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Abstract—In this paper, we develop a fast resource allocation  In real networks, multiple unicast (or multicast) sessions
algorithm that takes advantage of intra-session network cding.  must share the network resources. Existing resource éithoca
The algorithm maximizes the total utility of multiple unicast (or algorithms are devised separately from the network coding

multicast) sessions subject to capacity constraints, wherpackets - A L
are coded within each session. Our solution is a primal solign operations and can be classified into two categories: primal

that does not use duality or congestion prices. Thus, it does Solutions and dual solutions. In a typical dual solutiorg th
not require building up queues to achieve the optimal resowre queue at each link is interpreted as a price signal, which
allocation. Hence, the queueing delay of the packets can bightly  indicates the level of imbalance between the offered-loatl a
controlled. The existing primal solution in the literature requires the capacity. The dual solution then updates the resource

a separate graph-theoretic algorithm to find the min-cut of ech - . . .
session, whose complexity grows quadratically with the tef allocation based on this price signal [3], [6], [7]. One oéth

number of nodes. In contrast, we provide a newcoded-feedback Main disadvantage of dual solutions is that there can be a
approach whose complexity grows only linearly with the toth disconnection between the optimality of the dual variables
number of nodes. More explicitly, by letting the ACK/feedback (j.e., the price) and the optimality of the primal variab(es.,
packets on the return paths also carry coding coefficien#s iyq ragource allocation). First, even if the price convergee

does the forward coded traffic, key network information can ke te all Hi t An addit | st
obtained more efficiently, which leads to a fast resource ajcation 'at€ allocation may not converge. An additional step (e.g.,

scheme fully integrated with the network coding operation. using proximal algorithms [7]) is often required to enfothe
convergence of the primal variables, which increases the co
. INTRODUCTION plexity of the solution. Second, before the price converties

In this paper, we are interested in developing fast resourggstem utility does not necessarily improve in each iteratin
allocation algorithms that take advantage of intra-seseigt- fact, before the algorithm converges, the rate allocatiéeno
work coding. For multicast sessions, intra-session neédwoviolates the capacity constraints, which leads to quengtte
coding has been found to offer two benefits over routingtFirglynamics that are difficult to predict and control.
the achievable throughput with coding is often larger thett  In contrast, primal solutions adjust the primal controlivar
with routing [1]. Further, the maximum throughput can bebles (i.e., the rate allocation) directly within the capac
achieved with high probability by using simple random lineaconstraints [8], [9]. Hence, the resulted rate allocatigmdally
network codes [2]. Second, the resource allocation probléemproves the system utility (towards the optimal) over each
with coding can be modeled as a convex optimization probleteration. Further, even before the algorithm convergks, t
that is easy to solve. In contrast, finding the optimal mal#itc rate-allocation always satisfies the capacity constraiuts!
tree with routing is often NP-hard [3]. hence there is no queue build-up.

Although network coding leads to considerable performanceHowever, a key step in the existing primal solution with net-
improvement for multicast sessions, the majority of théfita work coding [8] is to use a separate graph-theoretic algarit
in today’s Internet is by unicast. Intra-session networtliecg to find the min-cut of the network. To the best of our knowl-
does not offer throughput advantage over routing for umnicasdge, the time-complexity of existing min-cut algorithmshe
Nonetheless, we argue in this paper that, even for unicafst triterature is at leasO(|V'|?), which significantly increases the
fic, intra-session network coding offers an attractiveratiive overall complexity of the solution. In this paper, we deyelo
to routing. We use the following simple and motivationah much faster resource allocation algorithm. Specificdily,
example. Consider the case when there is only a single unicagploiting and refining a novel conceptadded feedbackirst
session on a network (e.g., on a community LAN or a Virtuahtroduced in [10]), we develop a new and fully distributed
Private Network). Simple random linear network coding can lalgorithm that only take)(|V]) time to compute the min-
used to easily approach the maximum rate (often referred tocut. This is an order of degree faster than existing min-
the min-cut max-flowate) between its source and destinatiorcut algorithms (including the O(|V|?) coded-feedback min-
There is no need to run a separate max-flow algorithm (suctt/max-flow algorithms devised in [10]). Our coded-feedba
as push-&-relabel [4]), which incurs additional complgxit

