The Bethe Partition Function and the SPA for Factor
Graphs based on Homogeneous Real Stable Polynomials

Yuwen Huang and Pascal O. Vontobel
Department of Information Engineering
The Chinese University of Hong Kong
hy018 @ie.cuhk.edu.hk, pascal.vontobel @ieee.org

Abstract—Various computational problems can be reduced to
computing the marginals and the partition function of a suitably
defined standard factor graph (S-FG). The sum-product algorithm
(SPA) is an efficient iterative method for approximating these
quantities, resulting in the so-called Bethe approximation of these
quantities.

In previous work, Vontobel proved that for an S-FG whose
partition function equals the permanent of a nonnegative square
matrix, the Bethe free energy function associated with the S-FG is
a convex function and the SPA efficiently finds the minimum of the
Bethe free energy function, from which the Bethe approximation
of the permanent can be computed.

We extend Vontobel’s results by considering a class of bipartite
S-FGs where each local function is defined based on a (possibly
different) multi-affine homogeneous real stable polynomial. This
class of S-FGs covers various combinatorial problems, including
computing a generalization of the matrix permanent and deter-
mining the number of binary contingency tables with prescribed
marginals. Results by Straszak and Vishnoi for a slightly larger
class of S-FGs (they do not assume homogeneity of the polyno-
mials) show that these S-FGs have the property that the Bethe
partition function lower bounds the partition function.

In this paper we prove, with the help of results for real stable
polynomials and results from matroid theory, various statements
for the class of S-FGs under consideration: we show that a certain
projection of the local marginal polytope equals the convex hull of
the set of valid configurations, that the Bethe free energy function
possesses some convexity properties, and, for the typical case where
the S-FG has an SPA fixed point consisting of positive-valued
messages only, that the SPA finds the value of the Bethe partition
function exponentially fast.

I. INTRODUCTION

Several fundamental computational problems in statistical
mechanics, coding theory, and computer science can be formu-
lated as computational tasks regarding multivariate functions.
A typical task is computing the marginals and the sum of
a multivariate nonnegative real-valued function that is given
by the product of nonnegative real-valued functions [1f]. The
factorization of this function can be visualized by a standard
factor graph (S-FG), and the marginals and the sum of this
function are related to computing the marginals and partition
function of the S-FG, respectively [2]-[4].

The sum-product algorithm (SPA), also known as loopy
belief propagation (LBP), is one of the most widely deployed
methods to approximate the marginals and the partition function
of an S-FG [J3]-[5]. If the S-FG is cycle-free, then the SPA gives
the exact marginals and the exact partition function at its only
fixed point. If the S-FG has cycles, then the SPA often provides
a decent approximation to these quantities.

Yedidia et al. [|6] connected the SPA fixed points to the
stationary points of the Bethe free energy function associated
with an S-FG. They further introduced the Bethe approximation
to the partition function of the S-FG, the so-called Bethe
partition function, which is defined in terms of the minimum
of the Bethe free energy function. For many S-FGs of interest,
the Bethe partition function gives a surprisingly good estimate
to the partition function [7[]. Nevertheless, there are known

example S-FGs for which the SPA fails to converge or for
which the Bethe partition function is a poor approximation to
the partition function [8]]-[10].

There are S-FGs where the SPA exhibits favorable behavior,
and the Bethe partition function provides a reasonable estimate
of the partition function. For the S-FG whose partition function
equals the permanent of a nonnegative square matrix, Vontobel
in [11] showed that the Bethe free energy function is a convex
function and that the SPA finds its minimum exponentially
fast. Furthermore, Gurvits in [12] proved that the Bethe par-
tition function lower bounds the permanent, and Anari and
Razaei [[13] proved that the permanent is upper bounded by
27/2 times the Bethe partition function, where n is the number
of the rows and columns of the matrix. Afterwards, Huang et
al. in [14] gave a combinatorial characterization of the above-
mentioned bounds for the matrix permanent via the degree-M
Bethe partition function.

A natural question is whether we can generalize the afore-
mentioned results, i.e., whether we can find classes of S-FGs
such that the SPA and the Bethe partition function are still
well-behaved. In this paper, motivated by recent developments
in the area of polynomial approaches to approximating partition
functions [15]], [[16] and in the theory of real stable polynomi-
als [17]-[19], we consider bipartite S-FGs where each local
function is defined based on a (possibly different) multi-affine
homogeneous real stable (MAHRS) polynomial. Such S-FGs
can be viewed as a generalization of the S-FGs for the matrix
permanent in [11]: by suitably defining the local functions
in such an S-FG, computing the associated partition function
is equivalent to solving various fundamental combinatorial
problems. Straszak and Vishnoi [20] proved that for S-FGs
where each local function corresponds to a multi-affine real
stable polynomial (note that they do not assume homogeneity),
the Bethe partition function lower bounds the partition function.

In this paper, for an S-FG from the class of S-FGs under
consideration, we investigate the properties of its Bethe partition
function, along with studying the behavior of the SPA. The main
contributions of this paper are as follows.

1) We show that by suitably defining the local functions of
the S-FG, computing the associated partition function is
equivalent to solving various fundamental combinatorial
problems, e.g., finding the number of binary contingency
tables with prescribed marginals [21]].

2) We prove that a certain projection of the local marginal
polytope of the S-FG equals the convex hull of the set
of valid configurations of the S-FG. We do this, first,
by using results about MAHRS polynomials in [22]] that
show that the support of each local function in the S-
FG is the set of bases of a suitably defined matroid,
and, second, by using the celebrated matroid intersection
results in [23]].

3) We present primal and dual formulations of the Bethe
partition function. In particular, we show that the pri-



mal formulation corresponds to a convex optimization
problem and that the dual formulation corresponds to a
convex-concave minimax optimization problem. Our pro-
posed dual formulation is different from the formulation
of the Bethe partition function proposed in [20].

4) We prove, with the help of results about MAHRS polyno-
mials in [22], that the SPA converges exponentially fast to
the fixed point, and that the value of the Bethe partition
function can be evaluated by the fixed-point messages.
Note that, due to space constraints, we prove this result
only for the, typically occurring, case where the S-FG has
an SPA fixed point consisting of positive-valued messages
only.

Note that the proofs of most of these results require non-trivial
generalizations of the proofs of the results in [11].

The rest of this paper is structured as follows. Section
formally defines the considered S-FGs. Section introduces
the primal and dual formulations of the Bethe partition function.
Section [[V] studies the SPA on the considered S-FGs. The
appendices provide the proofs of the main results in this paper.

A. Basic Notations and Definitions

All logarithms are natural logarithms. As usually done in
information theory, we define log(0) £ _50,0-1og0 £ 0, and
0° £ 1. For any positive integer n € Z>;, we define [n] =
{1,...,n}. For any length-n vector & = (z(1),...,z(n)) €
{0,1}", we define wy(x) to be the Hamming weight of the
vector x, i.e., wu(x) = > i, x(i).

Definition 1. For any finite set S and any collections of
variables A = (A(S))ses € RISl and B 2 (B(S))ses € RISl
we define

AB 2 T (A())°",
sES
A-B2 (A(s)- B(s))

A, (A(s)

B\ B(s)

Definition 2. Consider a finite set S. Define the set

HS £ {p £ (p(s))ses

to be the set of probability mass functions (PMFs) over S.
Consider n € Z>1 and a collection of vectors {xs}scs such
that x5 € R" for all s € S. Define the convex hull of {xs}ses
to be

(A,B) £ As)- Bls),
seS

(exp (A(S)) ) ,

exp(A) = ses

seS?

