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Abstract— We study the joint problem of allocating data
rates and finding a stabilizing scheduling policy in a multihop
wireless network. We propose a dual optimization based
approach through which the rate control problem and the
scheduling problem can be decomposed. We demonstrate
via both analytical and numerical results that the proposed
mechanism can fully utilize the capacity of the network,
maintain fairness, and improve the quality of service to the
users.

I. INTRODUCTION

Future wireless networks are expected to support appli-
cations with high data rate requirements. Since the wireless
spectrum is scarce, it is important to fully utilize the poten-
tial capacity of the network. One approach to improve the
capacity of a wireless network is to use multi-hop instead
of traditional single-hop communication [1], [2]. Another
approach is to jointly control multiple layers of the network,
including adaptive coding, link scheduling, power control,
and routing. The capacity of wireless multihop networks
with joint control over multiple layers has been studied in
[3], [4]. In [3], the authors characterize the capacity region
of a multihop wireless network and propose a Dynamic
Routing and Power Control (DRPC) policy. As long as the
exogenous data rates fall within the capacity region, the
DRPC policy can schedule radio transmissions such that
the system is stable (i.e., all queues inside the network
remain finite). The DRPC policy generalizes the result of
[5]. A related scheduling policy that also minimizes power
consumption is studied in [4].

An issue that has not been treated thoroughly in the
literature is how to control the data rates of the applications
so that they fall within the capacity region. In future wireless
networks, more and more applications will be data-oriented.
Such applications are elastic, i.e., they can transmit data
over a wide range of data rates. A network without an
appropriate rate control mechanism could perform poorly in
practice. Although, in theory, a dynamic scheduling policy1

such as DRPC can ensure a bounded queue length whenever
the long term exogenous demand is within the capacity
region, the queue length can still be very large if the data
rates chosen by the applications are bursty. Large queue

1From now on, we will use the term scheduling to refer to the joint
control of layers other than rate control, including adaptive coding, link
scheduling, power control and routing.

lengths will either result in large delays, or, when the buffer
size is limited, lead to a large amount of packet losses
in the network. Both will negatively affect the quality of
service experienced by the users. Further, in a network
without rate control, a user could potentially monopolize
the network resources by pouring large amounts of data
into the network, which not only causes congestion but
also unfairness towards the other users. Hence, developing
a solid rate control strategy is important for the efficient
management of future wireless networks. The objective of
rate control is two-fold: to fully utilize the available capacity
of the network, and to ensure fairness and good quality of
service for the users.

Although rate control (or congestion control) has been
studied extensively for wireline networks (see [6] for a
good survey), these results cannot be directly applied to
multihop wireless networks. In wireline networks, the ca-
pacity of each link is fixed. In wireless networks, however,
the capacity of each link is a function of the underlying
schedule used at each time. Past works on rate control in
wireless networks either consider only single-hop flows [7],
[8], [9], or impose simplified assumptions on a restrictive
set of scheduling policies [10], [11], [12], [13], [14]. Hence,
these works have not fully exploited the benefit of multihop
communication and joint multi-layer control.

In this work, we present a unified framework for joint rate
control and scheduling in multihop wireless networks. Our
solution to the joint rate control and scheduling problem has
an attractive decomposition property. Using a dual approach,
we show that the rate control problem and the scheduling
problem can be decomposed and solved individually. The
two problems are then coupled by the implicit cost associ-
ated with each queue to solve the joint problem. We show
via both analytical and numerical results that our joint rate
control and scheduling algorithm can significantly reduce
the queue length inside the network and improve the quality
of service to the users. Due to space constraints, we will
omit the proofs for most results. They are available in [15].

II. THE SYSTEM MODEL

We consider a wireless network with N nodes. Let L
denote the set of node pairs (i, j) such that transmission
from node i to node j is allowed. Due to the shared nature of
the wireless media, the data rate rij of a link (i, j) depends



not only on the power Pij assigned to the link, but also on
the interference due to the power assignments on other links.
Let ~P = [Pij , (i, j) ∈ L] denote the power assignments and
let ~r = [rij , (i, j) ∈ L] denote the data rates. We assume
that ~r = u( ~P ), i.e., the data rates are completely determined
by the global power assignment. (Channel variation, e.g.,
due to fading, is not considered.) The function u(·) is
called the rate-power function of the system. There may be
constraints on the feasible power assignment. For example,
if each node has a total power constraint Pi,max, then
∑

j:(i,j)∈L Pij ≤ Pi,max. Let Π denote the set of feasible

power assignments, and let R = {u( ~P ), ~P ∈ Π}. We
assume that Co(R), the convex hull of R, is closed and
bounded.