Further, unlike the back-pressure algorithm [mere is no IThroughout this paper, we ignore the computation time withinetwork
de because we are mostly interested in the speed of distlialgorithms.

queue bwld—up and hence the packet delay can be t'ghag(us, the time-complexity discussion is based on the delaysed by
controlled. exchanging control messages rather than caused by computathin a node.



approach computes the min-cut as an integral part of netwofk;,« = 1,...,|I|]. We are interested in the following utility-
coding operation, by coding the feedback packets on therretmaximization problem subject to capacity constraints:
path. Hence, it incurs minimum overhead and is easy to

implement. We then develop a low-complexity and distribute 11|

resource allocation scheme working in conjunction with the ax F(f) & Z U;(MCMF; (7)) 2)
coded-feedback algorithm. Our solution enjoys the benefits r=[7i]20 e}

both primal solutions and the simplicity of network coding 11|

with minimal control and communication overhead. Even subject to ng < R! for all links . (3)
for unicast traffic, our algorithm can serve as an attractive i=1

alternative to traditional non-coded solutions, such asck- This problem formulation is similar to the one proposed in

pressure algorithm [5]. Our algorithm has comparable convgg) Next, we first present a high-level overview of our siat
gence speed and overhead as the back-pressure algorithmdfhogology, which also has some similarity to the solution

the other hand, since our solution does not require the builg [8]. We then highlight the main step where our solution
up of queues as price signals, the queue-length and thetpagfers from 8.

delay can be tightly controlled.
B. The Overall Solution Methodology
Il. SYSTEM MODEL & THE OVERALL METHODOLOGY One can show that Problem (2) is a convex optimization
A. System Model probl_em [8], _and thl_Js can be sc_)lved by a _subgradﬁent-ascent
algorithm. With a givenr;, consider any min-cuC™" for
We represent a wireline network by a gragh= (V, L), sessioni. Define a vectoyi; = [u!,1 € L] such that
whereV is the set of nodes anfl is the set of directed links. . _
Each link! € L has a fixed capacityk?'. For the sake of - { Loif ey 4)
simplicity, we assume that there is a gedf unicastsessions ’ 0 otherwise
that share the resources in such a network. For each ses$idias been shown in [8] that the vectgy is a subgradient
i € I, let s; and d; denote its source node and destinatiogf MCMEF,(-) at 7. We can then construct a subgradient

node, respectively. Let] denote the capacity of link that 9F(7) of the objective function(7) of Problem (2) such
is allocated to session Let 7 = [rl,l € L]. From session that its (i,1)-th component is given by [8]:

i's point of view, its packets are transmitted on a sub-nétwor , o

with the same topologys = (V, L) except that the capacity [OF(F)]a = U;(MCMF, (7)) ;5 (%)

of each link isr}. In addition, to simplify the description of where(//(.) is the derivative of the utility functio;(-). Let

the network coding operation, we assume that each sessjogenote the set of that satisfies the capacity constraints in
i only uses an acyclic subgraghi; = (V. L;) of G, where (3) e can then use the following constrained subgradient-
the link subsetl; forms an acyclic graph. (Note that thezscent algorithm to solve (2). Let(t) denote the resource
problem formulation and the solution can be readily exténdgiocation at iteratiort, and letdF (7(¢)) denote the corre-

to the case with multicast sessions and with cyclic subgapgponding subgradient (5) of the objective functior@). The

Readers can refer to [11] for details.) subgradient-ascent iteration is then given by:
Define a cutC; for session to be a subset of links from,; . . .
such that when these links are removed from the subgfaph 7t +1) = [F(t) + adF (7 (t))]a, (6)

tfle sources; and the des}inatiodi are disconnected. Given,ynereq is a positive step-size ar{d, denotes the projection
7;, define the value;(C;|7;) of the cutC; as the total rate o A | jke [g], the above solution is a primal solution, and