) , B(s)#0,VseS.
sES

ZP(S) =1,p(s) >0,Vs € S}

sES

conv({xs}ses) = {w eR”

seS

II. AN MAHRS POLYNOMIALS-BASED
STANDARD NORMAL FACTOR GRAPH (S-NFG)

In this section, we introduce a standard normal factor graph
(S-NFG)T| where each local function corresponds to an MAHRS
polynomial. (For the definition and properties of MAHRS poly-
nomials, see Appendix [A]) We will see that many fundamental
combinatorial problems are related to exactly computing the
partition function of such an S-NFG.

Definition 3. Fix some n,m € Z>1. Define T = [n] and J =
[m]. We consider a bipartite S-NFG N(F,E, X) consisting of
the following objects:

n this paper, we will consider, without essential loss of generality, S-NFGs,
i.e., S-FGs where variables are associated with edges [2], 3]

dpellsst. xz= Zp(s)ws}

fia fra
fi,2 fr,2
fis fr.3

Fig. 1: An example S-NFG N with n = m = 3.

1) The graph (F,E), where the set of function nodes F
is defined to be F = {fiitiez U{fr,j}jeq with fi,
representing the i-th function node on the left-hand side
(LHS) and f. j representing the j-th function node on the
right-hand side (RHS), and the set of edges is defined to
be ECIXTJ. If(i,7) €&, there is an edge connecting
function nodes fi; and f, ;j in N. The set F is also known
as the set of local functions.

2) The alphabet X = H(m-)eg X j, where the alphabet
associated with the edge (i,7) € € is X;; = {0,1} and
the corresponding variable is denoted by x(i, j).

An example S-NFG with n = m = 3 is shown in Fig. [I| We
make some further definitions for N as follows.

3) Define x= (a:(i,j))(i i

4) For each i € I, deﬁrie

Ji 24j" €J) | (1,3") is incident on fi}

and m; = |J;.
5) For each j € J, define

ce € X to be a configuration of N.

I, £ {i' € [Z) | (¥, ) is incident on f ;}
and nj £ |;].
6) For any A £ (A(i’j))(ij)ef € Cl€\, define the vectors
Ali) 2 (A0 ), ey, and A 5) 2 (AW )y eq,-
7) Define L £ (L(i,5)); ; ce and R = (R(0,5)); e
be collections of variables that take value in CI€!,

8) For each i € I, define the local function fi; to be an
arbitrary mapping from Hje.z- AX; j to Rxq such that

Di (L(ia )) = Z fl}i ($<Z, )) . (L(i, :))w(i,:)

x(i,:)e{0,1}™i

to

is an MAHRS polynomial of degree r; with respect to the
variables in L(i,:). Let Xy, be the support of fi;, i.e.,

Xy, 2 {x(i,:) € {0,13™ | fii(z(i,:)) > 0}.

9) For each j € J, define the local function f,; to be an
arbitrary mapping from || X ; to Rxq such that

>

x(:,j)€{0,1}"J

i€Z;

¢;(R(:5)) = Fri(@(,5)) - (RG, )5

is an MAHRS polynomial of degree c; with respect to the
variables in R(:,j). Let Xy_, be the support of [, j, ie.,

Xp, 2 {2(,5) € (0,13 | fio;(=(:,4)) > 0}.

For any x € X, define the global function g to be

g(x) £ (H fl,i(w(iﬂ))) ' (H fr,j(w(%j)))

€T JjET

10)

11) Define the set C to be the set of valid configurations:
C2{xecX|g(x)>0)
12) Define the partition function to be Z(N) £ . g(x).

Assumption 4. We assume that Z(N) > 0.



For convenience if there is no ambiguity, we use
shorthands S
w(l i i.j)’ @ 3’

o e ﬁr(w)’ ﬁ(u h ﬁ Y
()i € )jo ( )(z,g)’ ( agy> () (g), and” (). for

Daliery, duaG)edy,, Jua(ii)eXi; 2(i)es 2uieT
Zje]’ Hm(i,:)GXfu x(:,5)€EXy, ; Hm(z JIEX; ;° H(z j)eE?
[Licr: Iieq Izexs { Yapee (iezs (jeas (Dagee
( )m(i7:)€Xfl,i’ ( )w(uj)GXfr,j’ and ( )zex, respectively. For
convenience, for any collection of variables A £ (A(i, 7)) ;)
and any integers ¢ € Z and j' € J, we use the short-
hands }°, A(i',j) and >, A(i,j) for > ;.- A(i’,j) and
ZiEIj/ A(i, j"), respectively, if there is no ambiguity.

In following example, we relate the exact computation of
the partition function for the class of the S-NFGs defined in
Definition [3| to various fundamental combinatorial problems. In
particular, we show that Definition |3| generalizes the definition
of the S-NFG in [11, Definition 4], whose partition function
equals the permanent of a nonnegative square matrix.

Example 5. Consider an arbitrary positive-valued matrix of

size n x m: 6 & (O(i,j))(ij) e RLG™. Let J; = [m] and
Z;=[n]foralli €1 and j € J. Fix r; € [m] and ¢; € [n]
foralli €T and j € J. For each i € T and j € J, the local

functions are defined to be

{ (60(.))" " ifwy (x(i,2) = r;

0 otherwise

(1>

f1,i (:I:(’L, ))

)

(1>

fr,j (%’(:7 .7))

0 otherwise

{W@MWWQVW@mm=q.

This example S-NFG has the following properties.

1) For each i € [n], the polynomial p;(L(i,:)) is an
elementary symmetric polynomial of degree r;, i.e., an
MAHRS polynomial. The set Xy, , corresponds to a uni-
form matroid of rank v;. Similarly, for each j € [m),
the polynomial q; (R(:7 ])) is an elementary symmetric
polynomial of degree c;, i.e., an MAHRS polynomial, and
the set Xy, , corresponds to a uniform matroid of rank c;.
(For details, see the discussion in Appendices [B| and [
which are recommended to be read after reading the proof
of Theorem[§])

2) It holds that

B wy (x(i,:) =r;, VieT
e={eca | N TGS T)

By [24] Section 6.2], we know that the set C is non-empty
if and only if > ,cr7ri = > ;¢ and for all subsets
S C [m], we have 3 scj <3 ey min{r;, [S|}.

3) Ifn=mandr;=c;j=1foralli €1 and j € J, then
Z(N) equals the permanent of 0 (see, e.g., [25]]). Comput-
ing Z(N) in this case is in the complexity class #P, where
#P is the set of the counting problems that correspond to
the decision problems in the class NP. Remarkably, even
if we consider 6 € {0,1}"*™ instead of @ € RLy™, the
computation of Z(N) is #P-complete [20)].

4) The partition function Z(N) = »__ . 0% can be viewed
as a generalization of the permanent of 0. If @ is a matrix
of ones, then Z(N) equals the number of binary matrices
with prescribed row and column sums, i.e., the number
of binary contingency tables with prescribed marginals.
(See, e.g., [21]], [27], [28].)

III. THE PRIMAL AND DUAL FORMULATIONS OF THE
BETHE PARTITION FUNCTION

In the previous section, we showed that computing the parti-
tion function for the considered S-NFG is in general non-trivial.
In this section, we introduce the primal and dual formulations
of the Bethe partition function, which provides a graphical-
model-based approach to approximate the partition function.
We present convexity and concavity properties of these formu-
lations. Before giving the definition of these formulations, we
need to introduce the local marginal polytope. (For the details
of local marginal polytope, see, e.g., [[7, Section 4.1.1].)

