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Abstract—We show that for a large class of scheduling of-variations problem that is very difficult to track [1],][2
algorithms, when the algorithm minimizes the drift of a  Recently, there have been some progress in using Lyapunov
Lyapunov function, the algorithm is optimal in maximizing  fnctions to deal with this difficulty [4]. Through this new

the asymptotic decay-rate of the probability that the Lyapunov . . L
function value exceeds a large threshold. The result in thipaper approach, the form of scheduling algorithms that maximize

extends our prior results to the important and practically- the asymptotic decay-rate of the probability of some specifi
useful case when the Lyapunov function is not linear in scale form of overflow event is characterized [4], [5]. See also the
in which case the evolution of the fluid-sample-paths becorse related results in [3]. However, the proof techniques irséhe
more difficult to track. We use the notion of generalized fluid papers tend to be quite involved.

sample-paths to address this difficulty, and provide easyet . . . .
verify conditions for checking the large-deviations optinality In this paper, we would like to establish a simpler and

of scheduling algorithms. As an immediate application of e ~more general result of the following type. _
result, we show that the log-rule is optimal in maximizing the Statement 1: If an algorithm minimizes the drift of a

asymptotic decay-rate of the probability that the sum queue Lyapunov function at every time, then such an algorithm is
exceeds a thresholds. optimal in the sense that it maximizes the asymptotic decay-
rate of the probability that the Lyapunov function value
exceeds a threshold, as the threshold approaches infinity.
In this paper we are interested in link scheduling al- Note that many queue-length-based scheduling algorithms
gorithms for wireless networks supporting delay-semsitivare designed by minimizing the drift of some Lyapunov
applications. In many cases, the performance objective @inctions. For example, the max-weight algorithm minirsize
these applications can be mapped to a bound on the queygs drift of the Lyapunov functiod/(X) = >, X? where
overflow probability [1]-{6]. Specifically, in order to meet X, is the queue length of user Similarly, thea-algorithm
delay constraints with high probability, we would like toin [4], [5] minimizes the drift of the Lyapunov function
ensure that the probability with which some function of the/(x) — >, X2t Hence, if the above result indeed
global queue-length vector exceeds an overflow threshold fig|ds, it will allow us to easily conclude the large-de\iats
below a small value. For example, such a function of thgptimality of a large class of link scheduling algorithms.
queue-length vector could be the maximum queue lengtturther, it will help us to search for the optimal scheduling
among all users, or the sum of the queue length over aigorithm by choosing the appropriate Lyapunov function.
users. Often, a closed-form solution of the queue length |n our prior work [6], we have established Statement 1
distribution is not available. In that case, we could indtese  for Lyapunov functions that satisfy the following conditi
large-deviations theory [7] to study the asymptotic det#tg- First, the Lyapunov functiof? (X) must be linear in scale. In
of the queue-overflow probability, as the overflow threshol@ther words, if the global queue-length vechoiis multiplied
increases to infinity [1]-[6]. A larger decay-rate may then bpy a positive scalar, then V(ﬁ)f) - ﬁV(X). Second,
interpreted as better delay performance. the Lyapunov function must be convex. These conditions
Unfortunately, due to both the radio interference and thgre satisfied by Lyapunov functions of the form()?) =
time-varying channel conditions in wireless systems, eve(fzi qu)l/a. Note that asy — oo, Va()?) — max; X;.
the large-deviation decay-rate can be difficult to characteqence, we can conclude that, as— oo, the a-algorithms
ize. Specifically, in order to minimize the queue-overflowasymptotically achieve the maximum asymptotic decay-rate
probability, it is often necessary to use queue-lengtleddasof the probability thatmax; X; > B. Note that this conclu-
link scheduling algorithms, which compute the link schedul sion recovers the result that was first reported in [4], [5].
at each time based on the current queue backlog vector [1],However, not all Lyapunov functions (and their corre-
[2]. However, for such queue-length-based scheduling-alggponding scheduling algorithms) satisfy the afore-mewtib
rithms, computing the asymptotic decay-rate of the queugonditions required in [6]. A notable case is the so-calte |
overflow probablllty involves a multi-dimensional calcsiu rule [8]' which has been Conjectured to maximize the asymp-

_ , totic decay-rate of the overflow probability that. X; > B.
This work has been partially supported by NSF grants CN3068, . L ? .
CNS-0626703, CNS-0721484, and a grant from Purdue Reséaunda- D€ 10g-rule can be viewed as minimizing the drift of the

—

tion. Lyapunov functionV (X) = >~ .(X; + 1) log(X; + 1) — X;.