In our system, there are S users and each user s is
associated with a source node fs and a destination node
ds. Let xs be the rate with which data is sent from fs

to ds, over possibly multiple paths and multiple hops.
We assume that xs is bounded in [0,Ms]. Each user is
associated with a utility function Us(xs), which reflects the
“utility” to the user s when it can transmit at data rate xs.
We assume that Us(·) is strictly concave, non-decreasing
and continuously differentiable on [0,Ms]. The concavity
assumption models the “principle of diminishing returns”
for elastic applications. We assume that time is divided into
slots. At each time slot, the scheduling policy will select a
power assignment vector ~P and select data to be forwarded
on each link. Given a user rate vector ~x = [xs, s = 1, ..., S],
we say that a system is stable under a scheduling policy if
the queue length at each node remains finite. In this paper,
we are interested in the following joint rate control and
scheduling problem:

• Find the user rate vector ~x that maximizes the sum
of the utilities of all users

∑

s Us(xs) subject to
the constraint that the system is stable under some
scheduling policy.

• Find the associated scheduling policy that stabilizes the
system.

We define the capacity region Λ of the system as the
largest set of rate vectors ~x such that ~x ∈ Λ is a necessary
condition for network stability under any scheduling policy.
Hence, our rate control problem is simply

max
xs≤Ms

∑

s

Us(xs) (1)

subject to ~x ∈ Λ.

The capacity region can be determined by the rate-power
function u(·) and the power constraint set Π [2], [3], [4].
In this paper, we consider two cases: the route-independent
case and the route-dependent case.. In the route-independent
case, the routes for each user are not specified before-hand.
Let D = {ds, s = 1, ..., S} denote the set of destination
nodes. The capacity region is determined as in [3]:

The Route-Independent Case: The capacity region Λ is
the set of user rates ~x such that there exists a link rate vector

~rd associated with each destination node d and the vector
~R = [~rd, d ∈ D] satisfies:

rd
ij ≥ 0 for all (i, j) ∈ L and for all d ∈ D
∑

j:(i,j)∈L

rd
ij −

∑

j:(j,i)∈L

rd
ji −

∑

s:fs=i,ds=d

xs ≥ 0

for all d and for all i 6= d (2)

[
∑

d

rd
ij ] ∈ Co(R),

where rd
ij can be interpreted as the amount of capacity on

link (i, j) that is allocated for data towards destination d.
In the route-dependent case, each user s has θ(s) alternate

routes. Let H = [Hsv
ij ] denote the routing matrix, i.e.,

Hsv
ij = 1 if path v of user s uses link (i, j), and Hsv

ij = 0
otherwise. The capacity region is determined as in [4]:

The Route-Dependent Case: The capacity region Λ is the
set of user rates ~x such that there exists xsv for each s, v
and the vector [xsv, s = 1, ..., S, v = 1, ...θ(s)] satisfies:

xs =
∑

v

xsv for all s, and [
∑

s,v

Hsv
ij xsv] ∈ Co(R),

where xsv can be interpreted as the data rate on path v of
user s, and

∑

s,v Hsv
ij xsv is the total rate on link (i, j).

In both cases, it is easy to show that the capacity region
Λ is a convex and compact set. Because the utility function
is strictly concave, an optimal solution to (1) exists and is
unique. We next present a methodology for solving (1) and
the associated scheduling policy.

III. THE SOLUTION

In this section, we will develop a framework for solving
the joint rate control and scheduling problem.