Definition 6. We make the following definitions.

1) Define a collection of beliefs: B = ((,BZ-)Z-, (Bj);, ,@g),
with B; and (; corresponding to the beliefs of the
function nodes fi; and f. ;, respectively, and Bg cor-
responding to the beliefs of the edgesﬂ

B: £ (Bilx(i, muy Bi = (Bi(2( ). )
= (Be(:9)) 1.5

2) Define Br 2 (ﬁz(i,j))(i’j) and Bz = (B7(i, ), ;) to
be the collections of the marginals of the beliefs (3;);

and (B;);, where
Bz(i,j) 2 >
x(i,:): x(i,5)=1

>

@ (:,5): x(i,f)=1

3) The local marginal polytope (LMP) is defined to be the

Bi (w(z, :)),

Br(i,j) = Bi(x(:5))-

set
Bielly, Viel
L2 Bjellx, VjeJ
ﬁz—ﬁj Be

4) The polytope Lg is defined to be the projection of the
LMP L onto the beliefs of the edges, i.e.,

a Bel(i,:) € conv(Xy, ), Viel
Le = {55 Be(:, ) € conv(Xy, ), Vi€ T }

Proposition 7. For any B¢ € Lg, there exists a 3’ € L such
that B¢ = (3;.

Proof. This follows straightforwardly from the definitions of
Lg and L in Definition [6] [ ]

Theorem 8. The convex hull of all the valid configurations of
N is equal to the set Lg, i.e., conv(C) = Lg.

Proof. The proof is mainly relies on results from matroid
theory. For details, see Appendix |

If we consider the example S-NFG in Item [3] of Example [35]
then Vontobel in [11, Lemma 13] showed that in this case,
Theorem [§] is equivalent to the Birkhoff-von Neumann theo-
rem. (For the Birkhoff-von Neumann theorem, see, e.g., [29}
Theorem 4.3.49].)

Definition 9. The Bethe free energy function associated with N
is defined to be the function Fg(B) £ Ug(3) — Hg(3), where
B € L and

Us(8) £ -3 Z Bi (i) -os (i (0. ) )

For each (i,j) € &, the belief Bg(i,4) corresponds to the belief that
x(i,j) =1, and 1 — Bg (4, §) corresponds to the belief that (¢, j) = 0.



7;:02 ﬁg

IOg( rj( j)))a
2} (Z)@

(
)) - log (i ((i.1)) )
=373 Bila(ed) -log (8 ()
J ®(:5)
+ Y Be(i, 5) - log(Be (i, 5))
(4,4)
+> (1= Be(i )
(4,4)
Definition 10. The Bethe approximation to the partition func-
tion is defined to be Zg(N) £ exp(— minge o) Fs(8)). In
the following, we call this the primal formulation of Bethe
partition function.

-log (1 — Be(i, 7).

A natural question is whether we can bound the partition
function via the Bethe partition function. For the S-NFG in
Item [3] of Example [5} Gurvits in [[12} Theorem 2.2] proved that
Z(N) > Zg(N). The following theorem generalizes the lower
bound proven by Gurvits.

Theorem 11. (/20, Theorem 3.2]; see also [|I5 Theorem 1.1])
For the S-NFG defined in Definition [3} it holds that

Z(N) > Zg(N).

Actually, Straszak and Vishnoi in [20, Theorem 3.2] proved
that the Bethe partition function lower bounds the partition
function even for the S-NFGs where each local function cor-
responds to a multi-affine real stable polynomial, i.e., they do
not assume homogeneity.

In the following, we give an modified version of the primal
formulation in Definition and also a dual formation of
the Bethe partition function. By studying the convexity and
concavity of the objective function in the dual formulation, we
can relate the modified version of the primal formulation to a
convex optimization problem.

Motivated by Proposition |7} we first define a convex set based
on the beliefs of the edges.

Definition 12. For any B¢ € Lg, we define the set of the beliefs
of the function nodes that realize Bg, to be the following set:

Pz =PBs =P
Emargin(/@f)) £ ((,61)“ (,BJ)J) ﬂi € H-Xflyij Vi € I;
Bj €llx, VieT
We also define
Fpe(Be) £ min F5(B).

((Bi)i> (Bj)5)€ELmargin(Be)

Based on the primal formulation of the Bethe partition
function in Definition we obtain a modified version of the
primal formulation based on Fg ¢ as follows:

Zn(N) = exp(~ min Fie(8e)). )

Now we introduce a dual formulation of the Bethe par-
tition function and show how it corresponds to a convex-
concave minimax optimization problem. The intuition behind
the dual formulation is as follows. The primal formulation
in Definition [I0] is given by the minimum of the Bethe free
energy function, which is related to a sum of entropy functions.
Following a similar idea in the derivation of the result that
the conjugate dual of the entropy function is a “log-sum-
exponential” function (see, e.g., [30, Example 3.25]), we apply

the Lagrangian dual method to the primal formulation and
get a dual formulation that is related to a sum of “log-sum-
exponential” functions.

Definition 13. A minimax problem is defined as follows.
1) Foreachti €1 and j € J, define

pi(Be(iy:), L(i,:)) = Z fra(z(i, ) - eLti )
x(3,:)
ma W“)
G (Be (-, ), 23 foj(= R(:.5)@ ()
z(:,4)
(1= B
2) Define

ZB,d(N) = exp( min  sup Fp d(ﬁg,L R)>
Be€Le 1, ReRIE
where
Fpa(Be, L, R)

Zlog<pz Be(i,:), L(i, )))
—Zlog(dj Be (5 7); (:J))) +(Be. L+ R).

Theorem 14. The definition of Zpa(N) in Deﬁmtlon
provides a dual formulation of Zg(N), i.e., Zg.q(N) = Zg(N

)-
Proof. See Appendix [ |

Theorem 15. The following properties of FB’d hold.
1) The function FB,d (,Bg,L,R) is a convex function with
respect to Bs € Le for fixed L, R € RI€.
2) The function FB@ (ﬁg, L, R) is a concave function with
respect to L, R € RI€| for fixed B¢ € Le.
Because both the set Le and the set RIE! are convex, we further
obtain that ZB,d(N) corresponds to a convex-concave minimax
optimization problem.

Proof. See Appendix [E] [ |

Corollary 16. The function Fg ¢ is a convex function with
respect to Bs € Lg, and the minimization problem in the
modified version (1)) of the primal formulation of Zg(N) is a
convex optimization problem.

Proof. See Appendix [ [ |

If we consider the example S-NFG in Item [3] of Example [5]
then Corollary |16|is equivalent to [11, Corollary 23].

IV. BEHAVIOR OF THE SUM-PRODUCT ALGORITHM

Given that both the primal and the dual formulations of the
Bethe partition function have good properties for the considered
class of S-NFGs, we expect the sum-product algorithm (SPA)
to behave well for this class of S-NFGs. In this section, due
the space constraints, we focus on a typical case where the S-
NFG has an SPA fixed point that consists of positive-valued
messages only. We show that in this case the SPA converges
exponentially fast to this SPA fixed point and that the value of
the Bethe partition function can be evaluated by the associated
SPA fixed-point messages.