I. INTRODUCTION



This Lyapunov function is not linear in scale. Hence, wavhenever such a limit exists, whel®,[-] denote the sta-
cannot use the result of [6] to study its optimality. tionary distribution under the scheduling poliey Further,

In this paper, we extend the result of [6] to more generdét I,,; denote the maximum value éfr) over all policies.
forms of Lyapunov function, which include the Lyapunovwe are interested in finding the scheduling policy that can
function for the log-rule. We show that under suitable cendiachieve the maximum decay raig,.

tions, Statement 1 is true even when the Lyapunov function is Remark: The functionf(B) needs to be properly chosen
not linear in scale. A main difficulty in establishing Staemh  sg that the limit in (1) does not become trivial. We will
1 for Lyapunov functions that are not linear in scale is thaprovide more comments on the choicefd3) at the end of
the resulting fluid-sample-paths are more difficult to tracksection I1I.
We use the recently-developed t_heo_ry of generalized fluid- g4, anyB > 0 andT > 0, define the scaled channel-state
sample-paths [3] to address this difficulty. The result Oﬁroce5$3(t), scaled arrival procesg (¢), and scaled queue
this paper allows us to apply Statement 1 to a much Iargﬁ?ocesszer(t) ass?(0) = g#(0) = 0, 2P (0) = X;(0)/B

. . . 7 7 7 ) 7 3 )
class of Lyapunov functions and scheduling algorithms. In
particular, as an immediate application, we show that tge lo B B
rule maximizes the asymptotic decay-rate of the probabilit $B(t) = 1 1 o B(y) — 1 AT
that 3", X, > B. This result generalizes the result of [8], r=5 TZZI @o=p 9 =g ;1 ()
which was for a log-rule-like scheduling algorithm and was 5 1
for only two users. z (t) = EXl-(Bt),

Il. THE SYSTEM MODEL

o ) ] fort = %, m = 1,..,BT, and by linear interpolation
For S|mpI|_C|ty, we focus on the downhn!( of a single-cell jiherwise. Lets (t) = [sjB(t),j = 1,..,8], §%(t) =
serving multiple users (although the techniques heretsmal[gg(t) i =1,..,N], and@8(t) = [2B(t),i = 1,...,N].

be applied to more general network settings, e.g., mujti-ho .
wireless networks). The wireless channel can be in one §Pr anyé = [¢;,j = 1,...,8] > 0 and }_ ¢; = 1, define
S states. We assume that time is divided to slots with unit- s =t

length. At time-slott, let C(¢) denote the channel state. We H (¢|5) = . ¢, log % (Here we use the convention that
assume that the channel states &ird. over time, and let J=l1 -

p; = P[C(t) = jl,j = 1,2,...,S, denote the probability 0log0 = 0.) Further, define
that the channel state jsat timet. The base-station serves
N users. Letd;(t) denote the number of packets for user Li(a) = sup (Ba — log Eexp(0.4:(0))]) -

that arrive at the base-station at time-glote assume that

A;(t) arei.i.d. over time, and are independent across users. N

We further assume that; (t) is bounded for all usersand For anya = [a;,i =1,...,N], let L(@) = > L;(a;). With

all time-slotst. DefineA; = E[Ai(1)] gnd)§ = (A1, AN)- ~a suitable choice of the topological spaz&eﬂl, the sequence of
We assume thah belongs to the interior of the capacity processes” () and 77 (-) are known to satisfy sample-path

region [9], and hence the system can be stabilized by somgge deviation principles [7, p176] with large-deviatiate-
scheduling policy. Due to interference, at each time-siet t fnctions given by

base-station can only serve packets for one user. Hjet

denote the rate that the base-station can serveiustien T 43t
the channel state ig, if the base-station chooses to serve IT(50)) = / H(Wﬂﬁ)dt
useri. Let U(t) denote the index of the user that the base- OT .
station chooses to serve at time-sloThen the evolution of 7G) = / L(dg_(t))dt’
the queue backlog for usercan be written as: g 0 dt
S, ’ whenever the process&s) andg(-) are absolute continuous.
Xi(t+1) = | Xi(t) + Ai(t) = Y Fjlicw=jum=y| - Finally, for any (5(-), (-)), define the large-deviations cost
J=1 over a time intervalt, t,] as
Let X = [X;,i = 1,..., N]. Let V(X) denote a given non- N B
negative and compgnent-vylse non-decreas_lng functlo_neof th i, tz](g('),ﬁ(')) _ H(ds_(t)m;) + L(dg—(t))dt.
global queue vectaok . In this paper, we are interested in the ’ t dt dt
asymptotic decay-rate of the probability tH&(X' ) exceeds
some thresholdf(B), when the scaling parameté? ap- 1. AN UPPERBOUND ON THEASYMPTOTIC

proaches infinity. In other words, for a particular schealyli DECAY-RATE OF THE QUEUE OVERFLOW PROBABILITY

policy = under which the system is stationary and ergodic,

we are interested in the following quantity: Given any non-negative and component-wise non-
1 . _ decreasing functioﬂ?()?) of the global queue-length vector