(allocated to session) of the links that belong ta’i. Let hence it has the desirable features of primal solutions as
C; denote the collection of all cuts for sessionDefine a discussed in Section .

minimum-cut (or min-cut)C™® for session as the cut with
the smallest value, i.e., C. Mapping to the Unit-Capacity Network Model
The basic algorithm in Section II-B is generic and applies to
links of arbitrary (fractional) capacity. With network dod,
the coding operation is carried out on a packet-by-packet
This value¢; (C™n|7;), known as the min-cut max-flow value(integer) basis. We next present an integer-capacity rm&two
of sessioni, is the maximum rate that sessiorcan transfer model for network coding, and discuss its connection to the
packets from source; to destinationd;. We will denote it as network model in Section II-A.
MCMF, (7). Practical network coding divides the source packets
Assume that each session has a utility funcfigfx;) that into generations and packets of the same generation are
is strictly concave and non-decreasing. The utility fumeti mixed/coded together with the corresponding coefficients
U;(x;) characterizes the satisfactory level of the user of sessi@torded in the header [12]. Fix a sessioriTo reduce the
1 when the service rate that it receivesris We assume that overhead (the size of the header), the generation siig
the derivative ofU;(-) is bounded byM, for all i. Let ¥ = generally fixed to some numbet 100. Our work assumes

&(CPr) = min &(Cil7). 1)

1€C;



that the source node; switches to a new generation evenalgorithm will focus mainly onm,. while the associated
D; time. For each intermediate node, after the last packedyload computationX,. is carried out correspondingly. We
of the new generation arrives, the node will switch to thassume each, being a row vector. For any subset C E
new generation and start transmitting mixed packets for toé edges,m. : e € E’] is an|E’| x n matrix constructed by
new generation on all out-going links. Thus, each node alsoncatenatingE’| row vectorsm, vertically.

lS-WItCh.eS to a qewlgenerat|0n every; time. Theref(l)re, & A The Algorithm

ink with capacity ; packets-per-second can carfy;D; |
packets for one generation. We can then construct a unitUsing this unit-edge-capacity modedndom linear network
capacity network by mapping each link of capacity to codingcan be expressed by the following two sub-routines:
|7 D; | parallel edges, each of which carries one packet for one
generation. LetG;(V, E;) denote this unit-capacity network§ CHOOSERANDOM MIXING COEFFICIENTS

for sessioni. Let MCMF ({|r!D;|},) denote the min-cut 1: Each node» € V'\{s,d} chooses randomly aut(v)| x
max-flow value of the new unit-capacity network. Due to |In(v)| matrixI'(v) = [y, (v)] Where each entry,, ., (v)
this practical implementation, the achievable throughisut is chosenindependentlyand uniformly randomlyfrom
5; min(n, MCMF({|7;D;|};)) packets-per-second instead ~GF(2") for all (v,w) € Out(v) and (u,v) € In(v).

of MCMF({r!}). Note that if D; is too large, then the
achievable throughput is dominated %r If D; is too small,
thg non-_llneanty of the flqor functionr | also reduces the rate.§ COMPUTE CODED TRAFFIC
With a fixedn < 100, D; is best to be chosen such that

1: Source s sends out randomly coded symbols along

L. Out(s). As a result, the correspondi is chosen
— "MCMF({|rD;|})) ~ MCMF({r'}). (7 ut(s). : ponding.
D; min(n ({LrsDil}o) {rih)- (@ uniformly randomly.

Note that the propagation delay of the original network car?® for v = s +1,---,d — 1 (i.e. from the most upstream

also be captured by this unit-edge-capacity model in a way Node to the most downstream nod)

that long-delay links are modelled by multi-hop paths with3: [me : e € Out(v)] — I'(v)[mer : €' € In_(“)]-
added auxiliary nodes. 4 Nodew sends outn. along all edges irDut(v).