Definition 17. We make some basic definitions for the SPA on
the S-NFG N as follows.
e Define t € Z>q to be the iteration index.
o For every t € Zxq and (i,j) € &, define a left-going
message ﬁt,m» 1 Xij — Ryq to be the message from the
function node f, ; on the RHS to the function node fi; on



the LHS, and define a right-going message ﬁt,@‘,j C X —
R>q to be the message from the function node f,; on the
LHS to the function node f, ; on the RHS.

o It is sufficient to keep track of the inverse likelihood ratios

in the SPA:
—

— c (1 — 1

Vt(l,]) é /’I’t,l,j( )7 V(Z ,7) Y lu‘tz,j( )’ (Z7j) Eg.
—
Mt,i,j(o) :utz,j(o)

oA, =T
o Define V; = (Vt(z,j))(m) and Vi = (Vt(z,]))(i,j).
Lemma 18. [/1| Lemma 29] The SPA update rules on N with

respect to the inverse likelihood ratios are given as follows.

-

1) For t =0, initialize 0 < Vy(i,5) < oo for all (i,7) € E.

2) For t € Z>1 and (i,j) € &, the update rules for the
inverse likelihood ratios are given by

S A0, ) - TT (Veer (6, 1))

= _x(i):x(4,)=1 eTi\{j}
Vt(lvj)_ . = . x(i,:)
> fri(®(i,) - (Vi (iy)
x(i,:): 2(i,5)=0
Iy J)
e . )Z<f§’]( ), I\E‘? i)
Vt(i»j): & : : = m( )
> frJ( 73) ( ( )

x(:,4): x(4,5)=0

3) The SPA update rules above can be written as

(Vt,Vf) = fSPAm(Vf 1) for some suitably defined
function fspa m, where the index “m” means that it is
related to the messages update rules.

The collection of beliefs B = ((Bit)is (Bj1)j (Bet(i,4))i ;)

evaluated at the t-th iteration is given by

i@, ) - (Veor (i, )0

Bi(x(i,:)) = - ,x(i,:) € Xy,
pi(thl(iﬁ))
(- 7)) - —>t . e(:,7)
Braets ) = LI VDT Ly e
QJ( t(:vj))
Vt—l(ia.]) t(za.])

Bf,t(ivj) = g - =
1+ thl(zmj) : Vt(Zvj>
where p; and q;, as defined in Definition EI ensure that

Z (i) Bi(x(i,:)) = Z B]t( (7)) = 1. Slmllarly, the

above expressions for (3 can be written as By = fspa, b(Vt 1)
for some suitably defined function fspa y,, where the index “b”
means that it is related to the evaluation of the beliefs.

= A e =,
Definition 19. We define V. = (V (i, j))(ij) and V. =
- :
(V(i,j))(ij). Then we say a collection of inverse likelihood
— =

ratios (V, V') constitutes an SPA fixed point if all the ratios
—

— —
are positive—value and (V,V) = fspam(V). The collection
of beliefs ,@eevaluated at this SPA fixed point is given by

B = fspan(V).

We can use the so-called pseudo-dual function of the Bethe
free energy function (see, e.g., [31, Theorem 4] and [I}
Eq. (14.27)]) to track the behavior of the SPA.

3In general, the inverse likelihood ratio messages at an SPA fixed point can
take value in {R>q U {oo}}‘gl. In this paper, due to the space constraints,
we focus on the typical case where the inverse likelihood ratios that constitute
an SPA fixed point are positive-valued.

6 s .

4 6 s

2 4

0 2

2 < log Z(N) of < log Z(N)

4 elog Zg(N)| 1, e log Zg(N)

T 2 0 2 4 6 0 2 4 6 8
log Z(N) log Z(N)

Fig. 2: The numerical results in Example
Lemma 20. For any collection of inverse likelihood ratios
— —
(V,V), the pseudo-dual function of the Bethe free energy

function is given by
S 729 - s (V.5)
. . - . .
+ 3 tog(1+V(i,9)- V(w))-
(4,9)
Proof. The proof is a straightforward generalization of the
proof of [11, Lemma 31] and thus it is omitted here. |

Fou(V,V) =

— =
PropOSItlon 21. If a stationary point of Fg 4 (V, V) satisfies
V V € R>O, then it corresponds to an SPA fixed point of N.

Proof. This follows from the definition of Fp 4 and the defi-
nition of the SPA fixed point. The details are omitted here. W

The following theorem states that the Bethe partition function
can be evaluated by the collection of inverse likelihood ratios

— —
(V, V) that constitutes an SPA fixed point.

Theorem 22. For each collection of positive-valued inverse
likelihood ratios (V V) that consmates an SPA fixed point,

the beliefs given by B = fspa b( ) are the location of the
minimum of the Bethe free energy function, and the Bethe

— =
partition function is given by Zg(N) = eXp(—FB,#(V, V))
Proof. See Appendix [G| [ |

The following theorem gives a non-trivial generalization of
the result in [11, Theorem 32].

Theorem 23. Consider the S-NFG N such that there is an SPA
fixed point consisting of positive-valued inverse likelihood ratio
messages only. The SPA converges exponentially fast to this SPA
fixed point.

Proof. See Appendix [H] [ |

In the following example, we provide numerical results
comparing Z(N) with Zg(N) for some small S-NFGs.

Example 24. We consider the example S-NFG as defined in
Example EI which is defined based on a matrix 8 € RZS™.
We first consider the case n = m = 6 and r; = ¢; = 2f0r all
1 €1 and j € J. We randomly generate 3000 instances of 0,
where in each instance the entries of @ are randomly generated
i.i.d. according to the uniform distribution in the interval (0,1).
Fig. 2fleft) shows the obtained Z(N) and Zg(N). We can see
that Zg(N) lower bounds Z(N), corroborating Theorem
and that Z(N) provides a good estimate of Z(N) in this case.
Consider the same setup as the previous case, but with n =
m = 6 replaced by n = m = 7. The obtained numerical results
are presented in Fig.[2(right). We can make similar observations
about the values of Z(N) and Zg(N) as in the previous case.

ACKNOWLEDGMENT

The first author would like to thank Jonathan Leake for useful
discussions.



[6]

[7]

[8]

[9]

[10]

(11]

[12]

[13]

[14]

[15]

[16]

REFERENCES

M. Mézard and A. Montanari, Information, Physics and Computation.
Oxford, U.K.: Oxford Univ. Press, 2009.

G. D. Forney, “Codes on graphs: normal realizations,” IEEE Trans. Inf.
Theory, vol. 47, no. 2, pp. 520-548, Feb. 2001.

H.-A. Loeliger, “An introduction to factor graphs,” IEEE Signal Process.
Mag., vol. 21, no. 1, pp. 2841, Jan. 2004.

F. R. Kschischang, B. J. Frey, and H.-. Loeliger, “Factor graphs and the
sum-product algorithm,” IEEE Trans. Inf. Theory, vol. 47, no. 2, pp. 498—
519, Feb. 2001.

F. Parvaresh and P. O. Vontobel, “Approximately counting the number
of constrained arrays via the sum-product algorithm,” in Proc. IEEE Int.
Symp. Inf. Theory, Cambridge, MA, USA, Jul. 2012, pp. 279-283.

J. S. Yedidia, W. T. Freeman, and Y. Weiss, “Constructing free-energy
approximations and generalized belief propagation algorithms,” [EEE
Trans. Inf. Theory, vol. 51, no. 7, pp. 2282-2312, Jul. 2005.

M. J. Wainwright and M. 1. Jordan, “Graphical models, exponential
families, and variational inference,” Foundation and Trends in Machine
Learning, vol. 1, no. 1-2, pp. 1-305, 2008.