I(m) = = Jim —logP[V(X(0)) = f(B)l, (1) X, define the following optimization problem for at > 0,



¢ anda: Proof: [of Proposition 1] Fix a smalk > 0. By the
. definition of /¢, there existp, andd, such that
1B(¢,d@) = min

1%
s H(Gol|§) + L(do)
subjectto  X; = [a; — ZF}U}]* W(¢o, do)
j=1

S Iopt + €.

_ Let T, = m and T = Ty/(1 — ¢). Consider
Zu;- = ¢; a scaled channel-state procegg-) and a scaled arrival

= processjo(+) in the interval[0, 7] such thatsy(t) = teo
for all channel stateg = 1,...5.  and g(t) = td,. Let § > 0 be a small number, which we
will choose soon. Consider a debof pairs of scaled channel-

The parametem; can be interpreted as the long-term fraCt'Onstate process(-) and scaled arrival procegk-) such that

of time that the base-station serves usat statej. The value for each ;
e I, the following holds
IB(¢, @) can then be viewed as the slowest way tHatY ) (5C).50)) g
can grow when the channel state process and the arrivalsup ||5(t) — 55(t)|| < 6, sup [G(t) — Go(t)|| < 6.

process satlsfyi (b and = @ at all time. For an  t€[0,T] telo,T
increasing overflow threshold functh‘hiB) assume that the \we will show that with a swtable choice éfthe queue must
following limit exists for all ¢ anda: overflow (in the sense that(X) > f(B) ) at time BT for
~ L any (5(-), g(-)) € I'. To see this, for anys(-), g(-)) € I, let
w(p,a@) = lim_ Ef H(1P (9, @)). (@) ¢ = (3(T) - 50))/T anda@ = (G(T) — §(0))/T. Further,

let ﬂ; be the corresponding fraction of time in the interval
Roughly speakingw(¢, a) can be interpreted as the slowest0, T'| that user: is served whenever the channel statg.is
N

speed of growth off ~!(V(X)) and hencel/i(¢,d) is the  Nore that~ @ = 1 for all states;. Let

maximum-timeV (X)) would take to exceegi(B) when the i=1
channel-state process and the arrival process safsfy ¢ n I
and % = G. Let o S i
- Z Giljus | 0= |aio— Z bioFju;|
o= e HlP) + L) o o
opt = inf ———mr -
w(¢,d)>0 (e, a) where a;, a; 0, ¢; and ¢, o are the components af, dy, ¢,

We first have the following upper bound on the asymptoti@d o, respectively. Leti = [z;], and# = [z;]. Then
decay-rate of the queue-overflow probability. by choosmgd to be sufficiently small, we can ensure that

Proposition 1: Assume that the limit in (2) exists for all ¢ = > (1= €)wio forall (5(-),4(-)) € T'. Hence, we have
¢anda Then V(X(BT)) >

> ( T) - X(0)) > V(BT%)
>

Zo) > P10 (¢, do).

d), there existsB, such that for

lim in % log P [V(X(0) > F(B)] > —Iop.

Remark: The function f(B) must be chosen such thatBY the definition ofa(
the valuel,,; is not trivial. Roughly speakingf(B) must all B > By, we have
be on the same order ag(BX) when B — oo. For “BTo R Py
example, wher?/ (X) = 3, X( th)enf(B) may be chosen 7P (G0, @) 2 (1 = ) BTvb(Jo, o) = B.
asf( )= B2 If f( ) “grows” too fast, it may happen that Hence, we have
w(&, a) = 0 for all 5 andd. In this case/,,: = +o0, and L - . ~
hence the probabilit[V (X (0)) > f(B)] decreases super- V(X(BT)) > 17T (¢, @o) > f(B).
exponenually to zero aB — oo. The other extreme is when
f( ) “grows” too slowly. Specifically, if for allX

V(X
V(BT
s,

In other words, the queue must overflow at tild&’ for any
(5(-),g(-)) € I. Hence,

