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Abstract

In this paper, we study cross-layer design for rate control in multihop wireless networks.
In our previous work, we have developed an optimal cross-layered rate control scheme that
jointly computes both the rate allocation and the stabilizing schedule that controls the
resources at the underlying layers. However, the scheduling component in this optimal
cross-layered rate control scheme has to solve a complex global optimization problem at
each time, and hence is too computationally expensive for online implementation. In this
paper, we study how the performance of cross-layer rate control will be impacted if the
network can only use an imperfect (and potentially distributed) scheduling component that
is easier to implement. We study both the case when the number of users in the system
is fixed and the case with dynamic arrivals and departures of the users, and we establish

desirable results on the performance bounds of cross-layered rate control with imperfect
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scheduling. Compared with a layered approach that does not design rate control and
scheduling together, our cross-layered approach has provably better performance bounds,
and usually substantially outperforms the layered approach. The insights drawn from our
analyses also enable us to design a fully distributed cross-layered rate control and scheduling

algorithm for a restrictive interference model.

Keyword: Cross-layer design, rate control, multihop wireless networks, stability, imperfect

scheduling, mathematical programming/optimization, stochastic processes/queueing theory.

1 Introduction

Cross-layer design is becoming increasingly important for improving the performance of mul-
tihop wireless networks (see, e.g., [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] and the reference therein). By
simultaneously optimizing the control across multiple layers of the network, cross-layer design
can substantially increase the network capacity, reduce interference and power consumption.

In this paper, we study the issues involved in the cross-layer design of multihop wireless
networks that employ rate control [8, 9, 10]. Rate control (or congestion control) is a key func-
tionality in modern communication networks to avoid congestion and to ensure fairness among
the users. Although rate control has been studied extensively for wireline networks (see [11]
for a good survey), these results cannot be applied directly to multihop wireless networks. In
wireline networks, the capacity region (i.e., the set of feasible data rates) is of a simple form,
i.e., the sum of the data rates at each link should be less than the link capacity, which is known
and fixed. In multihop wireless networks, the capacity of each radio link depends on the signal
and interference levels, and thus depends on the power and transmission schedule at other links.
Hence, the capacity region is usually of a complex form that critically depends on the way in
which resources at the underlying physical and MAC layers are scheduled. One possible way to
address this difficulty is to choose a rate region within the capacity region, which has a simpler

set of constraints similar to that of wireline networks, and compute the rate allocation within



this simpler rate region [12, 13, 14]. This approach essentially attempts to make rate control
oblivious of the dynamics of the underlying layers. Hence, we will refer to this approach as the
layered approach to rate control. However, it requires prior knowledge of the capacity region in
order to choose such a rate region. For many network settings, even such a rate region is difficult
to find. Further, because the rate region reduces the set of feasible rates that rate control can
utilize, the layered approach results in a conservative rate allocation.

On the other hand, the cross-layered approach to rate control can allocate data rates without
requiring precise prior knowledge of the capacity region. Here, by the “cross-layered” approach
to rate control, we mean that the network jointly optimizes both the data rates of the users
and the resource allocation at the underlying layers, which include modulation, coding, power
assignment and link schedules, etc. (For the rest of the paper, we will use the term scheduling to
refer to the joint allocation of these resources at layers under rate control.) In our previous work
8], we have presented an optimal cross-layered rate control scheme and we have shown that our
scheme can fully utilize the capacity of the network, maintain fairness, and improve the quality
of service to the users.

However, the scheduling component in the optimal cross-layered rate control scheme of [§]
requires solving at each iteration a global optimization problem that is usually quite difficult.
In some cases, the optimization problem does not even have a polynomial-time solution. In this
work, our objective is to develop a framework for cross-layered rate control that is suitable for on-
line (and potentially distributed) implementation. The complexity of the scheduling component
has become the main obstacle to developing such a solution.

To overcome this difficulty, in this paper we take a different approach. We accept the possi-
bility that only suboptimal solutions to the scheduling problem may be computable, which we
will refer to as imperfect schedules. Instead, we will study the impact of imperfect scheduling
on the optimality of cross-layered rate control. In this paper, we have studied this impact for a

large class of imperfect scheduling policies, both for the case when the number of users in the



system is fixed, and for the case when users dynamically arrive and leave the network. When the
number of users in the system is fixed, we are able to obtain some desirable, but weak, results on
the fairness and convergence properties of cross-layered rate control with imperfect scheduling.
Surprisingly, we are able to obtain far stronger results on the performance of the system when
we consider dynamic arrivals and departures of the users. Our numerical results suggest that,
in many network configurations, cross-layered rate control with imperfect scheduling can per-
form comparably to that with perfect scheduling, while significantly reducing the computation
overhead of the scheduling component. Further, we find that our cross-layered approach can
substantially outperform the layered approach. Finally, the insights drawn from our analysis
allow us to develop a fully distributed rate control and scheduling scheme in a more restrictive
network setting.

The rest of the paper is structured as follows. The system model is presented in Section 2. We
review results with perfect scheduling in Section 3, and study the impact of imperfect scheduling
in Section 4 and 5. In Section 6, we present a fully distributed cross-layered rate control algorithm.

Simulation results are presented in Section 7, and the conclusion is given in Section 8.

2 The System Model

We consider a multihop wireless network with N nodes. Let £ denote the set of node pairs (i, )
(i.e., links) such that direct transmission from node i to node j is allowed. The links are assumed
to be directional. Due to the shared nature of the wireless media, the data rate r;; of a link (4, j)

depends not only on its own modulation/coding scheme and power assignment P;;, but also on

(7R
the interference due to the power assignments on other links. Let P = [P, (i,j) € L] denote
the vector of global power assignments and let ¥ = [r;;, (i,j) € L] denote the vector of data

rates. We assume that 7 = u(ﬁ), i.e., the data rates are completely determined by the global



power assignment*. The function u(-) is called the rate-power function of the system. Note
that the global power assignment P and the rate-power function u(-) summarize the cross-layer
control capability of the network at both the physical layer and the MAC layer. Precisely, the
global power assignment determines the Signal-to-Interference-Ratio (SIR) at each link. Given
the SIR, each link can choose appropriate modulation and coding schemes to achieve the data
rate specified by u(ﬁ) Finally, the network can schedule different sets of links to be active (and
to use different power assignments) at different time to achieve maximum capacity [3]. There
may be constraints on the feasible power assignment. For example, if each node has a total

power constraint P ., then ) Pi; < P max- Let II denote the set of feasible power

J:(i.4)eL
assignments, and let R = {u(P), P € II}. We assume that Co(R), the convex hull of R, is
closed and bounded. We assume that time is divided into slots and the power assignment vector
P(t) is fixed during each time slot t. We will refer to 7#(t) = u(P(t)) as the schedule at time slot
t.

In the rest of the paper, it is usually more convenient to index the links numerically (e.g., links
1,2, ..., L) rather than as node-pairs (e.g., link (4, 7)). The power assignment vector and the rate
vector should then be written as P = [Py, ..., Pr] and 7 = [ry, ..., 7], respectively.

There are S users and each user s = 1, ..., S has one path through the network’. Let H = [H!]
denote the routing matrix, i.e., H, = 1, if the path of user s uses link [, and H! = 0, otherwise.
Let x, be the rate with which user s injects data into the network. Each user is associated with
a utility function Ug(zs), which reflects the level of “satisfaction” of user s when its data rate
is x,. As is typically assumed in the rate control literature, we assume that each user s has

a maximum data rate M and the utility function Us(-) is strictly concave, non-decreasing and

twice continuously differentiable on (0, Mj].

*Although we have not considered channel variation, e.g., due to fading, our main results may be generalized

to those cases.

TExtensions to the case with multipath routing are also possible (see [8]).



3 Cross-Layer Rate Control with Perfect Scheduling

In this section, we review the optimal cross-layered rate control scheme that we presented in [8].
We first define the capacity region of the system. We say that a system is stable if the queue
lengths at all links remain finite. We say that a user rate vector ¥ = [x1, ..., x4 is feasible if
there exists a scheduling policy that can stabilize the system under user rates . We define the
capacity region to be the set of feasible rates Z. It has been shown in [3, 4, 6] that the optimal

capacity region A is a convex set and is given by

A:{f
5

where >” Hlz, can be interpreted as the total data rate on link I. The convex hull operator
s=1

Co(+) is due to a standard time-averaging argument [3, 4, 6]. A is optimal in the sense that no

S
D Hixs] € Co(R) } . (1)

vector & outside A is feasible for any scheduling policy.
In [8], we have formulated and solved the following optimal cross-layered rate control problem.

The Cross-Layered Rate Control Problem:

e Find the user rate vector Z in A that maximizes the total system utility, i.e.,

S

,Jnax Zl Us(xs) (2)
S

subject to Z Hla, <rforallleL (3)
s=1

and  [ry] € Co(R).

e Find the associated scheduling policy that stabilizes the system.

There are two elements in this cross-layer control problem. One is to determine the rates
with which users inject data into the network. The other is to determine when and at what rate
each link in the network should transmit. Maximizing the total system utility as in (2) has been

shown to be equivalent to some fairness objectives when the utility functions are appropriately



chosen [15]. For example, utility functions of the form
Us(xs) = wslog z (4)

correspond to weighted proportional fairness, where w,,s = 1,...,S are the weights. A more

general form of utility function is

Us() = we—2—, 3 > 0. (5)

Maximizing the total utility will corresponds to mazimizing weighted throughput as § — 0,
weighted proportional fairness as 8 — 1, minimizing weighted potential delay as 3 — 2, and
maz-min fainess as [ — oo.