K. P. Murphy, Y. Weiss, and M. I. Jordan, “Loopy belief propagation for
approximate inference: An empirical study,” in Uncertainty in Artificial
Intelligence, San Francisco, CA, USA, Jul. 1999, p. 467-475.

T. Heskes, “Stable fixed points of loopy belief propagation are local
minima of the Bethe free energy,” in Proc. Neural Information Processing
Systems, Vancouver, Canada, Dec. 2003, pp. 359-366.

A. Weller, K. Tang, D. Sontag, and T. Jebara, “Understanding the Bethe
approximation: when and how can it go wrong?” in Proceedings of the
Thirtieth Conference on Uncertainty in Artificial Intelligence, ser. UAI’ 14.
Arlington, Virginia, USA: AUAI Press, 2014, p. 868-877.

P. O. Vontobel, “The Bethe permanent of a nonnegative matrix,” IEEE
Trans. Inf. Theory, vol. 59, no. 3, pp. 1866-1901, Mar. 2013.

L. Gurvits, “Unleashing the power of Schrijver’s permanental inequality
with the help of the Bethe approximation,” Elec. Coll. Comp. Compl.,
Dec. 2011.

N. Anari and A. Rezaei, “A tight analysis of Bethe approximation for
permanent,” in Proc. IEEE Ann. Symp. on Found. Comp. Sci., 2019, pp.
1434-1445.

Y. Huang, N. Kashyap, and P. O. Vontobel, “Degree-)M/ Bethe and
Sinkhorn permanent based bounds on the permanent of a non-negative
matrix,” IEEE Trans. Inf. Theory, to appear, 2024. [Online]. Available:
https://arxiv.org/abs/2306.02280

N. Anari and S. O. Gharan, “A generalization of permanent inequalities
and applications in counting and optimization,” Adv. Math., vol. 383, p.
107657, Jun. 2021.

D. Straszak and N. K. Vishnoi, “Real stable polynomials and matroids:
optimization and counting,” in Proceedings of the 49th Annual ACM
SIGACT Symposium on Theory of Computing, ser. STOC 2017. New
York, NY, USA: Association for Computing Machinery, 2017, p. 370-383.

[17]

(18]

[19]

[20]

[21]

[22]
(23]

[24]

[25]

[26]

[27]

(28]

[29]
[30]
[31]
(32]

[33]

[34]

[35]

P. Briandén, “The Lee-Yang and Pélya-Schur programs. I. Linear operators
preserving stability,” Amer. J. Math., vol. 136, no. 1, pp. 241-253, 2014.
J. Borcea and P. Bridndén, “The Lee-Yang and Pélya-Schur programs.
II. Theory of stable polynomials and applications,” Commun. Pure Appl.
Math., vol. 62, no. 12, pp. 1595-1631, 2009.

J. Borcea, P. Briandén, and T. M. Liggett, “Negative dependence and the
geometry of polynomials,” J. Amer. Math. Soc., vol. 22, no. 2, pp. 521-
567, Apr. 2009.

D. Straszak and N. K. Vishnoi, “Belief propagation, Bethe approximation,
and polynomials,” IEEE Trans. Inf. Theory, vol. 65, no. 7, pp. 4353-4363,
Jul. 2019.

P. Brindén, J. Leake, and 1. Pak, “Lower bounds for contingency tables
via Lorentzian polynomials,” Israel J. Math., vol. 253, no. 1, pp. 43-90,
Mar. 2023.

P. Briandén, “Polynomials with the half-plane property and matroid
theory,” Adv. Math., vol. 216, no. 1, pp. 302-320, Dec. 2007.

J. Edmonds, “Matroid intersection,” Ann. Discrete Math., vol. 4, pp. 39—
49, 1979.

R. A. Brualdi and H. J. Ryser, Combinatorial Matrix Theory, ser. ,
Encyclopedia of Mathematics and its Applications. =~ Cambridge, MD,
USA: Cambridge University Press, 1991, vol. 39.

H. Minc and M. Marcus, Permanents, ser. Encyclopedia of Mathematics
and its Applications. Cambridge, U.K.: Cambridge University Press,
1984.

L. Valiant, “The complexity of computing the permanent,” Theor. Comp.
Sc., vol. 8, no. 2, pp. 189-201, 1979.

A. Barvinok, “On the number of matrices and a random matrix with
prescribed row and column sums and 0-1 entries,” Adv. Math., vol. 224,
no. 1, pp. 316-339, May 2010.

L. Gurvits, “Boolean matrices with prescribed row/column sums and
stable homogeneous polynomials: Combinatorial and algorithmic appli-
cations,” Inform. and Comput., vol. 240, pp. 42-55, 2015.
R. A. Horn and C. R. Johnson, Matrix Analysis, 2nd ed.
U.K.: Cambridge University Press, 2012.

S. Boyd and L. Vandenberghe, Convex Optimization.
Cambridge University Press, 2004.

P. A. Regalia and J. M. Walsh, “Optimality and duality of the turbo
decoder,” Proc. IEEE, vol. 95, no. 6, p. 1362-1377, Jun. 2007.

O. Giiler, “Hyperbolic polynomials and interior point methods for convex
programming,” Math. Oper. Res., vol. 22, no. 2, pp. 350-377, 1997.

S. O. Gharan, “Course notes of polynomial paradigm in algorithm design,”
2020, Lecture 3. [Online]. Available: https://homes.cs.washington.edu/
~shayan/courses/polynomials/poly-lecture-3.pdf]

J. Oxley, Matroid Theory, 2nd ed. New York, NY, USA: Oxford
University Press, 2011.

A. Schrijver, Combinatorial Optimization - Polyhedra and Efficiency.
Berlin, Germany: Springer, 2003.

Cambridge,

Cambridge, U.K.:


https://arxiv.org/abs/2306.02280
https://homes.cs.washington.edu/~shayan/courses/polynomials/poly-lecture-3.pdf
https://homes.cs.washington.edu/~shayan/courses/polynomials/poly-lecture-3.pdf

APPENDIX A
REAL STABLE POLYNOMIALS

In this appendix, we introduce real stable polynomials and
discuss some of their properties. Throughout this appendix, we
will assume that n € Z>1, i.e.,, n is a positive integer greater
than zero.

Definition 25. Ler C[z(1),...,2(n)] denote the set of polyno-
mials that consist of complex-valued coefficients and variables
z 2 (2(1),...,2(n)) € C". We make the following definitions
for a polynomial h € C[z(1),...,z(n)].
1) Suppose that there is a finite set Ay, C ZZ, with elements
denoted by a = (a(1),...,a(n)) € Aj, and a mapping
ap : Ap — C\ {0}, a — ap () such that

Z ap(a) - z%.

ac Ay

2) We say that h € R[z(1),...,z(n)] if an(a) € R for all
(e RS Ah.

3) We say that h € R>o[z(1),...,2(n)] if an(a) € Rxg for
all o € Ay,

4) The degree of the polynomial h, denoted by dy, is defined
to be

h(z) =

5) We say that the polynomial h is homogeneous if
Yic[n (i) = dp for all a € Ap,.

6) We say that the polynomial h is a multi-affine polynomial
if @ € {0,1}" for all o € Ay,

7) We define

supp(h) = {a € Ay | an(ax) # 0}.

to be the support of h. From the above assumptions, it is
straightforward to see that supp(h) = Ap,.

Definition 26. We say that a polynomial h € C[z(1), ...
is H-stable if h(z) # 0 for all z € H", where

H2{ceC| Im(c) >0}

,2(n)]

and Im(c) gives the imaginary part of ¢ € C. We further say
that h(z) is real stable if h € R[z(1),...,z(n)] and h is H-
stable.