A. The Route-Independent Case

We first study the route-independent case using a duality
approach. We can assign a Lagrange multiplier qd

i (i 6=
d) for each constraint in (2), construct the Lagrangian and
obtain the dual objective function (see [15] for the detail).
Let qd

d = 0 and ~q = [qd
i ]. The dual objective function is of

the following form:

D(~q) =
∑

s

Bs(q
ds

fs
) + V (~q),

where
Bs(q) = max

xs≤Ms

Us(xs) − xsq, (3)

V (~q) = max
~r=u(~P ), ~P∈Π

∑

(i,j)∈L

rij max
d

(qd
i − qd

j ). (4)

The dual approach thus results in an elegant decomposi-
tion of the original problem. Given ~q, we have decomposed
the problem into the rate control problem (3) and the
scheduling problem (4). The Lagrange multiplier qd

i can be
interpreted as the implicit cost at node i for destination node
d. Each user s solves its own utility maximization problem
Bs independently as if the “price” for user s is qds

fs
. The



scheduling problem V (~q) is precisely the the DRPC policy
in [3].

The dual problem of (1) is then

min
~q≥0

D(~q). (5)

Let ~r = u( ~P ) be the solution to the scheduling problem (4).
Compute the related set of vectors ~rd, d ∈ D as follows.
For each link (i, j), let d∗(i, j) = argmaxd qd

i − qd
j , and let

rd
ij = rij if d = d∗(i, j) and rd

ij = 0 otherwise. We can
show that D(~q) is convex and its subgradient is given by,

∂D

∂qd
i

=





∑

j:(i,j)∈L

rd
ij −

∑

j:(j,i)∈L

rd
ji −

∑

s:fs=i,ds=d

xs



 ,

where ~x = [xs] solves (3) and the vectors ~rd are as defined
earlier. We can then use the following subgradient method
to solve the dual problem. We will refer to this solution
as the node-centric solution, since the Lagrange multipliers
(i.e., implicit costs) are associated with the nodes.

The Node-Centric Solution:

qd
i (t + 1) =







qd
i (t) − ht





∑

j:(i,j)∈L

rd
ij(t)

−
∑

j:(j,i)∈L

rd
ji(t) −

∑

s:fs=i,ds=d

xs(t)











+

, (6)

where ht, t = 1, 2, ... is a sequence of positive stepsizes,
~x(t) and ~rd(t) are defined as ~x and ~rd earlier with ~q = ~q(t).
The following proposition is a consequence of Theorem 2.3
in [16, p26].

Proposition 1: a) There is no duality gap, i.e., the
minimal value of (5) coincides with the optimal value
of (1).

b) Let Φ be the set of ~q that minimizes D(~q). For any
~q ∈ Φ, let ~x solve (3), then ~x is the unique optimal
solution ~x∗ of (1).

c) Let ρ(~q,Φ) = min~p∈Φ ||~q − ~p||. If

ht → 0 as t → ∞, and
∑

t ht = ∞,

then ρ(~q(t),Φ) → 0 and ~x(t) → ~x∗ as t → ∞.

The last part of Proposition 1 shows that, when ht ↓ 0
in an appropriate fashion, iteration (6) converges and solves
the optimal rate assignment. In practice, we usually use a
constant stepsize. As long as the stepsize is small, we can
still show that ~q(t) will converge to a small neighborhood
around Φ. Because the mapping from ~q(t) to ~x(t) is
continuous, we can then conclude that the user rates ~x(t)
will also converge to a small neighborhood of the optimal
rate assignment ~x∗. Further, using constant stepsize also
allows the algorithm to track the non-stationarity in the
network conditions.

1) The Joint Scheduling Policy : We now show that
a stabilizing scheduling policy can be obtained as a by-
product of solving (4) at each iteration (6). We have each
node i maintain a queue for each destination node d 6= i,
and let Qd

i denote its queue length. At each time slot, we
use the power assignment that generates the optimal vector
~r in (4) (and subsequently the vectors ~rd). For each link
(i, j) ∈ L, we then pick the queue Qd∗

i at node i with
rd∗

ij = rij and transmit data from queue Qd∗

i to node j at
rate rij . The evolution of Qd

i is then determined by

Qd
i (t + 1) =







Qd
i (t) −





∑

j:(i,j)∈L

rd
ij(t)

−
∑

j:(j,i)∈L

rd
ji(t) −

∑

s:fs=i,ds=d

xs(t)











+

. (7)

Comparing (7) with (6), we can see that Qd
i (t) = qd

i (t)/h
when ht = h > 0. Since qd

i (t) is bounded, we conclude
that Qd

i (t) is bounded as well.
Proposition 2: Assume ht = h > 0 for all t. If h is small

enough, then using the above scheduling policy, we have,

sup
t

Qd
i (t) < +∞ for all i 6= d.