We now take a duality approach to solve problem (2). We associate a Lagrange multiplier ¢

for each constraint in (3). The Lagrangian is then:

= ZUs(x _qu

=1

S
[Z Hixs — rl]
s=1 .
+ qu”f’l.
=1

s)
Us(zs) — Hﬁ,qlxs

L
=1

The objective function of the dual of problem (2) is then:

D(q)

max L(zZ,7,q)
0<zs<Ms,5=1,..., S,FECO('R)

S
= Y B@) + V(@)

where
L
Bi(q) =  max Us(:cs)—ZHiqlfcs], (6)
- =1
and
L
Vi) = Fenclg(};zz);QZrl )



Further, because the objective function in (7) is a linear function of 7, the optimal point must

lie in the set R, i.e.,

L
V() = max lz_l: ¢'ri= max Z q'r. (8)

F=u(P),Perl 4
The dual approach thus results in an elegant decomposition of the original problem. Given the
Lagrange multipliers ¢!, the rate control problem B,(§) and the scheduling problem V(§) are
decomposed. The Lagrange multiplier ¢! can be interpreted as the implicit cost at link {. Each
user s solves its own utility maximization problem B;(¢) independently as if the “price” for user s
is EL: H'lq'. The scheduling problem V/(§) also computes the power assignment P and the schedule
a — u(ﬁ) based on the implicit costs. Note that V(¢) also appears as the optimal scheduling
policy in [3, 6].
The dual problem of (2) is then

min D(q). 9)

q>0

The dual objective function D(q) is convex. We can show that its subgradient is given by,

S
— (ZH;Z’S —7“1) .
s=1

where ¥ = [z5] and 7 = [r;] solve (6) and (8), respectively. We can then use the subgradient
method to solve the dual problem [16]. The solution to the optimal cross-layered rate control
problem can be summarized as follows:

The Optimal Cross-Layered Rate Control Algorithm:

At each iteration t:

e The data rates of the users are determined by

x,(t) = argmax |Uy(z,) — Y Hlg'(t)z,| . (10)

0<zs <M,

e The schedule is determined by

L

= argmax Z q'(t)r; = argmax Z ¢ (t)m. (11)
TER FP=u(P),Pell |—;



e The implicit costs (i.e., Lagrange multipliers) are updated by

S +
q'(t) + <Z H,(t) — Tz(ﬂ)] : (12)

The following proposition is given in [8].

¢(t+1)=

Proposition 1 a) There is no duality gap, i.e., the minimal value of (9) coincides with the

optimal value of (2).

b) Let ® be the set of ¢ that minimizes D(q). For any ¢ € ®, let & solve (10), then T is the

unique optimal solution T* of (2).

¢c) Assume that oy = ha. Let ||qlla = Y1, (‘Z(f and d(q, ®) = mingee \/||¢— pl|la. For any
l
€ > 0, there exists some hy > 0 such that, for any h < hy and any initial implicit costs

q(0), there exists a time Ty such that for all t > T,
d(q(t),®) <€ and ||Z(t) — Z*|| <.

Proposition 1 is a consequence of Theorem 2.3 in [16, p26]. The details of the proof is in
Appendix A. It shows that, when the stepsizes a; are small, the user rates Z(t) will converge
within a small neighborhood? of the optimal rate allocation &*.

The optimal cross-layered rate control algorithm (10)-(12) not only computes the optimal rate
allocation, but also generates the stabilizing scheduling policy by solving (11) at each time slot

t. In fact, let Q' denote the queue size at link {. Then Q' evolves approximately as®:

Qt+1)~ [@l(t) + (Z Hlz,(t) —n(t)>] . (13)

Comparing (13) with (12), we can see that Q'(t) ~ ¢'(t)/ay. From here we can infer that Q'(t)

is bounded.

fAn alternate formulation of Proposition 1 is as follows: if the stepsizes are time varying and they are chosen

such that o (t) = hya, hy — 0 as t — oo and Z;Of hi = 400, then d(q(t), ®) — 0 and #(t) — &* as t — oc.

$Note, (13) is an approximation because not all links are active at the same time. Hence, data injected to the

network by each user at time ¢t may take several time slots to reach downstream links.



Proposition 2 If the stepsizes a; are sufficiently small, then using the schedules determined by

solving (11) at each time slot, we have,
sup Q'(t) < +oo for alll € L.
t

We give the proof in Appendix B. Combining Propositions 1 and 2, we conclude that, by
choosing the stepsizes «; sufficiently small, we can obtain user rate allocation ¥ as close to * as
we want, and we can obtain the joint stabilizing scheduling policy at the same time.

Remark:  The duality approach that we used here (and in [8]) shares some similarities to
the approach in [1, 9, 10]. However, there are also some major differences. The network models
in [1] and [10] assume a restrictive set of rate-power functions. They either assume that the
data rate at each link is a concave function of its own power assignment, or assume a special
form of rate-power functions that are concave after a change of variables. In this paper, we
impose no such restrictions. Further, a consequence of the assumption in [10] is that, at their
optimal solution, all links will be transmitting at the same time. In the more general network
model of this paper, it usually requires different sets of links to transmit at different time in
order to achieve optimality. In [9], the authors propose a column generation approach for solving
(2). This approach appears to be more suitable for offline computation as it requires solving a
sequence of approximate problems to (2), each of which requires an iterative solution by itself.
In contrast, in this paper we are more interested in solutions suitable for on-line implementation.
Finally, these previous works have not addressed the joint stabilizing scheduling policy as we did

in Proposition 2.

4 The Impact of Imperfect Scheduling on Cross-Layered

Rate Control: The Static Case

In this paper, we are interested in developing cross-layered rate control solutions that are suitable

for online implementation. The main difficulty in implementing the optimal solution of Section 3

10



is the complexity of the scheduling component. Depending on the rate-power function u(-), the
scheduling problem (11) is usually a difficult global optimization problem. In some cases, this
optimization problem does not even have a polynomial-time solution. Hence, solving (11) exactly
at every time slot is too time-consuming.

As discussed in the Introduction, in this paper, we take a different approach from that of
finding optimal rate allocations. We will only compute suboptimal solutions to the scheduling
problem (11), which we will refer to as imperfect schedules. We will instead study how imperfect
scheduling impacts the optimality of cross-layered rate control. Our objective is to find some
imperfect scheduling policies that are easy to implement and that, when properly designed with
rate control, result in good overall performance.

We will particularly be interested in the following class of imperfect scheduling policies:

Imperfect Scheduling Policy S,:

Fix v € (0,1]. At each time slot ¢, compute a schedule 7(¢) € R that satisfies:

L

>t () > ymax y ng'(t). (14)

=1

With an imperfect scheduling policy S, the dynamics of cross-layered rate control are sum-

marized by the following set of equations:

xs(t) = argmax |Us(zs) — Z Héql(t)xS] ) (15)

0<zs<M; =1

) qt) > Y max FTqt), 7(t) € Co(R), (16)

S +
¢'(t) + (Z Hz,(t) - m<t>)] . (17)

The parameter v in (14) can be viewed as a tuning parameter indicating the degree of precision

q(t+1)=

of the imperfect schedule. The complexity of finding a schedule 7(t) satisfying (14) usually
decreases as v is reduced. When v = 1, the dynamics (15)-(17) reduce to the case with perfect
scheduling (as in Section 3). Let #*° denote the solution to the original optimal cross-layered
rate control problem (2). The solution to the following problem turns out to be a good reference

point for studying the dynamics (15)-(17) when vy < 1:

11



The 7-Reduced Problem:

S

OSI?;?%\JS Zl Us(zs) (18)

subject to ¥ € yA.
Let £*7 denote the solution to the y-reduced problem. The choice of YA in the constraint of
the v-reduced problem is motivated by the following proposition, which shows that an imperfect
scheduling policy S, at most reduces the capacity region by a factor of 4. The proof is given in

Appendix C.

Proposition 3 If the user rates & lie strictly inside YA, then any imperfect scheduling policy S,

can stabilize the system.

Motivated by Proposition 3, we would expect that the rate allocation computed by the dy-
namics (15)-(17) will be “no worse than” #*7. However, this assertion is not quite true. As we
will see soon, the interaction between cross-layered rate control and imperfect scheduling is much
more complicated. As the data rates of the users are reacting to the same implicit costs as the
scheduling component is, there is a possibility that the system gets stuck into local sub-optimal
areas. We will construct examples where, for a subset of the users, their data rates determined by
the dynamics (15)-(17) can be much smaller than the corresponding rate allocation computed by
the y-reduced problem. Nonetheless, we will be able to show certain weak but desirable results

on the fairness and convergence properties of cross-layer rate control with imperfect scheduling.

4.1 Dominance

We begin our analysis by studying whether the rate allocation computed by the dynamics (15)-
(17) will dominate & *7. (Note: a vector [z1, ..., 5] dominates another vector [y1, ..., ys] if x; > y;

foralli=1,...,5.) It is easy to check that, if we let

(t) = ro(t), (19)



the dynamics (15)-(17) will solve the y-reduced problem. Hence, we can use (19) as a special
case of the imperfect scheduling policy S., and study first whether the rate allocation Z *° of the
original problem (2) dominates that of the y-reduced problem (18). The following proposition
shows that such dominance holds if the utility function is logarithmic. (Recall that logarithmic

utility functions are of the form
Us(zs) = wglog xs for all user s,

where w, is the weight for user s. In this case, the rate allocation computed by the original

problem (2) is weighted proportionally fair [15].)

Proposition 4 Assume that the utility function is logarithmic. Let *° be the solution to the

original problem (2). Then the solution to the y-reduced problem is
F51 =y 0,
Proof: In the y-reduced problem (18), do a change of variables ¥ = #/~. Using the fact that
Us(zs) = wylog !, + wylogy,

one can show that the y-reduced problem becomes equivalent to the original problem (2). Hence,

FH =i 0 Q.E.D.

However, as shown in the following example, if the utility function is not logarithmic, domi-
nance will not hold in general.

Example 1: Consider the following wireline network (note that a wireline network can be
viewed as a special case of our network model where the capacity of each link is fixed). There
are two links, whose capacities are 2 and 7, respectively. There are three users. The first user
uses both links, the second user uses only the first link, and the third user uses only the second

link. Their utility functions are

Up(x) = logz+ 6z

13



Uy(z) = logx

Us(z) = 36loguz.
The ~v-reduced problem is then

max (log x1 + 6x1) + log x9 + 36 log x5

z1,22,23>0

subject to r1+ 10 < 29

x1 +x3 < 7.

When v = 1, the solution is #*° = [1 1 6]7. When v = 0.95, the solution becomes #*7 =
[0.8551 1.0449 5.7949]7. Note that the rate of the second user increases as 7y is reduced. This

example shows that Z*° does not dominate Z*7 in general.

4.2 A Weak Fairness Property

For the rest of the paper, we will focus on logarithmic utility functions, although most of the
results that follow can also be extended to utility functions of other forms (as in (5)). Note
that even though #*° dominates #*? when the utility function is logarithmic (as shown in
Proposition 4), it does not imply that the rate allocation computed by the cross-layered rate
control algorithm with an arbitrary imperfect scheduling policy S, will dominate & *7.

In the following proposition, we characterize the likely rate allocation under imperfect schedul-

ing provided that the dynamics (15)-(17) converges. The proof is given in Appendix D.