Lemma 27. Let h(z) € R[z(1),...,z(n)] be a real stable
polynomial. Then for any b € RY, the polynomial h(b - z) is
also a real stable polynomial with respect to z € C™.

Proof. This result follows straightforwardly from the definition
of real stable polynomials. ]

Lemma 28. Let h(z) € R[z(1),...,2z(n)] be a real stable
polynomial. Then for any b € R"™, the polynomial h(b — z) is
also a real stable polynomial with respect to z € C".

Proof. We prove this claim by contradiction. Fix a vector b €
R™. Suppose that there exists a vector z’ such that

hb—2)=0, Im(}),....Im(z}) > 0.
Then we have
0="h(b-2)=h(b—7),

where the second equality follows from h € R[z(1),...
and b € R". Based on that, we have

h(b—2) =0,

,2(n)]

Im(—2),...,Im(—2.) > 0,

which is a contradiction to the fact that h is real stable. | |

Lemma 29. [32|] Let h € R>¢[2(1),...,2(n)] be a real stable
polynomial. Then log(h(z)) is a concave function with respect
to z € RY,,.

For a more accessible proof of Lemma @], see [33, Remark
3.8].

Theorem 30. [22| Theorem 5.6] A multi-affine polynomial
h(z) € Rlz(1),...,z(n)] is real stable if and only if for all
z' € R" and i,j € [n] we have

0 h(z) 0

97 $ 9, 1)
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' 0z 0z;

— h(z)
z=z'
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h(z)

z=z'

> 0.

z=z'

In this appendix, we prove Theorem [§] i.e., the equality
conv(C) = Lg, using results from matroid theory [34]. We
begin by introducing key concepts from matroid theory that
are relevant to our proof.

Definition 31. [34, Section 1.1] A finite matroid M is a pair
(G, B), where G is a finite set, called the ground set, and B is
a collection of subsets of G, called bases, with the following
properties.

1) B is non-empty.

2) If both By, and By are distinct members of B and x1 €
By \ Ba, then there exists an x4 € By \ By such that
(Bl \{561}) U {562} e B.

Based on the definition of M, we make further definitions.

3) Because |By| = |Bz| for all By,Bs € B, we define the
rank r(M) of the matroid M to be r(M) = |By| for
arbitrary B, € B.

4) A set Ky C G is called an independent set if it is a subset
of one of the bases, i.e., there exists 31 € B such that
Ky C Bs.

5) The collection of subsets of G that consists of all the
independent sets, is called the family of independent sets
and is denoted by K. One can also define M based on
the pair (G, KC).

Definition 32. Consider the S-NFG N and the associated set
of edges £ as defined in Definition[3] Let M be a matroid with
the ground set given by E. For any base £' C € of M, define

Tl £ (xg/(iaj))(id‘) eX

with

zer (i, j) & { L @) e 5/.

0 otherwise
The associated matroid polytope is defined to be
P(M) £ conv ({ze | € is a base of M}).

Lemma 33. /22, Corollary 3.4] For any multi-affine and
homogeneous H-stable polynomial h € C[z(1),...,z(n)], its
support supp(h) is the set of indicator vectors for the set of
bases of a matroid.

Remark 34. As proven in [22, Theorem 6.6], there exist ma-
troids, e.g., the Fano matroid, such that no H-stable polynomial
has support corresponding to the set of bases of this matroid.

In this paper, when we state that the support of a polynomial
corresponds to the set of bases of a matroid, we mean that this
support is the set of indicator vectors corresponding to the set
of bases of this matroid.



Definition 35. Consider the bipartite S-NFG N defined in
Definition 3} By Lemma [33] and the definition of the local
functions in Definition [3| we know that the support of each
local function corresponds to the set of bases of a matroid,
which motivates the following definitions.
1) Define M to be a matroid with the ground set £ and the
set of bases:

2{e&Ce|aeli) € Xy, VieT},

where we have used xg: in Definition 32}
2) Similarly, define M, to be a matroid with the ground set
& and the set of bases:

£ {g/ ce ‘ wc‘:’(:mj) € Xfr,j7 Vj € j}

Note that 3 can be viewed as a direct product of the sets
of bases of the matroids associated with the local functions on
the LHS of N, i.e., the local functions in {fi;};cz. Similarly,
B, is a direct product of the sets of bases of the matroids
associated with the local functions on the RHS of N, i.e., the
local functions in {f; ;}je7.

Lemma 36. The matroid polytopes of My and M., denoted by

’P(Ml) and P(Mr), are given by
= {Be | Beli,:) € conv(Xy,,), Vi€ I}, ()
{,35 | ,85 ) € conv(Xy, ), Vj € J} 3)

Proof. This follows from the definition of the matroid polytope
in Definition [32] and the definition of the matroids M, and M,
in Definition n

Definition 37. Consider M) and M, defined in Definition
Define

P(M, N M) 2 conv({ze | & € BN BY}).

Consider two matroids with the same ground set but different
families of independent sets: M = (G,K;) and My = (G, Ks)
with Ky # KCo. Although the pair (G, K1 NKC2) is not a matroid
in general, one can show the following result.

Theorem 38. Consider M, and M, defined in Definition
All the vertices in the polytope P(M,) N'P(M,) are in the set

BiNB, ie.,
P(M]) n P(Mr) = P(M] N Mr)

Proof. This is a corollary of the results in [23]]. For a more
accessible proof, see [35, Corollary 41.12b]. ]

Now we prove Theorem [§] using the previously introduced
concepts and results from matroid theory. It holds that

(a) sr:(i, 5) S Xfl,z’ Viel
conv(C) = conv({w ex ’ (. j) € Xy e T
®)

= conv({zg | &' € BINB})
< PN M)

@ P (M) mP( )
< o] o

: £5a

) € conv(Xy ), Viel
E conv(&Xy, ), VjeJ

o where step (a) follows from the definition of the set of
the valid configurations of N in Definition

o where step (b) follows from the definition of the sets of
bases BB and B, in Definition [33]

o where step (c) follows from the definition of the polytope
in Definition

o where step (d)

o where step (e)
P(M;) and P(M,

o where step (f
Definition [6]

follows from Theorem [38] .,
follows from the expressions for the sets

;) in Lemma

) follows from the definition of Lg¢ in

APPENDIX C
RELATING THE SUPPORTS OF THE LOCAL FUNCTIONS IN
EXAMPLE[3]TO UNIFORM MATROIDS

Motivated by Lemma [33] in this appendix, we show that the
S-NFG in Example [5] corresponds to uniform matroids. For the
definition of a matroid, see Definition 31}

Definition 39. (Uniform Matroid) [34] Example 1.2.7] Con-
sider an arbitrary integer v € Zx>1 and an arbitrary finite
ground set G such that v < |G|. A uniform matroid of rank
r is defined to be a matroid M = (G, B) such that the set of
bases is

B={B1 CG||B|=r}
Notice that for the S-NFG in Example [] the supports of the
local functions are given by
Xf“—{wz, e {0,1}™ ( ':):ri}, 1€,
Xfmf{m 5 7) 6{01}"J|wH( ‘):cj}, jeJg.

For each i € Z, consider a matroid My, , with the ground set
J; and the set of bases

{T T | 1T =r}.

Then My, , is a uniform matroid of rank r;, and the set of the
indicator vectors that corresponds to the set of bases of My, ,
is given by X7, .. '

Similarly, for each j € 7, the set X s corresponds to the
set of bases of a uniform matroid of rank c;.

