36)
userk, and that are not stored in the caches of any other user =F(1- _)+
in U1\S. Denotedres Vi s\ (xy @s the XOR across the sets of M N7
bits Vi s\ {x}- More precisely, order the bits in eadf s\ (x; < F(& —1).

in some way. Then, each bit @f.csVy s\ () is the XOR of

the corresponding bits acro$$ s\ (), %k € S. Note that the Note that this bound does not depend igp.

size of ©resVi s\ (x} €quals tomax{|Vj s\ (x|, k € S}. Next, we calculate the rate needed for step 2. Since each
Now we are ready to present the transmission schenuser requests a file itF; with probability ZfiNali, the

which consists of two steps. In the first step, the server wikpected rate that it needs in step Zﬂif\’:Nlﬂpi. Sum-

send coded data (as in the decentralized coded caching scheting over all K users, the expected rate & (again in the

of [7]) to meet the requests of userslia. In the second step, unit of “bit") can be represented by

the server sends uncoded data to meet the requests of users in N

Us,. Recall that the size df/; is Kj4. Ry < KF Z . (37)

i=N1+1

Note that it is possible thaW; is smaller than)M . In that
case, after each user cachesMgjl popular files, there are still
some space left for caching unpopular files. Therefore, when
Ny < M, we let the remaining storage to randomly cache a

Algorithm 2 Transmission Procedure

Step 1: fors = K4, Ky — 1, ..., 1
for every S C U; such thatlS| = s, do
Server sendSkes Vi, s\ (k)

en((ejnf?)rfor equal portion of files; (: > Ny). Similar to the proof ofRy,

Step 2: for every usek € U the expected rate aR, car;valsz)vbe bounded by
Sever sends its requested filg Ry < F(——'1 1), 38
end for 2= (M—N1 ) (39)

Finally, by a conversion from the unit of “bit” to the unit of
After both steps, all requests @ users will be satisfied. “file” (recall that each file is unit length), the result of Tdrem
The reason is as follows. If a user isif, its request will be 2 then follows from Equatior (36)[{B7) and {38).
immediately satisfied in step 2. If a usklis in Uy, a bitb of
its requested file will be in SomE¥, s, (4}, for a specific set VI. CONCLUSION

Sp. After step 1,V s,\(xy Will be retrieved by usek from | this work, given an arbitrary popularity distributionew

the transmission received and its local storage. Hence, Kise first derive a new information-theoretical lower bound oa th

must be able to decode the bit expected transmission rate of any coded caching schemes.
We now compute the rate required by the transmissi@ie then show that a simple coded-caching scheme attains an

scheme. This analysis is similar g [7]. We first calculate thexpected transmission rate that is at most a constant factor

rate I, sent by the server in step 1. For a subSet U; and  away from the lower bound. Unlike other existing studies, th

S| = s, a bit of file dj. is in V}, s\ (k) with probability constant factor that we derived is independent of the poipyla
M. M ki o1 distribution.
(E) (1- Fl) R (34)  There are a number of interesting questions for future

studies. First, the complexity of the transmission scheme i

The expected number of bits Ir}, s\ (1} is F-(#5)*"'(1—  Section V can be high (esp. for enumerating all the subsets
L) Ka=st1 When the file size is large, the number of bits ). Thus, an important question is whether we can develop

1

in Vi s\qry IS F- (NMI)S—l(l - ]@—'fl)K‘*‘S“ + o(F) with high low-complexity transmission schemes that still attainigim
probability. Therefore, the rate needed to be sent for aiipecperformance guarantees. Further, it would be interesting t
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study how the benefits of coded caching can be extended 8] U. Niesen, and M. A. Maddah-Ali, “Coded Caching with
wireless environments (in particular heterogeneous esl
networks).
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