2) Fairness and Stability : Fairness among users can be
controlled by appropriately choosing the utility functions
[17]. A general form of the utility function is

Us(xs) = ws

x1−γ
s

1 − γ
, γ > 0, (8)

where ws, s = 1, ..., S are the weights. Maximizing the total
utility will correspond to weighted proportional fairness as
γ → 1, and weighted max-min fainess as γ → ∞.

An interesting question that we need to address is:
although fairness and quality of service are improved by
applying rate control, does this reduce the stability region
(to be defined below) of the system? To be precise, we
replace each user s by a dynamic group of users with the
same utility function and the same source and destination
pair. We assume that users of group s arrive according to a
Poisson process with rate λs and each user brings a file for
transfer whose size is exponentially distributed with mean
1/µs. The load brought by group s is then ρs = λs/µs.
The stability region Θ of the system under a given rate-
control and scheduling policy is the set of load vectors
[ρs, s = 1, ..., S] such that the number of users and the
queue lengths remain finite when [ρs] ∈ Θ. Note that in the
framework of [3], there is no rate control, i.e., each user
can send the entire file into the system immediately upon its
arrival. The authors of [3] show that as long as [ρs] resides
strictly inside the capacity region Λ, the DRPC policy
(without rate control) will stabilize the system. Hence, the
stability region coincides with the capacity region Λ. We
now study whether the same conclusion holds when rate
control is applied. Let ns denote the number of users from
group s that are currently in the system. We assume that



the rate allocation ~x at each time is perfectly determined by
the solution to the utility maximization problem (1) given
the current set of users. Because the iteration (6) takes
time to converge, we can expect that this assumption will
better capture systems transferring “longer” files [17]. The
transition of ns is then given by:

ns → ns + 1, with rate λs

ns → ns − 1, with rate xsnsµs.

Proposition 3: Assume that the rate allocation perfectly
solves (1) at each time and the utility function is of the
form (8) for some γ > 0. If [ρs] resides strictly inside the
capacity region Λ, then the Markov process [ns] is ergodic.

Proposition 3 shows that the stability region is not
reduced by applying rate control. On the other hand, the
benefit of applying rate control is that the queue length Qd

i

inside the network can be tightly controlled. In Section IV,
we will show via simulation that the queue length inside the
network can indeed be significantly reduced by applying our
joint rate control and scheduling algorithm.

3) Virtual Queues : The fact that the queue size Qd
i

and the implicit cost qd
i are tightly coupled by iteration

(6) may have the following undesirable consequence. The
more congested the network, the higher the implicit costs,
and the larger the delay at each node. Using the virtual
queue concept as in wireline networks [18], we can couple
the implicit cost with a virtual queue instead of the real
queue Qd

i . We only need to modify the iteration (6) as:
The Node-Centric Solution with Virtual Queue:

qd
i (t + 1) =







qd
i (t) − h





∑

j:(i,j)∈L

δrd
ij(t)

−
∑

j:(j,i)∈L

δrd
ji(t) −

∑

s:fs=i,ds=d

xs(t)











+

, (9)

where δ is a positive factor slightly smaller than 1. The
iteration (9) corresponds to shrinking the capacity region to
δΛ. We can imagine a virtual queue V Qd

i at each node i
associated with each destination d such that V Qd

i = qd
i /h,

while the real queue still evolves as in (7). If the number of
the users is fixed, while the implicit costs (and the virtual
queue length) will converge to positive values, the real
queue length will eventually go to zero. In Section IV, we
will demonstrate that using the virtual queue algorithm can
further reduce the queue length inside the network with a
minimal cost to the capacity of the system.