APPENDIX D
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For any B¢ € L¢ and i € Z, we get
. pi(Be(i,:), L(i,2))
L(i,:)eR™i eXp(</6£(i7 :)7 L(Z’ )>)
S fulai,) - (L) - Beli )

x(i,:)e{0,1}™:

(a

= inf

a2

L’(i,:)E]R;né (L/( )),65(1 5

o oy B
- (ﬁﬁ( )) L/,(f)lng (L”( ))ﬂsU )7 @

where step (a) follows from the substitution
L'(i,:) = exp(L(i,:)) €
and where step (b) follows from [15, Lemma 2.12]. Similarly,
for any B¢ € L¢ and j € 7, we have
in lij(ﬁ&'(a.])vR(v]))
R(:.j)er™ exp((Be (-, ), R(:, 7))

€ RY L(i,:) €

m;
>0 R 77

@ . 1
= Be ())
R’(:,j)eR>{) (R/( )) e(5

3 i (@) (R D) (1 Be ()

®(:,5)€{0,1}™m:

—a(:,5) }



(nz.)- (1;1 (R .3) )

1-B¢ .
Z(N) = 1-— . f
B( ) BI?EaZ{S (168) ( 188) L//J;I}/GRLS(‘) (LII . _R//)ﬁ“S
. (117 (8e6.9.260.9) ) - (1 (3.9 Bt )
= inf
Beele L RERIE| exp((Be, L + R))

< Zs.a(N). @)
®) (1 Bel)) BeCod) | inp 1 For each i € Z, proving that p; (B¢ (i,:), L(i,:)) is real stable
€ rgery | (R(, ))ﬁs(vﬂ) with respect to Bg(i,:) € C™ for fixed L(i,:) € RIVil is
actually easier and thus it is omitted here. |

> feg(=(

®(:,5)€{0,1}™m:

= (1= Be(,9) >t
R )R (R'(:,

) (RG)™ - (1 - ﬁg(:,j))l}

4 (R"(:, 7))
W\ Be(g)?
j)) e (,7)
where step (a) follows from the substitution:
R'(:,j) = exp(R(:,j)) €RYy,  R(:j) €

and where step (b) follows from [15, Lemma 2.12]. We then
obtain the equalities in at the top of this page, where step
(a) follows from [20, Theorem 3.1], where step (b) follows
from the equalities in (@) and (5), and where step (c) follows
from the definition of Zp 4 in Definition

®)

n
R"™

APPENDIX E
PROOF OF THEOREM [13]
We first present some properties for the polynomials p; and
gj foreachi € Z and j € J.
Lemma 40. For any L, R € RI¢|, the following two properties
hold.
1) For each i € I, the polynomial p; (,Bg(i, 1), L(i, )) is a
real stable polynomial with respect to Bg(i,:) € C™:.
2) For each j € J, the polynomial q; (,85( 7)s R(:,j)) is
a real stable polynomial with respect to Bg(:,j) € C".

Proof. We prove the second statement first. Fix j € J. By the
definition of N in Definition [3| we know that

Qj(,BS(I,j)) # 0, 65( ) € H".

Because the imaginary parts of Sg(i,5) and (1 — Be(4,7))~
have the same sign, we have

1

(0B ) ™) = st (0 et ™
z(:,7)
#07 ﬂf('v )EHnj'
Because
exp(R(i,j)) € Ryo, i€, Be(s,g) € H™Y,
1_65(2’])7&0’ Z.el-ja/@5<:7j)€%nja
by Lemma we have
(/35( ) (a]))
(H (1 - 55(7’7]))> 4y (exp(R(,j)) ' (1 - 65(:5‘7'))71)
i€T;
7& Oa /65( ) Hn7

which proves the real stability of g; with respect to the vector
Bg(:aj) e C™i.

Lemma 41. For any L, R € RI¢|, the following two properties
hold.

1) For each i € L, the function
log (71 (Be (i,:), L(i,3)) )

is a concave function with respect to Bg(i,:) €
2) For each j € J, the function

tog (d (s (- ), B:. ) )

is a concave function with respect to Bg(:,j) €

[0, 1],

[0, 1]

Proof. We prove the second statement first. We consider that
both j € J and R(:,j) € R™ are fixed. Note that the
polynomial §; (B¢ (:,7), R(:, ) is not in the set R>o[Be (:, j)]
and we cannot simply use Lemma[29]to prove the log-concavity
of this polynomial. By Lemmas 28] and [40] the polynomial

i (1 = Be(:, ') ('»j))
Z fr] o (RG:1)m(::3)) | (,35(:7]'))17‘”(:’3')
z(:,4)
is a real stable polynomial with respect to B¢(:,j) € C™i. Also,
we have
Frg(@(:,5)) - e FEDCIN e R, a(:, ) € Ay,
By Lemma [29] we know that
log (4 (1~ Be :,7), R(:.)) )
is a concave function with respect to Bg(:,75) € [0,1]™.

Because 1 — B¢(:, j) is an affine transformation and the com-
position of a concave function and an affine function is a again
a concave function (see, e.g., [30, Section 3]), we know that

tog (4 (B¢ (:.). R(,)))

is also concave with respect to B¢ (:,5) € [0,1]™ as well.

The proof of the concavity of
log (7 (Be (i,7), L)) )
with respect to Bg(4,:) € [0,1]™ for each i € T is actually
easier and thus it is omitted here. ]
Now we prove the statements in Items|[T|and 2]in Theorem[T3]

e The convexity of FB,d with respect to Bg € Lg for fixed
L, R € RI¥! follows from Lemma
e Fix B¢ € L¢. For each i € Z, the function

—log (ﬁi (Be (i), L(3, )))



is the negative of a “log-sum-exponential” function with
respect to L(i,:) € R™i, which is a concave function.
Similarly, for each j € J, the function

~log(;(8(.9). R(-)))

is a concave function with respect to R(:,j) € R".
Therefore, the function Fg 4 is a concave function with
respect to L, R € RI€! for fixed B¢ € L.

APPENDIX F
PROOF OF COROLLARY [I6]

The definition of L¢ in Definition [f] implies that the set Lg¢
is convex. Thus to prove that the minimization problem in (T)
is a convex optimization problem, it is sufficient to prove the
convexity of Fi ¢ for B¢ € Lg.

Following the similar idea in the proof of Theorem
we can use the Lagrangian dual method to get the following
equality:

Fpe(Be)= sup Fpa(Be, L R),

L,ReRI€|

Be € Le.

By Theorem we know that FBA (,Bg,L,R) is a convex
function with respect to B¢ € Lg for fixed L, R € RI®I. Then
the supremum

sup FB,d (ﬁgyLaR)
L,ReRI|

is again a convex function with respect to B € Lg (see,
e.g., [30, Section 3]). Therefore, F ¢(B¢) is a convex function
with respect to B¢ € Lg.

APPENDIX G
PROOF OF THEOREM [22]

We prove a lemma first.

Lemma 42. If the inverse likelihood ratios that constitute an
SPA fixed point are all positive-valued, then the collection
of beliefs (3 evaluated at this SPA fixed point, as defined in

Definition satisfies 3 € L.

Proof. This follows from the definition of the SPA fixed point
in Definition [19] and the details are omitted here. ]

Remark 43. In this appendix, we prove that if an SPA fixed
point consists of positive-valued inverse likelihood ratios only,
then this fixed point corresponds to a stationary point of the
function FB,d, which is the objective function in the dual
formulation of the Bethe partition function, as defined in
Definition[I3] This is different from the proof in [6] Theorem 2],
where they showed that such an SPA fixed point corresponds to
a stationary point of the Bethe free energy function Fg, which
is the objective function in the primal formulation of the Bethe
partition function.