Jim w = +o0, lim inf % logP [V (X (0)) > f(B)]
then w(¢,d) = +o0o and I, = 0. In this case, the = 1$i£f%10gpw[V(X(BT)) > f(B)]
Consiant =5 . Nelter of hest o situations are >~ 60 er, Tom(FTE) = ~Jom(E0).30)
gﬁ(s):(r:aebl)ef;(or)a}thOLuIIDdPe:lessuurlet.tr':';)t.summarlze, the suitable _ —T(H($o||]3) (@) > — (I;pt 46‘)2
(@) @(¢,d) > 0 for some¢ anda. Since this is true for alt > 0, the result of the proposition

(b) For someX, limp_.o % < +00. then follows by lettinge — 0. [



IV. ALOWERBOUND ON THEASYMPTOTIC However, for this purpose we need some stronger conditions
DECAY-RATE OF THE QUEUE-OVERFLOW PROBABILITY on the Lyapunov functions. These conditions essentialy re

Next, we construct a lower bound on the asymptotic decafi!ire that the scheduling policy not only minimizes tee-

rate of the queue overflow probability using a Lyapuno\;stepdrift of the Lyapunov function, it must also minimize
function. the drift over each time-interval of length” for somen €

(0,1), whenever the queue-length vecfort) preceding this
A. Lyapunov functions time-interval is on the ordeB. Such drift-minimization must
Often, the stability of the system under a particulahold even when compared to another policy that knows the
scheduling policyr is established through a Lyapunov func-channel-states and arrivals in this time-interval of lemgt”
tion. Let ||Xl| be anL? norm withp > 1. The Lyapunov N ad_vance For this purpose, the condition below es_sentially
functionV (X) for a given scheduling policy is a function requires that the gradient of the Lyapunov function does

that satisfies the following conditions: not change much during such a time-interval of length
Assumption 1: (a) V(X)is a continuous function ok, ~ (Please see part (b) of Assumption 2). Since the drift of the
andV (X) > 0. Lyapunov function is dependent on its gradient, under these
(b) V(X)— +o00 as||X|| — oo. conditions a scheduling policy that minimizes the one-step

(c) There exists a larg8 such that whenevdt)?” > B, drift should also (approximately) minimize thg"-step drift
(see Proposition 4 below).

E[V(X(t+1)) - V(X(1)X(t) = X] <€ (3) Assumption 2: (a) VV(X) >0 for all X, and

for some¢ > 0. 1%
The last condition implies a negative drift of the Lya- 0X;
punov function. Hence, the system under policymust
be stable. Often, the negative drift is attained when the  Further, foralld/ > 0 andi, £~ is bounded whenever
scheduling policyr chooses a schedule that minimizes the Xi < M.

— —

drift V(X (t+ 1)) — V(X (t)) at each time slot. Note that ~ (P) For anye >0, M >0 and0 < vy < vy, there exists

— +o00 as X; — oo for all i.

if the Lyapunov function is differentiable, then under Fair By andno € (0,1) such that for allB_ > By, 0 <
general assumptions, the drift of the Lyapunov function may 7 < 70, [ Xol| € (v B,v1B), and [[AX]| < M B,
be written (for largeX (t)) as the following holds

IVV(Xo + AX) — VV(Xo)|] < € [VV(X0)]l.

N
V(IX(t+1) - V(X)) = Z g)‘g
S N ooy
- Z Licw=5 Z X,
+o(VV (X (1)),

where VV (X) is the gradient of/(X) and is given by
VV()?) — [2Y i —1,.. N]|. Hence, ignoring the smadi- (d) The functionf(B) is convex and increasing, and the

. At

X® (c) For anye > 0, M > 0 and0 < vg < vy, there

_ exists By and o € (0,1) such that foEaIIB > By,

X(t)szl{U(t):i} 0 <1 <no, || Xo|| € (voB,v1B), and|| X;|| < MB",
the following holds,

IVV(X))|| < €|VV(Xo)||, for all .

term, we can define a scheduling policy that minimizes the following condition holds
drift of the Lyapunov function as follows. . 1 ‘ >
Definition 2: A scheduling policyr is said to minimize hén:;lop f'(B) {X-v(i?u)lif(B)} (VYIRS o
the drift of the Lyapunov functio/(X) if at any timet, From these conditions, we can obtain the following
when the channel state js the scheduling policy picks the |emma.
useri that maximizes the valugy- ¢ F Lemma 3:Suppose that the Lyapunov functiori(X)

SO B
With such a scheduling policy, the one-step driftlofX )
can be further simplified to

satisfies Assumptions 1 and 2. For aay> 0, M > 0,
and0 < vy < vq, there existsBy andny € (0,1) such that
for all B > By, 0 < 1 < 9, ||Xo]| € (voB,v1B), and

N 4 .
. . ov ||[AX]| € (0, MB"), the following holds,
VR D) -VEO) =Y g [, A0 @ g
i=1 " . S - oV >
s V(X +AX) - V(X)) < AKX,
- Z lic()=;3 max v Fi 4 o(VV(X(1))). o ) o= ; 0X: 1%,
e®=1}, 7N 0xX; | %) 9