Proposition 5 Assume that the utility function is logarithmic (i.e., of the form in (4)). If the

dynamics (15)-(17) converges, i.e., T(t) — *! and §(t) — ¢ as t — oo, then

S
<> ws. (20)

Proposition 5 can be generalized to other forms of utility functions (as in (5)). This result can

s .
251 e A and E 7
s=1 s

be viewed as a weak fairness property. It shows that, if the dynamics (15)-(17) converge, the

14
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Figure 1: The weak fairness property (left) and the set ®., (right).

rate allocation of the users will lie in a strip defined by (20) (see Fig. 1). Hence, the rate of each
user is unlikely to be too unfair compared to & *7. In particular, if ws; = 1 for all s, then by (20),

*

x5! will be no smaller than z%7/S. On the negative side, the rates of some users can still be
substantially smaller than their rates computed by the vy-reduced problem, which indicates that
cross-layered rate control with imperfect scheduling may indeed get stuck into local sub-optimal

regions.

4.3 Convergence

We next study the question whether the dynamics (15)-(17) converge in the first place. Using a
duality approach analogous to that in Section 3, we can define the dual of the v-reduced problem

as

S

Dy(@) = Y Bd@)+2V(),

s=1
where B(q) and V(q) are still defined as in (6) and (7), respectively. Note that both D(g) and

D, (q) are convex functions and D(q) > D, (q).

Let ¢*° denote a minimizer of D(¢) and ¢*” denote a minimizer of D.(q). Further, let

®, ={q: D,(q) < D(7*)}.

Proposition 6 Assume that a; = hal. Let ||q]|a = S, (‘532. For any € > 0, there exists some
l

ho > 0 such that, for any h < hy and any initial implicit costs ¢(0), there ezists a time Ty such

15



that for all t > Ty,

VIIa(t) = ¢*0lla < max /|5 — g+ O[a +e.
PED,

The proof is provided in Appendix E. Proposition 6 shows that, if the stepsizes a; are suffi-
ciently small, the dynamics (15)-(17) will eventually enter a neighborhood of the set ®.. Note
that both ¢*° and ¢*7 belong to the set ®. (see Fig. 1). Hence, in a weak sense, the dynamics
of the system are moving in the right direction. However, in general the set ®. is quite large
and does not provide much further insights on the eventual rate allocation. We next present two
examples illustrating the possible behaviors of the dynamics.

Example 2:

We will first show that, for any vectors ¢;* and #* that satisfy

w —
il = Lis for all s, #*! € A, and
L,*
> Hlgp
=1
L S L
l L %,0 l
qI*Zstz > 7 max qu*rl, (21)

=1  s=1 rece(®) 3

there exists an imperfect scheduling policy S, such that the dynamics (15)-(17) converge to ¢;*

and ¥ *!. Note that the above set of conditions implies (20). In fact, since

s
[ZHﬁx:”,leﬁ € 7Co(R),
s=1
we have,
s 5 L L s
I L olx l, 1, %I
dowe = Y el Y Hat =) a" ) Ha
s=1 s=1 =1 =1 s=1

L S

S L
l,* Hl *Y *,7y Hl L%
o' ) Hw =) o) Hy,
=1 s=1 s=1 =1
> wsxy"
= Z 1

s=1 Ls

v

We now show how a suitable imperfect scheduling policy S, can be constructed. It is easy to

verify that Z *! is the solution to the following optimization problem and ¢;* is the corresponding

16



Lagrange multipliers.

S
max 5 wg log x

7>0
S S
subject to Z Hlz, < Z Hlaz®!, (22)
Hence, if we let
S
ri(t) = Z H'z*! for all [ and all ¢, (23)
s=1

then, using a standard gradient descent argument for the dual problem of (22), we can show that
the dynamics (15)-(17) will converge to ¢; and Z*! as t — oo. It remains to be verified whether
the schedule in (23) belongs to the class of imperfect scheduling policies S.,. To see this, note
that if we pick the initial implicit cost vector ¢(0) to be sufficiently close to ¢;*, then ¢(t) ~ ¢

for all t. Hence,

L L S

dodOnt) = d" ) Hiay'

=1 =1 s=1
max g ¢"*r; ~ v max g ¢ (t)m
rECo ’R) I 7€Co(R ’

i.e., the schedule in (23) indeed belongs to S, if the initial implicit cost vector ¢{0) is sufficiently
close to ¢;".

Example 3:

We next give another example in which the dynamics (15)-(17) never converge to any point.
Consider the following simple wireline network with two users, each of which uses one different
link. The capacity is ¢ for both links. The solution to the y-reduced problem is simply 277 =

*y

xy”" = ~c. Assume that the vectors ¢ and Z*/ satisfy the conditions in (21) of Example 2. At

any time t, define

A(t) = qlt) — q;"-

17



radius 2¢

Figure 2: The direction of the update of the implicit costs

Let € be a small positive number. We now use the following scheduling policy:

4
0 -1
1 ) —e 2O A <,
F(t) = [7’1 7"2]T = . R
o1 2"~ eqaty if e <A(t) <2
G, otherwise.

With this choice of the schedule 7(t), the update of the implicit cost ¢(t) will be around a circle
when ||g(t) — ¢f|| < ¢, and it will be towards ¢} when € < ||q(t) — ¢;°|| < 2¢ (see Fig. 2).
Provided that the initial ¢(0) satisfies ||g(0) — ¢;*|| < 2¢ and the stepsizes are sufficiently small,
the dynamics (15)-(17) will eventually follow the circle ||g(¢t) — ¢;*|| = €, and hence will never
converge. We can verify as in Example 2 that the schedule 7(¢) does belong to the class S, when
the stepsizes and e are sufficiently small.

To conclude this section, we have studied the impact of imperfect scheduling on the dynamics
of cross-layered rate control when the number of users in the system is fized. We have presented
several examples that illustrate the difficulty in characterizing the dynamics precisely. We have
shown that the system may not even converge in the first place, or, it may converge to any
rate allocation within a fairly large set that does not possess any desirable dominance property.
These examples indicate that the interaction between cross-layered rate control and imperfect

scheduling are quite complicated, and the system may indeed get stuck into local sub-optimal
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regions. Nonetheless, we do show two desirable, but weak, results on the fairness and convergence
properties of the system. In Proposition 6, we are able to show that the dynamics (15)-(17) appear
to move in the right direction globally. In Proposition 5, we show that those local sub-optimal
regions are probably “not too bad.” In the next section, we will turn to the case when users
dynamically arrive and depart the network, and surprisingly, we will be able to show far stronger

results on the performance of the system there.

5 Stability Region of Cross-Layered Rate Control

In this section, we turn to the case when the number of users in the system is itself a stochastic
process. We will study how imperfect scheduling impacts the stability region of the system
employing cross-layer rate control. Here, by stability, we mean that the number of users in the
system and the queue lengths at all links in the network remain finite. The stability region of the
system is the set of offered loads under which the system is stable. Previous works for wireline
networks have shown that, by allocating data rates to the users according to some fairness criteria,
the largest possible stability region can be achieved [15]. This result is important as it tells us
that fairness is not just an aesthetic property, but it actually has a strong global performance
implication, i.e., in achieving the largest possible stability region. In this section, we will show
that similar but stronger results can be shown for our cross-layered rate control scheme with
imperfect scheduling.

To be precise, instead of using the notation s for user s, we now use s to denote a class of
users with the same utility function and the same path. We assume that users of class s arrive
according to a Poisson process with rate \; and that each user brings with it a file for transfer
whose size is exponentially distributed with mean 1/u,. The load brought by users of class s is
then ps = A\g/ps. Let o= [p1, ..., ps]. Let ng(t) denote the number of users of class s that are
in the system at time ¢, and let 7i(t) = [ny(t), ..., ns(t)]. We assume that the rate allocations for

users of the same class are identical. Let x4(t) denote the rate of each user of class s at time ¢.

19



In the rate assignment model that follows, the evolution of 7i(¢) will be governed by a Markov

process. Its transition rates are given by:

ns(t) — ng(t) + 1, with rate A,
ns(t) — ns(t) — 1, with rate psz,(t)ns(t)

if ng(t) > 0.
As in [17], We say that the above system is stable if

1
lim sup — dt — 0,

t

too 1 /0 l{éns(mlil ' (1)>M}
as M — oo. This means that the fraction of time that the amount of “unfinished work” in the
system exceeds a certain level M can be made arbitrary small as M — oo. The stability region
O of the system under a given rate control and scheduling policy is the set of offered loads p’ such
that the system is stable.

We next describe the rate assignment and implicit cost update policy. We assume that time
is divided into slots of length T', and the schedules and implicit costs are only updated at the
end of each time slot. However, users may arrive and depart in the middle of a time slot. Let
¢(kT') denote the implicit cost at time slot k. The data rates of the users are determined by the
current implicit costs as in (10). For simplicity, we assume that the utility function is logarithmic
(the result can be readily generalized to utility functions of other forms in (5)). Further, let M,
denote the maximum data rate for users of class s. The rate of each user of class s is then given

by

zs(t) = x5(kT) = min { Zle ngl(kT) , MS} (24)

for kT <t < (k+1)T. The schedule 7(kT) at time slot k is computed according to an imperfect
scheduling policy S., based on the current implicit cost g(kT"). Finally, at the end of each time
slot, the implicit costs are updated as

¢ (kT) + ay (i Hﬁ/

s=1 kT

(k+1)T +

¢((k+1)T) = (25)

ns(t)xs(kT)dt — rl(kT)T>

20



The following proposition shows that, using the above cross-layered rate control algorithm

with imperfect scheduling policy S, the stability region of the system is no smaller than yA.

Proposition 7 If

. W
max oy min

1
< 26
et U= TSL s 4p,M,’ (26)

_ S B L

where S = maxye, Y. H. is the mazimum number of classes using any link, and L = max, > H'
s=1 =1

1s the mazimum number of links used by any class, then for any offered load p that resides strictly

inside YA, the system described by the Markov process [ii(kT), q(kT)] is stable.

Several remarks are in order: Firstly, Proposition 7 shows that, when imperfect schedules
are used, the stability region of the system employing cross-layer rate control is no worse than
the capacity region shown in Proposition 3 (and used by the 7-reduced problem). This result
is interesting (and somewhat surprising) given the fact that, when the number of users in the
system is fixed, the dynamics of cross-layered rate control with imperfect scheduling can form
loops or get stuck into local sub-optimal regions. Nonetheless, Proposition 7 shows that these
potential local sub-optimums are inconsequential when the arrivals and departures of the users
are taken into account.