Following Definition[T9} given a collection of positive-valued

— =
inverse likelihood ratios (V, V) that constitutes an SPA fixed
point, the collection of beliefs defined by

B & fSPA,b(‘$) (®)

has positive-valued entries only. In the following, we show that
@' is at the minimum of the Bethe free energy function Fg.
By Lemma we know that 3’ € £ and the collection of
beliefs of the edges B satisfies By = 37 = B’;, which further

implies Bz € L¢ and 0 < B%(4,j) < 1 for (4, 5) € &. For each
(i,7) € €, we define

—

L'(i,j) £ 1o é(é’]]'_)) : ©))
R'(i,j) = log(?/(m) -(1- ﬁé(m))). (10)

Observing the equations of the belief evaluated at the SPA fixed
point in Definition [19] for each (i, j) € £, we get

i, ]
Vg

exp(R/(i,5)) =

Therefore, combining the property 3’ € £ with the definition
of £ in Definition [6] for each (i, j) € £, we have

0 - 0 - 0 Fiya =0

OL(i, j)

F
OR(i.j) "

9Pe (i, j)

for L = L', R= R/, and 8 = 3. By the convexity-concavity
of Fp g4 ([)'g, L, R), as proven Theorem we know that

sup  Fpa(Be,L,R) < Fpa(B:, L', R)

L,RecRI¢|
< min F L' R). (1
< Juin B.d(Be ).
Therefore, we get
Zg(N) @ Z5,a(N)

© exp(— 23 d(ﬁlg,L/aR/))

((.) — —

= eXp(—FB)#(V, V))

d

2 exp(~Fy(8)).

« where step (a) follows from Theorem

o where step (b) follows from the definition of Zg 4 in
Definition [T3] and the inequalities in (LT,

« where step (c) follows from the expressions for the entries
in L' and R’ in (9) and (I0), the expression in (8), and
the expression of Iy 4 in Lemma

« where step (d) follows from the expression in (8) and the
definition of Fg in Definition [0

APPENDIX H
PROOF OF THEOREM 23]

The main idea of the proof is as follows.

1) We first observe that the SPA update rules with respect to
the inverse likelihood ratios in Lemma [I8] can be rewritten
in terms of the partial derivatives of the polynomials p;
and g;.

2) Because both p; and g; are MAHRS polynomials, we
apply [22, Theorem 5.6] to show that the partial deriva-
tives of these polynomials, i.e., the SPA update rules, have
some monotonic properties.

3) Based on these properties, we prove the exponential
convergence of the SPA following similar ideas as in [[11]
Appendix G-B].

We first show some monotonic property in the message

update rules.



0— (1 n ?(i,j) ) I_}(i,j))il . (pi(‘7(i, :)))71 . ( Z
x(i,:)

Z fl,i(w(i7:)) :

fl,i(ﬁc(i, )) . (‘7(27 :))m(i7:)>

)i @(4,5)=0

n (V)™

- x(i,:): z(i,5)=1 1 €T \{J
V(i j) - (i,1): (4,5) J 67\{3_} e (12)
Z fl,i (CC(Z, )) ! (V(Z7 )) i
x(i,:): z(4,5)=0
— — —2 — 2 —
#Vt(i,j) = (pz'(Vt—l(i73))> : ( i(Vt—l(ia )) T 9 = pi(Vt—l(ia ))
OVi1(i, J1) OVi—1(i, §) OV (i, 1)
— 0 <
- = pi(Vt—l(iv :))'eipi(vt—l(ia )))
OVi-1(i,4) OVi—1(i, jr) Vi1(i,j)=0
Yy (13)

Lemma 44. For each i € Z, j € J, and t € Z>1, we rewrite
T+
the SPA update rules in Lemma |18 in terms of p;(Vi—1(i,:))
—
and q; (Vt(:,j)) as follows

= o — )
Vi(i, j) = eulog(Pi(Vt—l(% 5))) )
OVi—1(4, ) Vi 1(i,)=0
= 0 =
Vi(i,j) = —>”10g<Qj(Vt(:7])))
aVi(i, 5) Vi(4,5)=0

+—
Proof. This follows from the definitions of p;(V;—1(4,:)) and

3
¢;(Vi(:,4)) in Definition [3| and the SPA update rules in
Lemma [T8 [ ]

Remark 45. There is another perspective to understand

Lemma H4| from Fg 4. Consider positive-valued inverse like-
— =

lihood ratios (V', V).

For each (i,j) € &, one of the equations for the stationary
point of Fg y is given in (12) at the top of this page. Let us
focus on expression on the RHS of the equality in li We
note that the first three terms are positive- valued for (V V)
(V’ V’) Thus the equality in (12)) holds for (V V) (V’ V’)
if and only if the forth term is zero. Similar properties also
hold for other equations for the stationary point of Fg 4. After
solvinﬁ th_e}se stationary-point equations, we get the equations

Jor (V' V') being at the fixed point for the SPA update rules
in Lemma . .

Now we consider (V', V') being at an SPA fixed point. If we
set

V(i,j1) = V' (i, j1), 1€ Ti\{i},
V(i,j) =0,

then the forth term on the RHS of the equality in (12)) still
equals zero, i.e., the equality in (12)) still holds. In thls case, the

equality in (I2) corresponds to the equation for V’ (i,7) being
at the fixed point of the SPA update rules in Lemma Similar
properties also hold for other equations for the stationary point
of I 4. After solving the stationary-point equations under this
setup, we get the fixed-point equations for the SPA update rules
in Lemma

j) € & such that XZ(i,j) € R<y,
the ratio Vi(i,j) is a non-increasing function with respect to
\24(2’,]’1) € Rxq forall j1 € T\{j}. Similarly, for YZ(i,j) €
R>g, the ratio ‘2 (i,J) is a non-increasing function with respect

to Vt(il,j) S RZO for all i1 € Zj \ {Z}

Lemma 46. For each (i,
—

Proof. The proof of the second statement in the lemma is

similar to the proof of the first statement in the lemma.

Therefore, it is sufficient to prove the the first statement.
Consider an arbitrary j; € J; \ {j}. We obtain

_> . .
Vt (Za .7)
(@) 1 . 0

— — pi(‘itfl(i’:))
Y2 (Vt—l(ia )) Vi_1(i, )

= ..
Vi—1(4,5)=0

(14)

®

> 0,
where step (a) follows from the SPA update rule in Lemma |44] .
and where step (b) follows from Vt(z J) € Ryg as stated in
the lemma statement. By the inequality in (14) and the fact that

for all Vt 1(4,:) € RY, the following inequalities hold:

0 —
—i(Viaa(iy2) >0,
oVi_1(i,7) Vi1 (i)=0
—
pi(Vie1(i,0) | >0. (15
Vi—1(4,5)=0

— —
The partial derivative of V,(i,j) with respect to V;_1(4,71) is
given in (T3) near the top of this page, where step (a) follows
from the strlct inequality in (T3, from Theorem [30] and the
fact that p; (Vt 1(4,:)) is an MAHRS polynomial with respect

to Vt 1(4,:), as defined in Definition [3 |
Based on the monotonic proven in Lemma 6] we can use

similar ideas as in [11, Appendix G-B] to prove Theorem [23]
The details are omitted here.
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