Jj=1

. +€UVV(XO)|| |AX])|.
In this section, we will establish a lower bound on the  Proof: Let i(t) = V(X + tAX). Then

asymptotic decay-rate of the queue-overflow probability fo N
scheduling policies of the above form, which will then help W (t) = Z ov AX,.
us prove Statement 1 for this class of scheduling policies. — 0X;|Xo+iax




Hence, by the mean-value theorem, we have Comparing with (5), the vaIudB(gg, d) can be viewed
as, givenV(X(to)) = f(B), the fastest way with which

V(Xo+AX) —V(Xo) = h(1)-h(0) V(X (t)) can growlocally when the channel-state process
_ al v AX, and the arrival process satisfif = ¢ and 45 — G at time
pt 0X; 1 Xg+tAX v to. Assume that the following limit exists for aﬁ andd:
for somet € (0,1). By part (b) of Assumption 2, we can find w(q;' @) = lim 1 13(5 a).
By andn € (0,1) such that for allB > By, 0 < n < 1o, ’ B—oc f'(B) 7
|Xol| € (voB, v B), and||AX|| < MB", we have, R P
o o Roughly speakingy (¢, a) is the fastest way fof = (V/(X))

. ” 17 .
< €||VV(X)|l, for all i. to grow whe?V(X) = f(B). Hencew(&a) is the earliest
time thatV' (X)) can exceed (B). Let

H(g|p) + L(a)
w@a)>0  w(p,a)

0Xi|%priax 09X,

Hence, we have,

Xo

N

1% N oy
AX; —

< eN[[VV(Xo)]| - |AX]].

0y =

L AX;
Xo

Let Py[-] denote the distribution conditioned o¥(0) = 0.
Then we have the following result.

The result of the lemma then follows. ] Proposition 5: Suppose that the scheduling policy min-
We can then obtain the following proposition, which carimizes the drift of the Lyapunov functio’(X), and the
be viewed as a stronger version of (4). Recall that both theyapunov functionV'(X) satisfies Assumptions 1 and 2.

arrivals and the departures are assumed to be bounded. Assume thatX (0) = 0. Then for allT’ > 0,
Proposition 4: Suppose that the scheduling policy min- 1 B
imizes the drift of the Lyapunov functio (X), and the limsupﬁlogPo[V(X(BT)) > f(B)] < —bp.

—

. . . . B_)m
Lyapunov functionV'(X) satisfies Assumptions 1 and 2.14 r6veProposition 5, we will need the following Lemma 6
For anye > 0 and0 < vy < w1, there existsB, and

and Lemma 7 on the properties wf(gg, @). The proofs are
mo_€ (0,1) such that for allB > By, 0 < 7 < o omitted due to space constraints and are available in our
||X(t0)|| S (’UQB,’UlB), andt € (O,Bn), the fO”OWIng online technical report [101
holds, Lemma 6:1f the limit in the definition ofw(¢, @) exists
V(X (to + 1)) — V(X (to)) (5) forall ¢ andd, then the functionu(g, @) is continuous with
respect top anda.
. (a;+e) Remark: If, in addition to the above resultj_; and @
X(to) are constrained within a bounded set (which is true for our
S problem setting because the arrivals are bounded), then the
~3"¢; max o o function w(¢, @) is uniformly continuous. )
i=L.N 09X X (to) Lemma 7:1If the limit in the definition ofw(¢, @) exists
for all 5 and @ within a closed and bounded set, then the
convergence of the limit is uniform for aﬁ andd. In other
words, for anye > 0, there existsB, such that for allB >
By and for aII<5 andd, the following holds

where

t—1
1 .
a; = ;kgOAi(to + k) for all usersi

t—1 1
1 .

b; = ;Zl{c(tﬁk):j} for all states;. |f’(B

k=0 ) To prove Proposition 5, we will use the notion of a Gener-

Due to space constraints, we do not provide the proof hergyizeq Fluid Sample Path (GFSP) introduced in [3]. Consider

Please refer to the technical report [10]. The key idea is tQ sequence of scaled sample pathi(-), 7% (-), £ () on
use Lemma 3 to bound the change in the Lyapunov functi . . ) ’ ! V(BzP 1))
9 yap We time-interval[0, 7). Define u2(t) = %.