Secondly, we do not need the rates of any users to converge. Previous results on the stability
region of rate control typically adopt a time-scale separation assumption [15], which assumes that
the rate allocation Z(t) perfectly solves (2) at each time instant t. Such an approach is of little
value for the model in this paper because the dynamics (15)-(17) with imperfect scheduling do not
even converge in the first place! Further, the time-scale separation assumption is rarely realistic
in practice: as the number of users in the system is constantly changing, the rate allocation may
never have the time to converge. In Proposition 7, we establish the stability region of the system
without requiring such a time-scale separation assumption. This result is of independent value.
For the special case when v = 1, it can be viewed as a stronger version of previous results in the

literature (including those for wireline networks, e.g., Theorem 1 in [15]).
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Finally, a simple stepsize rule is provided in (26). Note that when the number of users in the
system is fixed, we typically require the stepsizes to be driven to zero for convergence to occur
(see Proposition 1). However, in (26) the stepsizes can be chosen bounded away from zero. In
fact, as the set yA is bounded, the stepsizes can be chosen independently of the offered load.
The simplicity in the stepsize rule is another benefit we obtain by studying the dynamic arrivals

and departures of the users.

5.1 The Main Idea of the Proof of Proposition 7

We now sketch the main idea of the proof for Proposition 7 so that the reader can gain some

insight on the dynamics of the system. Define the following Lyapunov function,

V(i1 §) = Va(i1) + Vo(Q),

S L

where V,,(71) = “;5/\"3, and V(g
s=1 ° =

We shall show below that V(77, ¢) has a negative
drift. As a crude first-order approx1mat10n, assume that users arrive and depart only at the
end of each time slot. Thus, ns(t) = ns(kT") during the k-th time slot. We can show that (see

Appendix F for the details),
E[V.(7i((k +1)T)) = Va(ii(kKT))|7(kT), g(KT)]

< Ty [%E‘;jﬂ] (9o — na(KT)au (KT + B (k).

where Ej (k) is an error term that is roughly on the order of |ps — ng(kT)xs(kT)|. Since the rate

allocation is determined by (24), we have (ignoring the maximum data rate Mj),
E[V,(7i((k + 1)T)) = Va(i@(KT))|[7(KT), g(kT)]

S L
> Hid (T
1 Li=1

+ B (k). (27)

< T

Ss=

— ns(KT)a(kT)]

We can also show that
E[Vo(q((k + 1)T) = Vo(q(kT))|7i(KT), g(KT)]
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< TS HHT) |3 Hin (T (T) — n(kT)

+E2(/€),

s=1

S
where Fs(k) is an error term that is roughly on the order of {Z Hng(kT)xo(kT) — 7(kT)

Hence, by adding (27) and (28), and by changing the order of the summation, we have

EV(a((k +1)T),q((k +1)T))
—V(*(/fT) *(kT))Iﬁ(kT) q(kT)]

< TZq (kT) ZH s — r(kT)

+E1(k:) + Eg(k:)

By assumption, p lies strictly inside yA. Hence, there exists some € > 0 such that

[(1+¢) Z ss) € 7Co(R).

By the definition of the imperfect scheduling policy S,

L

L S
> d kT)n(ET) > (1+€) Y ¢'(kT) Y Hlp..
=1 s=1

=1

Substituting into (29), we have,

EV(#a((k+1)T), q((k +1)T))

—V(*(kT)@(/fT))IH(kT) q(kT)]
S

< —TeZq (KT) Z Lo + Er(k) + Ey(k).

(28)

2

(29)

This shows that V(- -) would drift towards zero when ||¢g(kT)|| is large and when the error terms

Ey (k) and Es(k) are bounded. We would then apply Theorem 2 of [17] to establish the stability

of the system.

To complete the proof, however, we have to address several difficulties:
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e In order to apply Theorem 2 of [17], a stronger negative drift is required. Instead of (30),

we need,
EV(i((k+1)T), q((k + 1)T))

—V((kT), gkT))[A(kT), q(kT)]

< =€ ([T + |gkD)]) + Eg
for some positive constants ¢ and Ej.

e Further, in order to apply Theorem 2 of [17], the error terms F;(k) and Ey(k) have to be

bounded, which is not true in (30) since they both can become large as ns(kT") increases.
e Finally, users could arrive and depart at any time (not only at the end of a time slot).

The complete proof that addresses these difficulties is given in Appendix F.
We now give two examples showing how efficient cross-layer rate control schemes can be con-

structed by applying Proposition 7 to different network settings.

5.2 The Node Exclusive Interference Model

Proposition 7 is most useful when an imperfect schedule that satisfies (14) can be easily computed
for some reasonable value of 7. This is the case under the following node exclusive interference
model.

The Node Exclusive Interference Model:
e The data rate of each link is fixed at ¢;.
e Each node can only send to or receive from one other node at any time.

This interference model has been used in earlier studies of rate control in multihop wireless
networks [12, 13]. Under this model, the perfect schedule (according to (11)) at each time slot

corresponds to the Maximum Weighted Matching (MWM), where the weight of each link
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is ¢'c;. (A matching is a subset of the links such that no two links share the same node. The
weight of a matching is the total weight over all links belonging to the matching. A maximum-
weighted-matching (MWM) is the matching with the maximum weight.) An O(N3)-complexity
algorithm for MWM can be found in [18], where NN is the number of nodes. On the other hand,
the following much simpler Greedy Maximal Matching (GMM) algorithm can be used to
compute an imperfect schedule with v = 1/2. Start from an empty schedule. From all possible
links [ € £, pick the link with the largest ¢'c;. Add this link to the schedule. Remove all links
that are incident with either the sending node or the receiving node of link /. Pick the link with
the largest ¢'c; from the remaining links, and add to the schedule. Continue until there are no
links left. The GMM algorithm has only O(L log L)-complexity (where L is the number of links),
and is much easier to implement than MWM. Using the technique in Theorem 10 of [19], we can
show that the weight of the schedule computed by the GMM algorithm is at least 1/2 of the
weight of the mazimum-weighted-matching. According to Proposition 7, the stability region will
be at least A/2 using our cross-layered rate control scheme with the GMM scheduling policy.
For the node-exclusive interference model, a layered approach to rate control is also possible,
which considers separately the dynamics of rate control and scheduling [12, 13]. It has been
shown that the optimal capacity region A in the node-exclusive interference model is bounded

by %lllo C A C ¥y, where

S
Uy ={ & > lZngsguorauz'

Lb(l)=i OF e()=i ! =1
and b(l) and e(l) are the sending node and the receiving node, respectively, of link [. The layered
approach then chooses the lower bound %lllo as the rate region for computing the rate allocation
[12, 13]. On the other hand, when an imperfect GMM scheduling policy is used, the capacity
region can be reduced by half in the worst case (according to Proposition 3). Hence, the layered
approach then needs to use W/3(C A/2) as the rate region. Note that for the layered approach
with GMM scheduling, ¥,/3 is an upper bound for its stability region, which is smaller than the

lower bound of the stability region of the corresponding cross-layered approach (which is A/2
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according to Proposition 7). Hence, due to its conservative nature, the layered approach always
suffers from worst case inefficiencies. In Section 7, we will use simulations to show that our

cross-layered rate control scheme can in practice substantially outperform the layered approach.

5.3 General Interference Models

Under general interference models, it may still be time-consuming to compute a schedule that
satisfies (14) for a given value of 7. We now use Proposition 7 to develop a scheduling policy that
can cut down the frequency of such computation, and hence effectively reduce the computation
overhead. This idea is motivated by the observation that implicit costs, being updated by (17),
cannot change abruptly. Hence, there is a high chance that a schedule computed earlier can be
reused in subsequent time-slots. To see this, assume that we know a schedule 7° that satisfies

Or an 1nerrcienc actor > when € 1mplicit cost vector 18 1.e.
(14) f inefficiency factor 7, > ~ when the implicit cost vector is ¢, i.e.,

L L
> ridy = omax y g, (31)
=1 =1

Let the implicit cost vector at the current time slot be ¢, and let 7* denote the corresponding
(but unknown) perfect schedule. We can normalize ¢° and ¢ to be of unit length since the

corresponding schedules will remain the same. We have,

L L
Z qlrl* = Z 7’1 + Z Qor;
I=1 1=1
S dhy

L
max =
S Zq_qo+ +1—7

—1 Yo
where 7" is the maximum rate of link /. Hence, if
Lo
L L > doT
X =1
S odr =y ld - gl + :
=1 1=1 o
we can still use 7° as the imperfect schedule for ¢. This approach is even more powerful when the
network can remember multiple schedules from the past. Assume that the schedules 71, 72, ..., 7%
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correspond to ¢!, q?, ..., 7%, respectively, and each pair satisfies (31). Then, as long as
L
1,k
e > d7i (3)
=1
SN
L > AT
> . I 11+,.max =1
> | min vy lzl[q Q)T g

we do not need to compute a new schedule. Instead, we can use the schedule that maximizes
the left hand side of (32). By Proposition 7, the stability region of the system using the above
scheduling policy is no smaller than yA. In Section 7, we will use simulations to show that such

a simple policy can perform very well in practice.

6 A Fully Distributed Cross-Layered Rate Control and
Scheduling Algorithm

Proposition 7 opens a new avenue for studying cross-layer design for rate control in multihop
wireless networks. Instead of restricting our attention to the rate allocation at each snapshot
of the system (as we did in Section 4 where the results tend to be weaker), we can now study
the entire time horizon by focusing on the stability region of such a cross-layer-designed system.
Motivated by Proposition 7, we now present a fully distributed cross-layered rate control and
scheduling algorithm for the node-exclusive interference model in Section 5.2. (In contrast, the
GMM algorithm in Section 5.2 still requires centralized implementation.) This new algorithm
can be shown to achieve a stability region no smaller than A /2.

The new algorithm uses Maximal Matching (MM) to compute the schedule at each time
[20]. A mazimal matching is a matching such that no more links can be added without violating
the node-exclusive interference constraint. To be precise, let g;; denote the implicit cost at link
(7,7). (For convenience, in this section we will index a link by a node pair (i,7).) A maximal

matching M is a subset of £ such that ¢;; > 1 for all (¢, j) € M, and, for each (i, j) € L, one of
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the following holds:
¢ij <1, or (33)
(i,k) € M for some link (i,k) € L, or
(k,i) € M for some link (k,i) € L, or
(4, h) € M for some link (j,h) € L, or

(h,j) € M for some link (h,j) € L.

Note that a maximal matching can be computed in a distributed fashion as follows. When
a link (7,7) is added to the matching, we say that both node i and node j are matched. For
each node i, if it has already been matched, no further action is required. Otherwise, node ¢
scans its neighboring nodes. If there exists a neighboring node j such that node 7 has not been
matched, node 7 sends a matching request to node j. It is possible that a matching request
conflicts with other matching requests. In this case, the nodes involved in the conflict can use
some randomization and local coordination to pick any non-conflicting subset of the matching
requests. For those nodes whose matching requests are declined, they can repeat the above
procedure until every node in the network is either matched or has no neighbors that are not
matched.