The above unit-capacity model will be used for describing®:_€nd for
the new min-cut algorithm in the next section, which can

compute a min-cut ir0(|V'|) steps. Note that finding a min- the coded feedback message which is ann-dimensional

cut Gy for each session is a critical step in our over- row vector sent in the opposite direction of.. Namely, for
all solution methodology. The algorithm in the next section PP ¢ Yo T
nye = (u,v) € In(v), its coded feedback vectar. is

replaced the push-&-relabel (PNR) algorithm (used in [8 linear combination oflgs : ¢ € Out(v)}. In practice,

: 5 B o
that requiresO(]V|?) communication time [4]. In addltlon’ﬁ'ge coded feedback vectar can also be embedded in the

a highly-desirable feature of our new approach is that t eader of the acknowledgement packet in a similar way as
computation is tightly integrated with the network codin e coding coefficientsn, for the forward coded traffic. A

operations. Hence, it incurs minimum overhead and is ea . o . . .
topimplement gtalled description of the min-cut algorithm is as follows

The novel component of our new min-cut algorithm is

I1l. FINDING MIN-CUT USING CODED FEEDBACK § A New Min-Cut Algorithm — The Main Algorithm

For the following, we focus on the unit-capacity directed?: RUN CHOOSERANDOM MIXING COEFFICIENTS
acyclic subnetworkG;(V, E;) for a given session, as first 2 Run GOMPUTE CODED TRAFFIC
discussed in Section II-C. For simplicity, we drop the suipgc 3 Run GOMPUTE CODED FEEDBACK
i whenever there is no confusion. Letand d denote the _% retum {e € E:meq; =1}
source and destination, respectively. Without loss of geditg ] ]
we assumes being the most upstream node afhideing the The first two sub-routines are exactly the same as those
most downstream node. Nodes are labeled according to tHBifandom linear network coding. The only new sub-routine
topological order (i.es = 1 andd = |V|). We useln(v) C E CoMPUTE CODED FEEDBACK is described as follows. Let
andOut(v) C E to denote all edges entering/leaving nade Rank(d) denote the rank of the matrix, : e € In(d)].
For simplicity, we use finite Galois fieldF(2), although our

algorithm works for finite fields of any size. § ComPUTE CODED FEEDBACK

Consider network coding of generation size for which 1. Destinationd randomlyconstructsn — Rank(d)) vectors
each packet along a unit-capacity edgecarries ann- {m} :a€{1,---,n—Rank(d)}} such that jointly{m, :
dimensionalglobal coding vectorm, = (my,---,m;) in e € In(d)} and{m} span the entire-dimensional vector
its header, such that the coded symBal € GF(2°) in the space.

payload isX, = m1 X1 + --- + m,X,, where X; to X, 2: Destinationd randomlyconstructs two sets of vectofs, :
are the information symbols. The description of the follogvi e € In(d)} and{¢* : a € {1,--- ,n — Rank(d)}} such
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B. Correctness & Complexity

Proposition 1: Let P(succesy denote the probability that
the output of our new min-cut algorithm is a minimum cut
separatings andd. We then have

(@) Normal Network (b) Construct the initial (c) Continue the propa- _\ | El

Coding. coded feedbacKge : e € gation ofge and identify P(succesps> (1+ |E|) (1 -2 ) - |E|. (8)
In(d)] and identify the first the second edge with
edge withmeqT = 1. meql = 1. When the field siz&” — oo, P(succesgtends to one.

Note that (8) converges exponentially fast to one with
respect tob, the number of bits assigned for each symbol.
A detailed proof of Proposition 1 is provided in [11].