(from time ¢y to to + t) by the gradient of the function at
the initial timet,.

lB((ga 6) - ’LU(QZ?, 6)| <e

Fix n € (0,1). For eachB, divide the time interval
[0,7] into sub-intervals of lengthB"/B, i.e., [0, B"/B],
B. The Lower Bound [B"/B,2B"/B|, [2B"/B,3B"/B], and so on. For any
scaled sample patts?(-),3"(-)) (which is an element of
the above sequence), linearizZ and g® on each such
sub-interval. LetU? (55, g%) denote such a linearized ver-
o N oy S pv . sion of ¥ and §”. For eacht, let 07 (t) = 5| zi5].
17 (¢, d) = max ax. 4T Z¢j i:ql%NﬁFf We can then define theefined costof the scaled sample
=1 = o ’ path (55(-), 7(-)) on the time-interval0,?] as JZ(t) =
subjectto V(X)) = f(B). Jio,0 1y (U (57, G7)).

_ Next, define the following optimization problem. For all
¢ anda, let



Taking subsequence if necessary, assume that theB"”/B] and[k1B"/B, (k1 + 1)B"/B] be the first and last
sequence(52(-), (), #B (), uB(-), JB(-)) converges to sub-intervals, respectively, that are completely comtgim
(5(:), (), Z(), u(), J(-)) uniformly over the time interval [T, T}]. By choosing a sufficiently largé, we can ensure
[0, T]. This entire sequence (along with its limit) is called ahat ky < ki, and uZ(koB"/B) < 56 and u®((k; +
Generalized Fluid Sample Path (GFSP). 1)B"/B) > 1 — 2.

The following theorem from [3] (in a slightly-varied form)  Consider any such sub-interval betweenk, and k;.

establishes a lower bound on the asymptotic decay-rateof tBenote it by[kB"/B, (k+ 1)B"/B]. Let t, = kB"/B and

queue overflow probability using GFSP. t = B"/B. According to Proposition 4, the change of the
Theorem 8:Assume thatX (0) = 0. For anyn € (0,1) Lyapunov function must satisfy:
the following holtis : For anyl” > 0, V(X'(B(to 4 1) - V(X(Bto))
li — log Po[V(X(BT)) > f(B al
imsup 7 log ol V(X(BT)) = f(B)] < Bl ZaV.  (m+e)
< —inf{J(T)| for all GFSP’s such tha(0) = im1 04X (B)
and(T) > 1}. S ov .
We are now ready to show Proposition 5. - Z %, o1 Xy X, | %(Bto) ?
Proof: [of Proposition 5] FixZ" > 0. From Theorem 8, =1
we only need to show that there exists a functitih) such where
that 5(6) — 0 asd — 0 and that for everyy > 0, there 1. 5 B _
existsy € (0, 1) such that a; = g[gi ((to +t)) — g; (to)] for all usersi
_ 1 .
J(T) > 6y — B(6) (6) ¢; = ;[sf((to +1)) — 57 (to)] for all states;.
for all GFSP (corresponding tg) with 1.(0) = 0 andu(T) > Consider the functiop® (V) = L f~1(V). Its derivative is
1. H d,uB _ 1 H
, given by - = w55y Further, we assume in part (d)
Fix 6 > 0. Letvy = 6 andv; be a large number such : [ (Bu?). - -
of Assumption 2 thaf(-) is convex and increasing. Hence,
that ||#7(¢)|| < v; for all B > B; (for someB; > 0) and -1 umpt Vel VEX I ng

. / (1) is concave and increasing. Therefore, the drift of
€ (0,7). (Such av; must exist because the arrivals areNB(t) must satisfy
bounded.) Note that for any GFSP, the derivativess@j
and () exist almost everywhere and are within a closed Bto+1) — P (to)
and bounded set. By Lemma 6, there exists- 0 such N
that w(¢, @ + &) < w(¢, @) + 6 for all ¢ and @ within this < lz AP
set, whereé denote a vector whose components areeall =1 ’
Let M be the bound on the change &f in one time-slot. }
Then, according to Proposition 4, there exiss > B, and — Z ¢J } Fii.
no € (0,1) such that the statement of Proposition 4 holds i1 X(Bto)
for €, vy, v; and M. Note that the quantlty in the bracket on the right hand side
Take any0 < n < . Take any GFSP corresponding t0js no greater thari+”(*0) (4, @ + ). Further, by (7), the
thisn such thay.(0) = 0 andu(T') > 1. Define the following  gyantity on the right hand side is no greater than(¢, @ +
for the limiting sample patms(_ ), ( ), Z(+), u(+)). Let Ty = &) + 0] sincep®(to) = 6.
inf{t > 0|u(t) = 1} be the first time such that(t) > 1. Using the above inequality and the definition &f, the

Let Ty = sup{t < T1 | |[Z(?)[| < 36 or u(t) < 36} be the refined cost for such a sub-interval satisfies
last time beforel; such that||Z(¢)||] < 3d or u(t) < 36.