Let

Qi = Z Qij + Z i
Ji.5)eL J:(di)eL
denote the total cost of the links that either start from, or end at node 7. Our new cross-layered

rate control and scheduling algorithm then proceeds as follows.
The Distributed Cross-Layered Rate Control Algorithm:

At each time slot [kT, (k+ 1)T):
e A maximal matching M(kT) is computed based on the implicit costs g(kT).
e The data rate of each user of class s is determined by
xs(t) = xs(kT)
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W
9 E(' Jer HY Qi(kT)+Q; (KT)
i5)€ s —

Cij

= Imax

» M

(34)

where ¢;; is the capacity of link (i,7), and H¥ is defined as H!, i.e., HY = 1, if users of

class s use link (4, j); and HY = 0, otherwise.

e The implicit costs are updated by:

S

g [T (), (6T) i
gi;(kT) + o [ Y Hi / —————dt =Tl jemuny || - (35)

kT Cij

¢ij(k+1)T) =

s=1

This new cross-layered rate control and scheduling algorithm is similar to the algorithms of

Section 4 and 5 in many aspects:

e A user reacts to congestion by reducing its data rate when the implicit costs along its path

increase.

e The implicit cost at each link (7, j) is updated based on the difference between the offered
load and the schedule of the link.

However, there is a critical difference. When the maximal matching is computed, we do not care
about the precise value of the implicit costs (see (33)). Hence, the maximal matching typically
does not satisfy the requirement of the imperfect scheduling policy S.,, and Proposition 7 does not
apply either. Further, the rate control part (34) is also different from that in the earlier sections.
It has been chosen specifically for the maximal matching scheduling policy. Nonetheless, using
similar techniques as in Section 5, we can show the following result on the stability region of the

system. The details are given in Appendix G.

Proposition 8 If the stepsize « is sufficiently small, then for any offered load p that resides
strictly inside N/2, the system with the above distributed cross-layered rate control algorithm is

stable.
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Figure 3: The Network Topology

7 Numerical Results

We now use simulations to verify the results in this paper. We use the network in Fig. 3. There
are b classes of users, whose paths are shown in Fig. 3. Their utility functions are all given
by Us(zs) = logxzs. We first use the following interference model. The path loss G(i,j) from a
node 7 to a node j is given by G(i,j) = di_j4 where d;; is the distance from node 7 to node j
(the positions of the nodes are also given in Fig. 3). We assume that the data rate r;; at link
(2,7) € L is proportional to the SIR, i.e.,
G(i, )P,
No + 2 gemyec, (o) G Ky 3) P’

where Ny is the background noise and W is the bandwidth of the system. This assumption

Tij:W

is suitable for CDMA systems with a moderate processing gain [6]. Each node i has a power
constraint P yax, i.e., the power allocation must satisfy Zj:(m.)eﬁ P;; < P, ax for all .

We first simulate the case when there is one user for each class. The left figure in Fig. 4 shows
the evolution of the data rates for all five users when the network computes the perfect schedule
according to (11) at every time slot. We have chosen W = 10, Ny = 1.0, P, jyax = 1.0 for all node
i and a; = 0.1 for all link /. Note that the scheduling subproblem (11) for this interference model
is a complex non-convex global optimization problem. In [8], we have given an O(2") algorithm
for solving the perfect schedule, where N is the number of nodes. Executing such an algorithm
at every time-slot is extremely time-consuming.

We then simulate the imperfect scheduling policy outlined in Section 5.3 for general interference
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Figure 4: The evolution of the data rates for all users with perfect scheduling (left) and with

imperfect scheduling (right, v = 0.5).

models. Such an imperfect scheduling policy attempts to reuse schedules that have already been
computed in the past. In our simulation, we have chosen 7y = 1.0 in (31), i.e., each of these
past schedules are perfect schedules. The computational complexity could have been further
reduced if we had chosen 79 < 1. However, we leave this for future work. Instead, in this
paper we focus on how the imperfect scheduling policy can reduce the number of times that new
perfect schedules have to be computed. The system that we simulate can store at most 10 past
schedules. If there are already 10 past schedules and a new perfect schedule is computed, the new
schedule will replace the old one that has the smallest weighted-sum i ¢'r;. In the right figure
of Fig. 4, we show the evolution of the data rates when v = 0.5. Noézlthat the rate allocation
eventually converges to values close to that with perfect scheduling. We also record the number
of times that perfect schedules are computed. When v = 0.5, perfect schedules are computed in
only 7 iterations among the entire 2000 iterations of the simulation, and most of these perfect
schedules are computed at the initial stage of the simulation. We have simulated other values
of v and find similar results. In fact, by just reducing v from 1.0 to 0.9, the number of times
that perfect schedules have to be computed is reduced to 34 (over 2000 iterations of simulation).
These results indicate that our cross-layered rate control scheme with the imperfect scheduling

policy in Section 5.3 can substantially reduce the computation overhead and still maintain good

performance.
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interference model

We then simulate the case when there are dynamic arrivals and departures of the users as in
Section 5. Users of each class arrive to the network according to a Poisson process with rate
A. Each user brings with it a file to transfer whose size is exponentially distributed with mean
1/ = 100 unit. We vary the arrival rate A (and hence the load p = A/pu) and record in Fig. 5 the
average number of users in the system at any time for different choice of 7. Given ~, the average
number of users in the system will increase to infinity as the offered load p approaches a certain
limit. This limit can then be viewed as the capacity of the system. From Fig. 5, we observe that
the capacity of the system is not significantly affected when ~ is reduced from 1.0 to 0.5. On the
other hand, the number of time-slots that new perfect schedules have to be computed is reduced
to less than 1% of the total number of time-slots when v = 0.9, and to less than 0.05% when
v = 0.5. These results confirm again the effectiveness of our cross-layered rate control scheme
with the imperfect scheduling policy in Section 5.3, in reducing the computation overhead and
achieving good overall performance.

We next turn to the node-exclusive interference model in Section 5.2, where we can draw a
comparison with the layered approach to rate control [12, 13]. We still use the network topology
in Fig. 3. The capacity of each link is now fixed at 10 units. Due to space constraints, we only
report the result for the case when there are dynamic arrivals and departures of the users. Fig. 6

demonstrates the average number of users in the system versus load with different rate control
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and scheduling schemes. We label each curve with the rate control scheme (we use “Joint” to
denote the cross-layered rate control scheme and use “Layered” to denote the layered approach
in [13]), followed by the scheduling policy. (Note that the curve for the cross-layered rate control
scheme with GMM scheduling, labeled as “Joint-GMM,” in fact overlaps with the curve for
the optimal cross-layered rate control scheme with perfect MWM scheduling, which is the right
most curve labeled as “Joint-MWM.”) From Fig. 6, we observe that, regardless of the scheduling
policy used (either MWM, GMM, or MM), the layered approach always performs much poorer
than the corresponding cross-layered approach. The performance gap widens even more when
an imperfect scheduling policy (such as GMM) is used. In particular, the fully distributed joint
rate control and scheduling algorithm in Section 6 (with imperfect maximal matching scheduling,
labeled “Joint-MM?”), actually performs even better than the layered approach with the perfect
(and more complex) MWM scheduling (labeled “Layered-MWM?”). These results demonstrate
that the conservative nature of the layered approach indeed hurts the overall performance of the
system, and an appropriately designed cross-layered rate control scheme can perform very well

in practice even with imperfect scheduling.

8 Conclusion

In this paper, we study how the performance of cross-layer rate control will be impacted if the
network can only use an imperfect (and potentially distributed) scheduling component. When
the number of users in the system is fixed, we are able to show some desirable, but weak,
results on the fairness and convergence properties of the system. We then turn to the case with
dynamic arrivals and departures of the users, and establish stronger results bounding the stability
region of the system. Compared with a layered approach that does not design rate control and
scheduling together, the cross-layered approach has provably better performance bounds, and
usually substantially outperforms the layered approach. Hence, the cross-layered approach is

much more robust to imperfect scheduling than the layered approach. The insights drawn from
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our analyses also enable us to design a fully distributed and high-performance cross-layered rate
control and scheduling algorithm for the node-exclusive interference model.

These results constitute an important step towards designing fully distributed cross-layered
rate control schemes for multihop wireless networks. Several directions for future work are possi-
ble. For example, Proposition 7 may be combined with a clustering scheme to design distributed
cross-layered rate-control solutions for large networks. We can also use similar techniques as in
[8] to combine cross-layered rate control with multipath routing. Our main result (Proposition 7)
can also be extended to the case with random fading. It would also be important to study the

impact of feedback delays, and to extend our results to hybrid wireless-wireline networks.

Appendix

A Proof of Proposition 1

The proof of part a) is quite standard (see, for example, Theorem 3.2.8 in [21, p44]). In fact,
let #* denote the optimal solution to the primal problem (2), and let 7* denote the corresponding

vector of link rates that satisfies (3). It is easy to verify that

S
> L(z*, 7" ) for all §> 0 .
0<s <My 7ECo(R) L(#.7.q) (&7 Z or all ¢ >

To prove part a), we only need to find Lagrange multipliers ¢ > 0 such that

S
max L(Z7q) =) Uslx}).

0<zs <M, F€Co(R)

s=1
Towards this end, let b = [b;, 1 € £] and let
B S
G(b) =  max ;Us(ﬂcs)
S
subject to ZHéxS <r+bforallel (36)

s=1

and  [r] € Co(R).
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- s

The original problem (2) corresponds to b = 0 and hence G(0) = > Us(x?). It is easy to
s=1

show that G(l;) is a concave function of b. Hence, by Theorem 3.1.8 of [21, p36], there exists a

subgradient ¢y of G(b) at b = 0. We now show that Qo is the desired Lagrange multipliers. For

any b > 0, by the concavity of G(g), we have

—,

G(b) < G(0) 4 Gb,

-,

where [-] " denotes the transpose. Further, by the definition of G(b) in (36),

—,

G(0) < G(b) for all b > 0.

Hence, for any b > 0,

—

G(0) > G(b) — @b > G(0) — ¢,

and we have,

%trgz 0 for all 52 0.