B. The Route-Dependent Case

The route-independent formulation in Section III-A is
convenient for systems with a small number of destination
nodes. For example, for traffic from wireless terminals to
the (single) base-station, each node only needs to maintain
one queue. No per-flow information needs to be maintained.
If the number of destinations is large, each node then needs

to maintain many queues, each of which corresponds to one
destination node. As we will see next, the route-dependent
formulation is more convenient in such scenarios. With the
route-dependent formulation, each link again only needs
to maintain one queue (or implicit cost) and no per-flow
information needs to be maintained.

We introduce an auxiliary variable cij ≥ 0 for each link
(i, j) ∈ L, and rewrite the primal problem (1) as:

max
[xsv]≥0

∑

s

Us(
∑

v

xsv) (10)

subject to
∑

s,v

Hsv
ij xsv ≤ cij for all (i, j) ∈ L (11)

and [cij ] ∈ Co(R),
∑

v

xsv ≤ Ms. (12)

The route-dependent case can then be treated analogously
to the route-independent case. (For the detail, please refer
to [15].) We can associate a Lagrange multiplier qij for
each constraint in (11), and obtain the following iterative
solution. We will refer to this solution as the link-centric
solution, since the Lagrange multiplier is associated with
each link.

The Link-Centric Solution:

qij(t + 1) =

{

qij(t) + ht

[

∑

s,v

Hsv
ij xsv(t) − cij(t)

]}+

.

(13)
Here ht is a sequence of stepsizes. The vector [xsv(t)]
solves

Bs(~q) = max
xsv≥0,

P

v
xsv≤Ms

[

Us(
∑

v

xsv)

−
∑

v

∑

(i,j)∈L

Hsv
ij qijxsv



 (14)

for each user s and the vector ~c(t) = [cij(t)] solves

V (~q) = max
[cij ]=u(~P ), ~P∈Π

∑

(i,j)∈L

qijcij . (15)

Note that
∑

(i,j)∈L Hsv
ij qij in (14) can be viewed as the

implicit cost of path v of user s. As we can see, the rate
control problem Bs and the scheduling problem V are again
decomposed.

There is one problem with the iterations (13)-(15). Al-
though the iteration (13) may converge to the optimal value
of ~q, the user rates xsv will not converge if some users have
multiple paths. In fact, when we solve (14) for a user s that
has multiple paths, only paths that have the minimum cost
will have positive data rates. If the costs of several paths
are close to each other, the data rates on these paths will
oscillate as the implicit cost ~q(t) is being updated. This
difficulty arises because the objective function in (10) and
(14) is not strictly concave in [xsv]. One can overcome this
problem of oscillation by using the Proximal Optimization



Algorithm [19]. We can introduce an auxiliary variable ysv

for each xsv, and modify the objective function to be

max
[xsv]≥0

∑

s

Us(
∑

v

xsv) −
ν

2

∑

s,v

(xsv − ysv)2 (16)

subject to (11) and (12),

where ν > 0. For any fixed ~y = [ysv], the objective function
becomes strictly concave. We can retain the link-centric
solution (13) except that now the vector [xsv(t)] should
solve

Bs(~q|~y) = max
xsv≥0,

P

v
xsv≤Ms

[

Us(
∑

v

xsv)

−
ν

2

∑

v

(xsv − ysv)2 −
∑

v

∑

(i,j)∈L

Hsv
ij qijxsv



 .

No oscillation will occur because the mapping from ~q
to ~x is now continuous. Using similar techniques as in
Proposition 1, we can show the following result.

Proposition 4: If

ht → 0 as t → ∞, and
∑

t ht = ∞,

then [xsv(t)] → [x∗
sv] by the iteration (13), where the vector

[x∗
sv] is the unique optimal solution to (16) given ~y.
Finally, an optimal solution to the original problem (10)

can be obtained by the following iteration [19]:

• Given ~y = ~y(k), solve (16). Let ~x be its optimal
solution.

• Let ~y(k + 1) = ~xβ + ~y(k)(1 − β) where 0 < β < 1.

In practice, we usually use constant stepsize ht = h, and
we do not wait for the proximal problem (16) to converge
before we set ~y to the new value of ~x. Readers can refer
to [20] for related theoretical analysis. We can also derive
analogous results to those in Sections III-A.1 to III-A.3 for
the route-dependent case.