Fig. 1. An illustration of the new min-cut algorithm.

that the following matrices Proposition 2: The Main Algorithm stops in2|V| steps.
A [ge : e € In(d)] Proof: Since both @ MPUTE CODED TRAFFIC and QGOM-
q= ( > :a e {1, - ,n— Rank(d)}] ) PUTE CODED FEEDBACK process the nodes in their topologi-

cal order and finish inV| steps, the proof is straightforward.
m 2 ( . [me : e € In(d)] ) Note that once the feedback vectgris computed, each edge
[ma :a€{l,---,n —Rank(d)}] e immediately knows whether it belongs to the output edge

satisfy q"m = I,, wherel,, is ann by n identity matrix Set or not by checking the inner productef andg.. =

andq” is the transpose af. We compare the time-complexity of the above algorithm

3: Destinationd sends out the newly constructéd, : e € With that of push-&-relabel [4]. Assuming that each node
In(d)} along each edge in(d). has very high processing power, then the processing time

4: forv=d—1,---,s+1 (i.e. from the most downstreamis negligible and the delay is mainly caused by exchanging
node to the most upstream noadk control messages. For any fixed generation siz¢he time-

5. Constructq, < [ge : e € Out(v)]. complexity of our coded-feedback algorithmd@X|V|), which

6: For thosee € Out(v) satisfyingm.qT = 1, replace the is lower than theD(|V|?) time-complexity of push-&-relabel,

corresponding rows iy, by all-zero vectors. especially wherjV| is large. WhenV| is not very large, the

7. [ge: e € In(v)] « I'(v)Tqy. comparison will need to take into account the parameter

8: Nodew sendsq. along edges ifin(v). For typical implementations, the generation sizés taken to

9: end for be no greater than 100. When the generation intefuais

chosen according to (7), each link will be mapped to at most
We provide an example of this min-cut algorithm. Conside®(n) parallel edges. Since each edge carries-@imensional
a simple network as in Fig. 1(a). Suppose thererare 2 vector, the total length of the control messages along eakh |
uncoded symbols an®:F(3) is used. Fig. 1(a) describesis O(n?). Let tyan denote the transmission delagr byteand
normal network coding, in which nodes and v simply let ¢, denote the propagation delay. The overall delay of our
forward the coding vectorsl,0) and (0, 1), or equivalently algorithm become®((n?tyanttprop)|V|). FOr comparison, for
the corresponding mixing matrices aréu) = (1,1)T and push-&-relabel the control message on each link is of fixed
I(v) = 1. (The forward coding vectors are illustrated withength and the associated delay@®(tyan + tprop) |V |?). The
subscriptm.) Line 1 of ComPUTE CODED FEEDBACK is re- exact impact of the additiona(n?) factor depends on the
dundant in this particular example becalisenk(d) = 2 = n. relative order betweelya, and tyop. FOr example, assume
Fig. 1(b) illustrates one choice ¢f. : e € In(d)] such that  that the link capacity is 10M bps. Take= 100 and G F'(28)
) T . as used in [12]. Then the transmission time @(n?) coding
lge ¢ € ()] me : ¢ € In(d)] co-efficients is of the order of 8 ms. #p ON each link is

2 0 10 , of the same order, then the coded feedback algorithm will
- ( 1 21 ) (1) (1) =1L in GF(3) converge faster than push-&-relabel in spite of the additio

O(n?) factor. On the other hand, if the propagation delay is
satisfying Line 2 of @MPUTE CODED FEEDBACK. (The much less tha® ms, then the push-&-relabel algorithm may
coded feedback vectorg are labeled with subscripg.) converge more quickly whefl/| is not very large.

Fig. 1(b) shows that edde, d) hasm ., 4)q(, 4 = 1. Fig. 1(c)

continues the propagation qf back to the 'source. Since IV. COMBINING CODED FEEDBACK WITH

Tw) = (1,1)7T, guu = TW)Tge : e € Out(w)] = SUBGRADIENT-ASCENT

(2,1) +(2,2) = (1,0). Sincel'(v) = 1 andm, 4)q(,, 4 = 1, Recall the practical coding implementation discussed in
we haveq(s,) = I'(v)"q, = 1-(0,0) = (0,0) by Lines 6 Section II-C. Each edge carrigs'(t)D;] packets for one
and 7. The finaln, andq. are illustrated in Fig. 1(c) and theregeneration, and the effective ratefi§t) = D% |7t (t)D;|. We