This implies that ¢ > 0. Next, for any & such that z, < M; for all s, and for any 7 € Co(R),
s

if we let §(%,7) = [Z Hlz,—mr,l e L} , then (&, 7) is a feasible point in the problem (36) with
s=1

b= g(Z, 7). Hence, using the concavity of G(b) again, we have

S

S U < GEE)

< G(0)+q'g(&,T)

ie.,
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However, since §(#*,7*) < 0 and ¢y > 0, we must have
Gy g(z*, 7)) = 0.
Finally, using (37) again, we obtain

L(ZFq@) = Y Udz)— a3 g7

Hence

max L(Z,7,q) = L&, 7", ¢) = > _ Us}),

0<zs<M;,7eCo(R)
i.e., there is no duality gap.
Proof of part b): Let ©* denote the optimal solution to the primal problem (2), and let 7*
denote the corresponding vector of link rates that satisfies (3). Note that #* is unique due to the

strict concavity of Us(xs). We shall show that, for any ¢ € ®, the following holds,

L(Z.7.0) = L(Z*. 7. ).
OSZSS]I\leg?JTz’{GCO(R) (x’r’q_j (‘/L‘ 7T 7{7)

(Note that ¢ may be different from ¢y in the proof of part (a).) In fact, since ¢ € @, we have,

S

Y Uxl) = D(@) = max L(Z,7,q)

0<zs<M,,7€Co(R)

S

L S
S U -3¢ (Z Hla ~ ) . (38)

s=1

v

Hence,
Zq (ZHlx* —rl> > 0.

However, since Y Hlz* —r; <0 for all [ and ¢ > 0, we must have
s=1

L S
qu <ZH§$§ —7’?) =0.
=1 s=1

36



Substituting into (38), we have,

0<zs<M,,7eCo(R

S
max L(Z,7,q) = Us(zy) = L(Z*, 77", Q).
UERD = 3 U.0a) = L)

However, given ¢, the point (Z,7) that maximizes
s L s
£ = Y0 - Y (S
s=1 =1 s=1
is unique due to the strict concavity of Ug(zs). Therefore, the maximizer must be equal to ¥*.
Proof of part c): Let A denote the S x S diagonal matrix whose [-th diagonal element is
a?. Let H denote the L x S matrix whose (I, s)-element is H'. Then ||7]|a = §"A~'¢. For any

g*% € @, by (12), we have

1t +1) = q"lla < |lg(t) — §*lla + 2h[HZ(t) — 7(t)] "[q(t) — 7]

+RA[HE(t) — 7(t)] TA[HZ(t) — 7(t)). (39)
Note that
s
D) = Y Uslxs(t)) = [H "q(0)] "2 (t) + 7 (0)(t),
and
S
D(—»* O) _ OSI?S??MS {Z Us(xs) _ (H trq—»*,O) trf} + Ferg?(}%) 7 tr(j* 0
s
> 3 U (1) — (G0 VE(e) + 7 ()3
Hence,

D(q*%) = D(q(t)) = [HZ(t)—7(t)] "[q(t) — ¢°].
Substituing into (39), we have

gt +1) = 7"l
< lg(t) = @*lla + 2h[D(q"") = D(q1)] + h*[HE(t) — 7(t)] "A[HE(t) — 7(t)].
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Fix n > 0. Let
®(n) = {q1D(@) < D(T*") + n}. (40)

Since both Z(t) and 7(t) are bounded, there exists M < oo such that
max (HZ —7")"A(HZ — 7) < M.

0<zs<M,,7eCo(R)

If we pick

h <n/M,

then as long as ¢(t) ¢ ®(n), we have
13t +1) = 1.4 < 11q(t) = ¢4 — h.
Hence, eventually, ¢(t) will enter the set ®(n). On the other hand, if we pick
h<n/VM,

then once ¢(t) € ®(n), we have

VGt +1) = 704 < VII3E) = =04+ Vlalt + 1) = a®)lla < V@) = 7=0la+1. (41)

Since the inequality (41) holds for any ¢*° € ® C ®(n), it implies that

d(q(t +1),®) < d(q(t), ®) +n,
where d(q, ®) = mingeq \/M. Hence, if

h < min{n/M,n/v'M},

then there exists time Ty such that

d(qlt), ®) < &(n) for all £ > Ty,
where

§(n) = max d(p, ®) +1.

PED(n)
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It is easy to show that, as n — 0,

£(n) — 0.

Hence, for any € > 0, we can pick n (and h) sufficiently small such that £(n) < e, i.e., there exists
time Tj such that

d(q(t),®) < e for all t > Ty.

Finally, since the mapping from ¢{t) to Z(¢) is continuous, we can pick n (and h) sufficiently
small such that

|Z(t) — || < € for all t > Tp.

B Proof of Proposition 2

We need the following assumption on the queueing discipline at each link. We assume that,
when each link forwards data, data at smaller number of hops away from their source will have
priority over data at a large number of hops away from their source. Hence, first-hop data will be
forwarded before all second-hop data, then second-hop data will be forwarded before all third-
hop data, and so on. One way to achieve such priority queueing is to have each link maintain
separate queues for data at different number of hops away from their sources.

The above assumption allows us to study the queue lengths at all links in the network in an
inductive manner. We first study all first-hop traffic in isolation because first-hop traffic takes
precedence over all other traffic. Once we compute the contribution to the queue lengths by the
first-hop traffic, we can then study the second-hop traffic in the network, and so on.

Let z4(t, k) denote the data from user s injected at time ¢ to the link that is at the k-th hop
from the source of user s (let x4(t, k) = 0 if data of user s travels at most kg < k hops). Let
H'(k) = 1, if link [ is at the k-th hop from user s, and let H!(k) = 0, otherwise. Let A'(t, k)

denote the amount of data injected to link [ at time ¢ by all first-hop through k-th hop traffic,
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ie.,

ZZHZ Yzs(t,m).

s=1 m=1

Let Q'(t, k) denote the queue length at link  contributed by all first-hop through k-th hop traffic.

Applying Loynes’ formula, we have
t
Q'(t, k) = max Z Al(u, k) Z r(u)

0<t’<t
u=t—t’ u=t—t’

We now use induction to show that the queue lengths at all links are bounded. The induction
hypothesis is as follows.

The Induction Hypothesis:

Fix k.

e For each user s, there exists a positive constant M (k) such that

to+t to+t
Z zs(u, k) < Z xs(u) + M(k), for all ty and t. (42)
u=to u=to

e The queue length Q'(t, k) at link [ contributed by all first-hop through k-th hop traffic is
bounded for all ¢.

We first show that the inequality (42) implies the second part of the induction hypothesis.
Assume that oy = ha?. By Proposition 1, there exists some hy > 0 such that for all h < hy and

any initial implicit costs ¢(0), there exists a time T} such that
d(q(t),®) <1 for all t > T.

Hence, ¢(t) is bounded for all ¢. Since

¢(t+1)>q'(t +alZHx5 —1(t)).

we have,
to+t S to+t 1
Hlz,(u ) < —[d'(to+t+1)—¢'(to)] -
ZZ . Z < —[d(to+t+1) = (1)
u=tg s= u=to
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Hence, the left hand side is bounded from above for all ¢, and t. Let M'(0) be this upper bound.

We then have,

t t
! I
Q'(tk) = max ; Al(u, k) — u;ﬂ m(u)]
t kS t
= max Z ZZHé(m)xS(u,m)— Z rl(u)]
Ost'<t L u=t—t’ m=1 s=1 u=t—t’
Tt S t kS
< gax | ) ) Haw= ) rz<u>+ZZHé<m>Ms<m>]
- 7 Lu=t—t’ s=1 u=t—t’ m=1 s=1

< MY0)+ D > Hi(m)M(m).

m=1 s=1

Hence, Q'(t, k) is bounded for all .
We now use induction to show that the inequality (42) holds for all k. We first consider the

case k = 1, i.e., the first-hop traffic only. Since
xs(t, 1) = xs(t),

the inequality (42) trivially holds. The second part of the induction hypothesis then follows (for
k=1).

Assume that the induction hypothesis holds for 1,2,....k — 1. Let M(k — 1) be the upper
bound for Q!(¢,k — 1) for all ¢ and [, i.e.,

Mk—-1)= supmlaXQl(t,k: —1).
t

We now consider the contribution by the k-th hop traffic. Note that

to+t to+t
> wi(u k) <> wg(uk— 1)+ M(k - 1),
u=tg u=to

where the first term on the right hand side correponds to contribution from (k — 1)-th hop traffic
of user s, and the second term corresponds to the maximum amount of backlog at time ty. Since

the inequality (42) holds for (k — 1), we have,

to+t to+t
u=tg u=to
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and hence the inequality (42) now holds for k. Again, by the discussion above, the second part
of the induction hypothesis also holds for k.
Finally, let L denote the maximum number of hops of any users. Note that the overall queue

length Q!(t) at link [ is equal to Q'(¢, L). Hence,

sup Q'(t) < 4oo for all [ € L.
¢

C Proof of Proposition 3

Define

Vi -39

2@[ '
=1

We now show that V(-) is a Lyapunov function of the system. In fact, using (17), we have,

L S
Vo(q(t +1)) = V(@) < > d'(t) [Z Hyz, —n(t) | + Eq(t),
=1 s=1
where
1 X S 2
Eit) = > [Z H'z, —r(t)
=1 s=1
Since both z; and r;(t) are bounded, E(¢) is bounded for all t. Hence,
L S
V(q(t + 1) = Vo(@)) < > d'() [Z Hw, —n(t) | + B, (43)
=1 s=1

for some positive constant E?. By assumption, 7 lies strictly inside yA. Hence, there exists some
€ > 0 such that

(14 €)@ € yA,

ie.,
L
(1+€)) Ha,, leL|eyCo(R).
=1
By the definition of the imperfect scheduling policy S,
L L L L
! g\ — ! ! !
;q (Bru(t) 2 v_max > (B =7 _ max Zﬂq (t) = (1+¢€) ;q (t) Hxs.
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Substituting into (43), we have,

L

Vo(@t+ 1)) = V(@(t)) < —e)_q'(t)Hlz, + EY.
=1

By Theorem 2 of [17], the system in stable. Q.E.D.

D Proof of Proposition 5

Since the utility function is logarithmic, we have,

_ U for all ¢.