Further, there exists3; such that for allB > Bs, the tH(2[P) + L(@)] = thow(¢, d) = tholw(d,d + €) — d]
difference between(52(-), % (), z8(-), u®(-), JB(-)) and > Oo[uB (to +t) — puP (to) — 2t4].
(5(),3(), Z(), u(-), J(+)) is less thans. Hence, during the
time interval (Ty,77), we must have, for alB > B; and

a; + €)

1,

Note that this is true for all sub-intervaks Summing over
all subintervals betweeh, andk;, we have

te [To,Tl], s
JZT) > Jenn "
1F@))| = 20, 20 < pP() <149, ) ~ /iwﬁ;)gnﬂ;( o157, : B]) .
1B (Ty) < 46 andpu?(T7) > 1 - 6. = 02[91{;1+) /B) — 12k B"/B)]
—<Yo
Finally, according to Lemma 7, we can take anther large > Go(1 — 76) — 260,T4.
B, > Bj such that for allB > B, and for all¢ andd,
1 Hence,
B§(7 = T o
|f’(B(5)l (¢,@) — w(¢,a@)| <. @) J(T) > JB(T) — 6 > 0(1 — 75) — 20,T5 — 6.

Fix some B > max{Bs, B,} and divide the interval Hence, we have shown (6). The result of the Proposition then
[0, 7] to sub-intervals of lengtiB”/B. Let [kgB"/B, (ko + follows. [ |



V. LARGE DEVIATIONS OPTIMALITY OF SCHEDULING algorithm should also maximize the asymptotic decay-rate
ALGORITHMS THAT MINIMIZE THE DRIFT OF A of P,[V(X(0)) > f(B)]. This argument could be made
LYAPUNOV FUNCTION rigorous using the Freidlin-Wentzell construction [3]].[6
If f/(.) — V() and f(-) = f(-), the upper bound., It could be non-trivial to CheCku(qS, a) > w(qs, a) fqr all _
and the lower bound, differ only in their dependence on (b andda. Next, we provide a sufficient condition that is easier

w((g i) versu5w(¢ a). to check. For eactB > 0 andy = [y;,i = 1,...,N] > 0,
DefineA(¢) as the rate-region of the system (i.e., the set diefine

all feasible offered-load vectors when the channel distribu- 7B (7) — N ov

tion is twisted to. Takedist (@, A(G)) £ inf ., 5 [la—3ll. (4) = max ; ax, Vi
First, we note that there exists & > 0 such that the subject to V(X') — #(B).

infimum in the definition of/,,,; and90 can be taken over the
set of § andd such thaidist (@, A(¢)) > 6. This is because Note thati”(y) can be viewed as the fastest possible way
whena is very close to the set(¢), the valuesu(¢, @) and  that, givenV (X (to)) = f(B), V(X(t)) can growlocally in

(¢, @) are close ta) and hence it can be shown that theya particular directionyj. Similarly, we can interpret’(B7)
will not influence the infimum. as the value OV( ( )) when the growth direction OX( )

We then have the following main result. is consistentlyequal tog.

Proposition 9: Take V() = V() and f() f(). Under Proposition 10: Suppose that for any > 0, e > 0 and
Assumptions 1 and 2, |fw(¢, @ > w(¢7 @) for all ¢ M > 0, there exists &, such that for allB > By and all
and @ such thatdist(@, A(3)) > 4, then I, = 6, and 7 < [[§]| <M, the foIIowmg holds
the scheduling algorithm that minimizes the drift of the 1 12 (§) < —f V(B
Lyapunov functionV(X) must maximize the asymptotic 11(B)
decay-rate of the probability that the Lyapunov functionrhen under Assumptions 1 and 2, the scheduling algorithm
value exceedg(B). More precisely, under such a schedulingpat minimizes the drift of the Lyapunov functian(X ) must
algorithms, there must existy > 0 such that foralll’ > 7o, maximize the asymptotic decay-rate of the probability that

the Lyapunov function value exceed$Bb).