are exactly two edge$(s,u), (v,d)} satisfyingm.ql = 1. next describe how the updates in (4)-(6) should be modified
Our new coded-feedback algorithm outpyt&, w), (v,d)}, according to the result computed by the coded-feedback algo

which is indeed a minimum cut separating@ndd. rithm. Once the coded-feedback algorithm returns a subset



of edges(which with high probability is the min-cut for the buffer size for each session is of the ord@(n) as we
unit-capacity sub-network for sessiagj) we then construct a need to store roughly only packets from the same generation.
subset oflinks C; C L; from the edgesubsetC; as follows. For comparison, the queue-length dynamics under the back-
For any linkl € L;, if 7#i(t) = 0, then includel in C;. If pressure algorithm depend on many factors, such as the step-
7(t) > 0 and if all |7 (¢)D;] unit-capacity edges that link size, the network topology and the traffic pattern. Hence, th
maps to belong ta@’;, then includel in C;. For other cases, queue-length (and correspondingly the packet delay) ishmuc
excludel from C;. The reason behind the above constructiomarder to control.
is as follows. IfC; is indeed a min-cut for the unit-capacity .
sub-network of session, and if a link ! maps to an edge B. Quick Start
e € C;, then all other edges that linkmaps to must also For the back-pressure algorithm, one needs to build up
belong toC;. Hence, the subsef; constructed above mustqueues before packets can be routed to the destination. Once
be a min-cut of the sub-networ®(V, ;) of sessioni where the queues have been built up for exsiting sessions, a new
the capacity of each link is given by#. Let Rank;(7;(¢)) Session needs to build up its own queues (over the entire
denote the rank collected by destinatignfor sessioni. Then network) in order to compete and grab a fair share of the
with high probability, MCMF,(7;(t)) = Rank,(7;(t))/D;. network resources. For comparison, our algorithm enjoys a
We can then form the vectql,(¢) as in (4), and calculate a“quick start” feature. Namely, if a link is shared by
vector 0F (7(t)) such that its(, )-th component is given by: Sessions, we can simply let each competing sessionigi&b
. - share of the available capaciB/ as the initial rate-allocation.

[OF (7(t))]a = U (Rank; (7 (t))/ D) fis (1). (9)  Network coding guarantees that each session can achieve at

Note that this vectoDF (7(t)) can be viewed as an approx-

Ieastﬁlﬂ of the optimal rateat the very beginning of the
imation to the subgradien®F(7(t)) given in (5). Finally,

we replacedF(7(t)) by dF (7(t)) in the subgradient-ascent
iteration (6), i.e.,

F(t + 1) = [F(t) + adF(7(1))]a.

Let D = min; D;, which is related to the generation size
according (7). Note that/D represents the loss of capacity
due to granularity of the unit-capacity network model. Al-[3]
though the vecto®F(7(t)) is no longer a true subgradient of
the objective functior¥'(7) at 7(¢), the following proposition
shows that, ifD is large and if the probability with which the [4]
coded-feedback method returns a min-cut of the unit-capaci
sub-network is close ta@, then the above iteration will result [5]
in rate allocation that is close to optimal. L&t" denote the
optimal value of (2).

Proposition 3: For anye > 0, there existag, dg, Dg > 0
such that for allaa < ag, 6 < 6 and D > Dy, if the
coded-feedback algorithm can output the min-cut for thé-uni
capacity sub-network of each sessiomith probability no less
than1 — ¢, then starting from any initial rate-allocation vector
7(0), the iteration (10) will produce rate-allocation vectdratt
satisfy the following:

(1]

(10) 2]

(6]

(8]

El

V. CONCLUSIONS

We conclude this paper by discussing the benefits of thlg]

proposed coding-based primal rate-control algorithm.
[11]

A. Controlling the Queue Length

In our simulations (available in [11]), our proposed algo12]
rithm demonstrates similar convergence speed as the back-
pressure algorithm [5]. On the other hand, a key advantage of
our proposed solution with coded-feedback is that the queue
length can be tightly controlled. Specifically, the reqdire

iteration.
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