25(t) = —
> Hlg\(t)

Taking limits as t — 0o, we have,

*, 1 Ws

Ty = . (44)
> Hlgp"
=1

s

Fix a positive number € such that

o
€ < min ¢; .
L%
l:q7” #0

Then there exists a time slot Ty such that for all ¢ > Tj
lzs(t) — 2| < € and (45)
() —q¢;"] < e (46)

For each link [ € L, there are two cases:

Case 1: If ¢v* > 0, then (46) implies that ¢'(t) > 0 for all ¢+ > T,. Hence, using (17), we have

S
o (Z Hla,(t) — n(t)) = ¢'(t+1) —¢'(t) for all t > T,. (47)
s=1
For any T > 0, summing (47) over t = Ty, Ty + 1,..., Ty + T, we have,
To+T S To+T
o Z ZHél’s(t) - Z r(t)] = |ql(T0 +T+1)— ql(To)‘ <¢*+e
t=Tp s=1 t=To
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We can thus pick 7T large enough such that

T0+T S To+T

1
Z ZHZQES Z r(t)| < e
t=Tp s=1 t To
Using (45), we have
T0+T
LS < S o e
t=Top

where we have used O(€) to denote the class of functions f(e) such that limsup,_,, f(€)/e < 4o0.

Multiplying both side of (48) by ¢4* and using (46) again, we have

1 To+T S
BES n) < Y Ha 4000, (49

t=Tpy s=1
Case 2: If ¢v* = 0, the inequality (49) also holds trivially.

Summing (49) over all [ € £ and using (44), we have

L 1 To+T

qé’*me(t)
=1 tT()
< Z Z*ZHI *I+O
L

= Z w2'(Y Higr) + O0(e)
s=1

=1

S
= ) w,+0(e). (50)

Let #*7 denote the solution to the y-reduced problem. Then, £ ;’7 € A by definition. Hence,

by the definition of the imperfect schedule policy S., 7(t) must satisfies

S
L L > Hix?
Y dnt) = v d ) =T——
=1 =1 v
L S

= Z q'(t) Z Hlz*7 for all t.

=1 s=1

s
qu’*m(t) > quI ZHZ 57— O(e) for all t > Tp.



Substituting into (50), we have,

L S

lv* l *,7Y
q[ E sts
=1 s=1
T0+T

S g 3w

t=Top

< Zws + O(e)

IN

Noting that

L S S *
L, 1, ., *, ws‘rsﬂ
ai ZHS%”—Z@" DI g it
=1 s=1 =1 s=1 Ls
we have,
5w
> < Zws +0(e).
s=1 s
Finally, let € — 0. The result then follows. Q.E.D.

E Proof of Proposition 6

Let A denote the S x S diagonal matrix whose [-th diagonal element is ). Let H denote the

L x S matrix whose (I, s)-element is H'. Then [|¢]|4 = ¢"A™1¢. By (17), we have

gt +1) = q*°lla < lg(t) — §"°la + 2h[HE(t) — 7(1)] "[q(t) — 7]

FR2[HZ() — 7(t)] TA[HZ(t) — 7(1)]. (51)

Note that

VAN
M "
=
—~
3
vy
—
N—
N—r
|
(=
-
=N
~—
g
=)
—
~
N—
+
=1
(=
=
P
~
N—
=y
—
~
N—
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and

S
0 B o trﬂ*,O tr = tr 2%,0
D) =, {3~ 7+ g 7
S
> 3 Ulan(t) = [H 7 U F @) + 7 (07
s=1

Hence,

Substituing into (51), we have

gt +1) = 7|1

< lg(t) = @l +2h[D(q*) = Dy (q(1)] + h*[HE(t) — 7(1)] "A[HE(t) — 7(t)]

Fix n > 0. Let
@, (n) = {q1D5(Q) < D(G*°) + n}-

Since both #(t) and 7(t) are bounded, there exists M < 400 such that

HZ —7)"AHZ —7) < M.
ogxsgﬁsa?eco(n)( . F) ( o F)_

If we pick
h<n/M,

then as long as ¢(t) ¢ ®,(n), we have
13t +1) = 1|4 < 11q(t) — "4 — h.
Hence, eventually, ¢(t) will enter the set ®.(n). On the other hand, if we pick
h<n/vVM,

then once ¢(t) € ®.(n), we have

Vgt +1) = +0l[a < VIIdt) = ¢0lla + Vgt + 1) = @t)lla < VIlat) = g0l + 0.
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Hence, if

h < min{n/M,n/vVM}.

then there exists a time 7 such that

VII3#) = 7*0)|a < &(n) for all t > Ty,

where

= max \/m—i-n

ped,(n

It is easy to show that, as n — 0,

§(n)ﬁmax 7= q*°[a-
ped

The result then follows.

F Proof of Proposition 7

Define

V(it,q) = (14 €)Va(7) + Vy(9),

where

[\

2

('I:

(o

=1

and € is a positive constant to be chosen later. We shall show that V(-,

Lo
= =Y

Q.E.D.

-) is a Lyapunov function

of the system. We begin with a few lemmas. The first two lemmas bound the changes in V,,(+).

Lemma 9

E[V,(i((k +1)T) = Vo (i (KT))|7i(kT), ¢(KT)]
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(k+1)T
mT—A: B, (£ (8) (KT, U T)]dt

where E1 is a finite positive constant.

Proof: Over a small time interval dt, we have

B [n2(e+ 60~ n2(o)] l(o).0)

2)s
= 210;5 {[(ns<t> + 1)2 _ n?(t)])\sfst + [(ns(t) _ 1)2 . ni(t)]ﬂsns(t>$s(t)5t} N 0(515)
= 5 [t = () pans (s (6] + 53 Nt + o (2)2(2)56] + 0(61)

Let ps = As/ps. We have,

E[V,(7i(t + 6t)) — Va(ri(t))|7i(t), 4(1)]

ot
< ; {wy;z(t) [As — psns(8)xs()] + % s + usns(t):cs(t)]} +o(1)
_ S wsn(t) )z W, ns(t)xs(t) .
B ;{ 5y Pe (D] + 5L+ = )}+ 1)

IA
Mm
—N—
—
I[]=
=
’QN
—
~
SN—r
L
e}
»
3
vy
—
~
S—
&
»
—
~
P

ns(t) 1 (B
v |2 = g0
Wy ns(t)xs(t)
+ 7(1 + 0 )}
+o(1)

where p; = A\s/ps. We shall bound the three terms (55-57). By (24),

L
w w
- = max E Hlg'(t), — ¢ .
x(t) { — M
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Hence, the term (55) can be bounded by

IA
g
|
I M
=
‘QN
=
>

(VAN
=| =
Iy »
|
M-
I
QN
=
| I
+
e
V)

IA

For the term (56), note that

Using

we have,

—_
1
3
» N
—~
~+~
~—
8
» N
~~
~+~
~—
[
—_

MM,
M@)o
2ps M, M|~
Finally, for the last term (57), we have

S S

20s T 8psM,  2ps

ng(t)zs(t) < nZ(t)x2(t) N %

Substituting (58-60) back to (55-57), we have,

E[V. (it + 0t)) = Va(7i(t))|7(1), 4(t)]
ot

e ST HG G | [y - na(t)as(0)

(59)

(60)



(VAN
Mm
—N—
—
=
»QN
—~
o~
SN—
| |
e
V)
|
3
w
—~
o~
SN—
8
V)
S
o~
=

2pSMS MS

Integrating over [KT', (k + 1)T], and letting

Zws [ 2,OZ+

the result (53) follows.

Lemma 10

E[V,.(7i ((’f+1)T)) Vo (ii(KT))|7(KT),

(k+1)T
ZHZ "ET) | — w, /
kT

(k+1)T
8psM /

where Es is a finite positive constant.

Proof: From (54),

LW {M _ &} +w, F LAGLAU N MS} } +o(1)

q(kT)]

Eln,(0)|7(kT), g(KT)]dt

7 (kT), (kT)]dt} + By,

ot
5 wgn(t) W ns(t)x,(t)
< Z{ Oy, — o] + 0+ 2o >}+o<1>
5 Ws s ns(t)l’s(ﬂ
= S no] + e OO

(61)

Q.E.D.



By (24),

ng‘;:psma {Z:H” L }<,05 (ZH” w5>
Combining with (60), we have,
E[V,(7i(t +6t)) = Va(7i())|7i(1), 4(1)]

. 5t
< Z{[ps

s=1

l

) = wsns (1) 8. M, 2 M, 2,

L ez FJF Ps +M”+o(1). (63)

L
Hl
Integrating over [KT', (k + 1)T], and lettmg

~S [y g 5]

the result (62) then follows. Q.E.D.

The next lemma bounds the change in V,(-). For simplicity, we use the following matrix
notation. Let A denote the L x L diagonal matrix whose [-th diagonal element is «;. Let H
denote the L x S matrix whose (I, s)-element is H'. Further, let X (t) = n,(t)z(t) and let

X(t) = [X1(t), ..., X5(t)]. Then

—’trA 17
Vo(d) = :
and the update on the implicit costs (25) can be written as
(k+1)T +
Gk + T) = |qeT) + A (H / £ (t)dt — F(k;T)T) (64)
kT
Lemma 11
E[Vy(q((k +1)T) = Vo(q(kT))|A(KT), g(KT)]
(k+D)T
< 76 | H / BX ()|7(kT), qT)]dt — F(kT)T
kT
s (k+1)
HamSLY. | [ BR2OeOIT). QD) d: | + B (65
s=1 kT
where
Omax = r?aﬁxa L= max S maxz

=1
and Fs3 1s a finite positive constant, .

o1



Proof: By (64),

Vo(q((k + 1)T) = Vi (q(kT))

(k+1)T
< q(kT) |H / R (t)dt — F(ET)T
kT
1 (k+DT tr
+i|H / X(t)dt — FkT)T| A
2 kT T
(k+1)T
< G | H / X (t)dt — FRT)T
kT
(k+1)T tr (k+D)T
+ H/ (| A H/ L)t
kT kT
where [-] ™ denotes the transpose. Let
QOmax = max o, L = max S maXZHZ

lel
=1

Then, we have,

A
(]
e
M=
=
| I
M=
=
VR
.
a
IS
E
e~
"
=
\%/
[\

L S (k+1)T 2
< S o |> H (/ ns(t)xs(t)dt>
=1 s=1 kT
L S (k+1)T
< TS ) H / n2(t)x?(t)dt
=1  s=1 kT
S (k+1)T L
- TSZ [/ ni(t)xi(t)dt] [Z oleé]
s=1 |/kT 1=1
S (k+1)T
< TomaxSLY [ / ng(t)xg(t)dt]
— | kT

Letting

Es = max T* A7,
7€Co(R)
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the result (65) then follows.