7)) + €.

hBHLiO%fﬁlogPO[V(X(BT)) > f(B)] ~ Proof: Take any¢ and @ such thatdist(a, A(¢)) >
i 1 log P ~ B 0. Fix a smalle > 0. Let By be chosen according to the
T Sub 08 o V(X(BT)) 2 f(B)] = ~Lopt- assumption in the proposition witth/ = N’ max_a;, and

Proof: For anye > 0, there exists;?o anddy such that
n = 6. For any[u ] >0 such thatz ul = ¢ for all j, we

b L(a i=1
H(gollp) + L(d) < I,p + €. have
(¢05 0’0) oV
Let Ty > 7 Using similar techniques as the proof of Z 8X Z% ax —Z_Ff
Proposmon 1 We can show that for &l > Tj,
B Y ov S XL oV,
liBminf E log Po[V(X(BT)) > f(B)] > —(Lopt + €). < Z ox, 4~ ZZ%@TFJ
—0o0 i=1 v j=1i=1 v
By Proposition 5, we must then have N oy S N ooy S
o - :Z(Q)X‘(al_ u;F;)SZaX [az—zu;F;]Jr
Iopt +€¢ > — hm 1nf — log Po[V(X(BT)) > f(B)] i=1 " j=1 i=1 " j=1
S
> —limsup E log Po[V (X (BT)) > f(B)] Now, lety; = [a; Z u; i1t for all i. y; can be interpreted
B—oo
> bo. as the distance betwearand a vector in the set(¢). Since

dist(@, A(¢)) > 6, we must have|jl| > § = 5. Then, by

It w(¢,d) = w(¢a) for all ¢ and a such that the assumption of the proposition, we have, forial> By,

dist(@, A(¢)) > 4, then by the definition of,,,; andd,, we

must havel,,; < . Sincee can be chosen to be arbitrarily 15(¢,d) - 12(3) - S (V(BY)) Lo
small, We can then conclude that,, = 6y, and we can find f(B) — fY(B)~ B '
T such that for alll” > Tp, Since this is true for al[u’], we must have
.1 = . -
Jim = log Po[V(X(BT)) 2 f(B)] = —Lopt- (¢,a) _ [P (6,d)
oo +e€
- fB) - B

Remark: For each B, as T — oo, the probability Taking limit asB — oo, we obtainw(¢, @) < (¢, a)+
Po[V(X(BT)) > f(B)] approache® [V (X(0)) > f(B)]. Since this is true for alk > 0, we must havew(¢, @)

€.
<
Hence, we could infer from Proposition 9 that the scheduhng;(qb, d). The result then follows from Proposition 9. &
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A. The Optimality of the Log-rule property thaty" X, > B impliesV(X) > (B+N)log(B+
Next, we will use the above result to show that the log-rulg,, =1 :

is optimal in maximizing the asymptotic decay-rate of th ?\7) (B+N)log N— B (please refer to the technical report

" ﬁlO] for details). Note that whe®® — oo, the ratio between
probability that the sum—queueNexceeds a threslibldake this quantity andf(B) converges to 1. Hence, for any> 0,
i ) — _ . _X. N
the Lyapunov functio (X) = EI(XZJFU log(X;+1)—X; there exists &, such thatforallB > By, Y X; > (1+¢€)B
and thatf(B) = (B + 1)log(B + 1) — B. The policy that = S =1
minimizes the drift of the Lyapunov function is the log-rule IMPlies V(X) > f(B). We then have

at each time, the base-station should choose theiuséh 1 N
the largest value of lim sup E1ogP0[§ X;(BT)> (1+4¢)B]
B—oo )
(“)V . . =1
i ) i 1 .
ax, [i = log(Xi+ DF] < limsup £logPo[V(X(BT)) 2 f(B)] = ~Lop.
B—oo

We first obtain the following proposition. . )
Proposition 11: The log-rule maximizes the asymptoticBY 2 changeN of variable, we can infer that
decay-rate of the probability that(X) > f(B). lim sup LlogPo[> X;(BT) > B] < 12 Since this is
Due to lack of space, we only highlight the main ideas of i=1 N
the proof here and defer the detailed proc_)f to our technicgh,e for alle, we havelim sup %logPo[Z X;(BT) > B] <
report [10]. For the result of the Proposition to hold, we i=1
need to verify that Assumptions 1 and 2 are satisfied anT:lIO?t' L -
that the condition of Proposition 10 holds. The condition in Finally, using V(X) = > X, and f(B) = B, we
Proposition 10 can be shown to hold by showing that can derive a lower bound on the overflow probability for
N

B/ - N > X; > B over all scheduling policies, i.e., there exists
tim sup =0 < > v (8) 7' 0 such that for alll’ > T
B—oo f/(B) i=1 0 =0
[V (BY) | mint Liogpy [y
it I S 57y @) il sl Xi(BT) 2 B = o
—00 ) i=1

and further that, given an§ < 5 < M, the convergence in Wherel, is also given by (10). The result then followm
(8) and (9) is uniform over alj such that) < ||7]| < M. We
can then conclude that the log-rule maximizes the asyntptoti
decay-rate of the probability thaf(X) > f(B).
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