IV. SIMULATION RESULTS

Due to space constraints, we will only report simulations
with the node-centric solution in Section III-A. Readers
can refer to [15] for additional simulation results for the
link-centric solution. Note that the most computationally
expensive step of our solution is to solve the scheduling
subproblems (4) or (15). The complexity depends on the
form of the rate-power function u(·). For our simulation,
we assume that the data rate at each link is proportional
to its Signal-to-Interference ratio (SIR). This assumption
is suitable for CDMA systems with a moderate processing
gain [4]. Each node i also has a maximum power constraint
Pi,max. With a rate-power function of this form, the schedul-
ing problem can be solved by applying a similar procedure
as the one used in [4]. For details, please refer to [15]. The
complexity of the procedure is O(2N ). When the number
of nodes N in the system is large, a clustering heuristic as
in [21] can be used to find approximate solutions.
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Fig. 2. The evolution of the user rates (top) and the queue length (bottom)

Our simulation uses the “grid” topology in Fig. 1. There
are 8 terminals and 1 base-station (BS). The horizontal and
vertical distance between neighboring nodes is 1.0 unit.
We first assume that each terminal has one user sending
data towards the base-station. The utility function for each
user is U(x) = ln x. Each node can communicate directly
with any other node. The power constraint at each node is
Pi,max = 1.0 unit. The path loss is d−4 where d is the
distance from the transmitter to the receiver. The rate of
each link is proportional to the SIR, with rij = 10.0×SIRij .
The ambient noise level is N0 = 1.0 unit.

In Fig. 2, we report the evolution of the data rates of
three selected users at nodes 0, 1 and 7, respectively, and
the evolution of the queue lengths at these three nodes. The
stepsize h = 0.01. (The implicit cost at each node is simply
h times the respectively queue length.) As we can see, all
quantities of interest converge to a small neighborhood.

We have also simulated the virtual queue algorithm in
Section III-A.3 with δ = 0.95. The result is not reported
here due to space constraints and is available in [15]. We
find that both the data rates of the users and the virtual
queue length converge to values that are only slightly
different from those in Fig. 2. However, the real queues
are eventually driven close to zero, as predicted by our
theoretical result.
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Fig. 3. The evolution of the total queue length summed over all nodes

We next simulate the case when there are dynamic
arrivals and departures of the users. Users arrive at each
node according to a Poisson process with rate λs = 0.009.
Each user needs to send to the base-station a file whose
size is exponentially distributed with mean 1/µs = 100 unit.
The utility function for each user and the radio transmission
model are the same as before. We also simulate the case
when there is no rate control, i.e., when a user arrives, it
pumps all data into the source node at a high data rate of
20.0. In Fig. 3, we compare the total queue length summed
over all nodes with rate control (the dotted line) and without
rate control (the dashed line). Obviously, the queue length
is reduced significantly when rate control is employed.

We also simulate the virtual queue algorithm when there
are dynamic arrivals and departures of the users. The
(lowest) solid line in Fig. 3 shows the total queue length
summed over all nodes when the virtual queue algorithm
is used. Although the virtual queue parameter δ = 0.95 is
close to 1 (which means that we only incur a small cost
at the capacity of the system), the virtual queue algorithm
is still very effective in further reducing the queue length
inside the network. The peak queue length is reduced from
770 (without virtual queue) to 284 (with virtual queue).

V. CONCLUSION

In this paper, we have presented a framework for joint
rate-control and scheduling in multihop wireless networks.
We proposed a dual approach through which the rate control
problem and the scheduling problem can be decomposed.
Our solution not only fully utilizes the capacity of the
network, but also ensures fairness and good quality of
service to the users. We demonstrate via both analytical
and numerical results that the proposed mechanism can
effectively reduce the queue length and the packet delay
inside the network.

The most computationally expensive part of the solution
is to find the schedule that maximizes the total weighted link
capacity at each iteration. For future work, we plan to study
simple heuristics that can approximate the optimal schedule.
We are particularly interested in heuristic solutions that are
easy to implement in a distributed fashion. We will also

study how the rate allocation will be affected by the use of
these heuristics.
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