Proof of Proposition 7 : Multiply (62) by € < 1 and add to (53). We have

(1 + OEVL(A((k + 1)T)) = Va(@(RT)) | (KT), g(KT)]

S L
< Z{ Zqul (kT)
s=1

T

(k+1)T
—ew, / En, (8)[7(kT), Gk T)]dt

T

w k+1)T
_4p5;\45 / E[n?(t)22(t)|7(kT), qkT))dt » + E1 + Ey

Adding (65) to (66), and noting that

{ [i Hlg (kT)

(k+1)T
/k E[ns@)xs(t)m(m,a<kT>1dt}

T

S
2
L (k+1)T

Z (kT) ZH’ / E[n,(t)z,(t)|7(kT), (kT)]dt

(k+DT
~ qkT) |H /k E[X(0)|(T), §kT)dt | |

T

we have

EV(@((k+1T),¢((k + 1)T)) = V(#E(RT), gkT))[(KT), g(kT)]

(14 €)p, T — g™ (KT)F(kT)T

IN
E
M) =
=
‘.QN
=
3

—eS / B[, (6)|[7(kT), Gk T)]dt

T

where Ey = Ey + Es + E5. If (26) is satisfied, then

(14 )p.T — / O (D (OIF(KT). G e

> w (k+1)T
— 5 g7 2 204\ = -
Z |:4,03M5 TC(maXSL:| /k E[ns(t)xs(tﬂn(kT)’ q(kT)]dt

Q.E.D.

(66)

(67)



Hence, the term in (67) is negative. By a rearrangement of the order of the summation, we have,

EV@((k+1T),q((k + 1)T)) = V(#E(ET), gkT))[7(KT), g(kT)]

< TG(KT)[(1+ ) Hp — F(kT)]
S

(k+1)T
—€) w, / E[n,(t)|7(kT), {(kT))dt + Eo,
1 kT

where p' = [p1, ..., ps|]. By assumption, ' lies strictly inside yA. Hence, there exists some ¢ > 0
such that (1 + 2¢)p € VA, i.e.,

(14 2e)Hp € vCo(R).

Use this value of € in the definition of V(+, ). Further, by the definition of the imperfect scheduling

policy S,
gu(kT)r(kT) > Wmaxq “(kT)F > (1+2¢)q"(KT)H
Hence,
EV(a((k +1)T),q((k + 1)T)) = V(i(kT), gkT)) |7 (kT), ¢(kT)]
S (k4+1)T
< —Tq"(kT)Hp — ¢ Z W / E[ns(t)|7(kT), ¢(kT)]dt + Ey
s=1 kT
S
< —eTq"(kTVHf— €Y weny(kT) + Eo
s=1
for some ¢ > 0. By Theorem 2 of [17], the result then follows. Q.E.D.

G Proof of Proposition 8

Recall that

Z Qz]+ Z dji

j:(i,5)EL j:(40)eL

denote the total cost of the links that either start from, or end at node 7. Define

V(it,q) = (14 €)Va(7) + Vy(9),

o4



where

Valil) = 3050 Val@) = = (68)

and e is a positive constant to be chosen later. (Note that the definition of V,(-) is different from
that in the earlier proofs.) We shall show that V(-,-) is a Lyapunov function of the system. In

fact, analogous to Lemmas 9 and 10, we can show that,

B[V (i((k Va((KT)|F(KT), GkT)]
> (k+1)T
< S |2 Y g @) Cf@(kT) oo T — / Bl (1) () [F(KT), GOt
s=1 l])eﬁ ] kT
w (k+1)T
8;1]\845 En2(t)22(t)|7(kT), i(kT)]dt} + FE (69)

and

E[V,.(ii((k +1)T)) = Va (i (KT))|7i(KT), G(KT)]

) ) (k+1)T
pr |2 30 G Bl (KT, dRTYdr

(VAN
1

(i.j)eL Cij T
w (k+1)T

*3 M E[nZ(t)x2(t)|A(kT), (kT)]dt » + Es, (70)
pS S

where E) and E, are finite positive constants. Multiply (70) by € < 1 and add to (69). We have

(1 + OBV, (#((k + 1)T)) = Va(R(ET)A(KT), GkT)]
5 , (k+1)T
DRI D LGED | s gpr— [ Blaoyeu o). qwr)la
s=1 (4,9) EE S T
(k+1)T
— €W, /kT En,(t)|7(kT), ¢(kT)]dt
(k+1)T
B /kT E[ng(t)xi(t)m(kT),cj(m]dt}+E1+E2 (71)

As in Lemma 11, we shall prove the following lemma bounding the change in V,(-).

95



Lemma 12 If o < 1/T, then

E[Vy(q((k +1)T)) = Vo(q(kT))[7i(KT), g(KT)]

< 2 Z g, (kT) Z ZHZm/(kH)T E[n ()xs(kT)\ﬁ(kT),cj(kT)]dt

(i)et m(z meL s=1 Cim
L Z ZHW /(’““)T E[n,(t )ws(ch)n\f(/fT),CT(kT)]dt
m:(myg)eL s=1
. Z Z 1t / T Efn (¢ >ms<kTC>‘|f<kT>,q*<kT>] it
cL s=1 7
s Z 1 / HUTER, <>x3<kT2!ﬁ<kT>,q*<kT>] g T
hi(h,j)eL s=1 hj
S (k+1)T
+aE32 [ /k i E[n?(t)22(t)|7(kT), ¢(kT)]dt | + Ey, (72)

where E3 and Ey are positive constants.

Proof: By the definition of the maximal matching M(kT), (4, j) € M(KT) implies ¢;;(kT) > 1

Further, since a < 1/T, the projection operator in (35) is not needed. Hence,

[Qi((k + )T))* — [Qi(KT)]?

= 2aT Z ¢ (KT) + Z g;i(k

g:(i.g)EL j:(GR)eL
S (k+1)T ns(t)zs(kT)
j:(i,5)€L s:l ij
s
1 ; (k+1)T ng(t)zs (KT)
" ( Z 1 / fdt — LiGayemmn)y
J:(G ) eL = kT i

S (k+1)T
1 ng(t)xs(kT
+a’T? | ) ( E H” nalt)2(RT) gy 1{<i,j>eM<kT>}>
jii =

Cij

2

S (k+1)T
1 ; ns(t)xs(KT)
+ Z (;ZH} / — U= LGaeman)

]t

o6



Substituting into (68) and rearranging the terms, we have,
Vo(q((k +1)T)) =V, (H(kT))

(k+1) T
2 win | Y S Em / "0z (),

sz
(i,5)eL m:(i,m)eL s=1
5T g ()2 (KT)
+ .Z ZHS /kT E— dt

X S [ nnen),

h:(j,h)eL s=1

4 Z Zth/kJrl)T s(t)ms(kT)dt

hi(h,j)eL s=1

=27 > qi(kT) | D Vamemorn + Y, Lmpemun)

(4,9)EL m:(i,m)eL m:(m,i)eL
+ Y Lgmemary + Y, Ympemuny | + Ealk), (73)
h:(3,h)EL h:(h,j)eEL
where
N S
1 T () (KT)
_ 2 _ ? il il _ .
Ey k) = aoT Z (TZHSJ/kT o dt — 1( jyemrm))
=1 | j:(i,5)€L s=1 J
2
s
1 DT ng(t)xs(kT
+ _ZH?/ a0 (KT) )dt—l{u,i)eM(kT)}
= T kT Cji
J:(gA)eL s=1

Similar to the proof of Lemma 11, we can show that

<aE32 [/ et

where F3 and FEj are positive constants. (Note that F3 can be shown to only depend on the

+ Es, (74)

topology of the network.) Further, by the definition of the maximal matching M (kT),

Z 1 myemar)y + Z Limiyemar)y
m:(i,m)eL m:(mi)eL

Z LiGmemuryy + Z Lngyemuryy = 1,
h:(j,R)EL hi(h,j)EL

for all (¢, j) such that ¢;;(kT") > 1

27



Hence,

—qii(kT) | > Lamemuny + O Lmiemun)

m:(i,m)eL m:(m,i)EL

+ D Lgmemory + D Lgpemony | < —a(RT) +1
h:(j,h)eL h:(h,j)eL

for all (i,7) € L. (75)

Substituting (74) and (75) into (73), the result (72) then follows with £, = E5 + 2LT, where L

is the total number of links. Q.E.D.
Proof of Proposition 8 : Note that for all a,, s = 1, vy S,
H;mas
S an Yy
(,5)eL m:(i,m)eL s=1 Cim
i (KT
- Y Y el
(i,m)eL Cim
> ij m (i,m)eL qlm(kT)
= Yoo Y pyEmmes (0
s=1 (i,9)eL J
Similarly,
S - s
H;nlas sz(m,z) Eqml(kT)
> as(kT) 3 Y === D a ) HY -
(i.j)€L mi(myi)eL s=1 ™ (i.j)€L K
R— s
thas Z“Zh: ih Lq'h(k’T>
D w(kT) 3o Yo = ey D HUSHUEES
(i.j)EL hi(jh)es s=1 I s=1  (i,j)ec g
S S
D o n e Qri (KT
> aylhm = Yoa 3 gyl
(i.)eL hi(h.j)eL s=1 s=1  (ij)el Cij
Hence, by Lemma 12,
E[Vy(q((k + 1)T) — Vo(q(kT))7i(KT), g(kT)]
S
LT (k+1)T
< o> | 30 @ QED [ g )0, Ui
=1 | (ipec Cij kT
S (k+1)T
=27 Y qi(kT) + aBs / E[n?)z2@)|7(kT), §kT)dt| + By (78)
(ig)eL s=1 L7+



Adding (78) to (71), we have

EV@((k+1T),¢((k + 1)T)) = V(#E(ET), gkT))[(KT), g(kT)]

- Qi(kT) + Q,(KT)
< 2T1—|—eZpS ZHJ < —2T > q;(kT)
(ij)eL Cig (i,j)eL
S (k+1)T

> / BT, T e

—€
s
S
s=

+E77

—aEg] / Y BRI ()

|:4ps T

where F; = Ey + Ey + E4. When « is sufficiently small, the product term in (79) is negative.

Further, by assumption, [p,] lies strictly inside % Hence, there exists some positive number €

such that, for all node 1,

S i
(1+ 2€) Z ZHszr > ZHC’) <1/2.

J:(i,5)eLl s=1 Ci J:(4i)eLl s=1 I

Hence, applying (76-77) again on the inequality (79), we have,

EV@((k+1T), q((k+ 1)T)) = V(7kT), gkT))[i(kT), q(kT)]

Q

3 zﬂ”ﬂ > z“

h:(j,h)eL s=1 h:(h,j)eL s=1
) (k+1)T

—€> w, / E[n,(t)|7(kT), q(kT)]dt + E;.

s=1 kT

29



By Theorem 2 of [17], the result then follows. Q.E.D.
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