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Abstract

Quantum mass functions (QMFs), which are tightly related to decoherence functionals, were introduced by Loeliger and
Vontobel [IEEE Trans. Inf. Theory, 2017, 2020] as a generalization of probability mass functions toward modeling quantum
information processing setups in terms of factor graphs.

Simple quantum mass functions (SQMFs) are a special class of QMFs that do not explicitly model classical random variables.
Nevertheless, classical random variables appear implicitly in an SQMF if some marginals of the SQMF satisfy some conditions;
variables of the SQMF corresponding to these “emerging” random variables are called classicable variables. Of particular interest
are jointly classicable variables.

In this paper we initiate the characterization of the set of marginals given by the collection of jointly classicable variables of
a graphical model and compare them with other concepts associated with graphical models like the sets of realizable marginals
and the local marginal polytope.

In order to further characterize this set of marginals given by the collection of jointly classicable variables, we generalize the
CHSH inequality based on the Pearson correlation coefficients, and thereby prove a conjecture by Pozsgay ef al. A crucial feature

of this inequality is its nonlinearity, which poses difficulties in the proof.

I. INTRODUCTION

Graphical models like factor graphs [1]]-[3]] have been used to represent various statistical models. In the following, we will
call a factor graph consisting only of non-negative real-valued local functions a standard factor graph (S-FG). S-FGs have many
applications, in particular in communications and coding theory (see, e.g., [4], [5]) and statistical mechanics (see, e.g., [6]). In
these applications, factor graphs frequently represent the factorization of the joint probability mass functions (PMFs) of all the
relevant random variables. Quantities of interest can then be obtained by exactly or approximately computing marginals of this
joint PMF and suitably processing these marginals.

Factor graphs have also been used to represent quantum-mechanical probabilities [[7], [8]]. In contrast to S-FGs, these factor
graphs consist of complex-valued local functions satisfying some constraints. In the following, we will call such factor graphs
quantum-probability factor graphs (Q-FGs). A Q-FG is typically used to represent the factorization of the joint quantum mass
function (QMF) as introduced in [7].

In this paper, we first discuss similarities and differences between PMFs and QMFs. Some of the features of QMFs will then

motivate the study that is carried out in the rest of this paper.

This is an extended version of a paper that was submitted to ISIT 2021 using the same title. This work has been supported in part by the Research Grants
Council of the Hong Kong Special Administrative Region, China, under Project CUHK 14209317 and Project CUHK 14207518.



II. PMFs vs. QMFs

In this section we highlight some similarities and crucial differences between PMFs and QMFs. First, we consider a classical
setup. In particular, we assume that we are interested in a graphical model that represents the joint PMF Py, v, (Y1,---,Yn)s
where Y, ...,Y,, are some random variables of interest taking value in some alphabets )}, ... ,ynE] (In a typical application,
we might have observed Y7 = yi1,...,Y,—1 = y,—1 and would like to estimate Y,, based on these observations.) In most
applications, the PMF Py, . vy, (Y1, ..,Yn) does not have a “nice” factorization in terms of simple factors. However, frequently,
with the introduction of suitable auxiliary variables z1, ..., z,, taking values in some alphabets A7, ..., X,,, respectively, there

is a function p(x,y), where « := (21,...,2,,) and y := (y1,...,yn), such that

p(x,y) € R>o (for all z,y) ,
> pl@y) =1,
m’y

> p(x,y) = Py(y) (forally),

and such that p(x,y) has a “nice” factorization. (For example, in a hidden Markov model, the joint PMF of the observations
does not have a “nice” factorization, but the joint PMF of the hidden state process and the observations has a ‘“nice”
factorization.) Note that the function p(ax,y) can, thanks to its properties, be considered as a joint PMF of some random
variables X1,..., X, Y1,...,Y,.

Second, we consider a quantum-mechanical setup. We assume, again, that we are interested in a graphical model that represents
the joint PMF Py, v, (y1,---,Yn), where Y7,... Y, are some random variables of interest taking values in some alphabets
Vi,...yYVn. Such random variables can, for example, represent the measurements obtained when running some quantum-
mechanical experiment, and we might be interested in estimating Y,, based on the observations Y7 = y1,...,Y,—1 = Yn—1.
As in the classical case, the PMF Py, vy, (y1,...,Y) usually does not have a “nice” factorization in terms of simple factors.
Moreover, standard physical modeling of quantum-mechanical systems shows that introducing a function p(«,vy) as defined
above does usually not help toward obtaining a function with a “nice” factorization. However, in many quantum-mechanical
setups of interest, with the introduction of suitable auxiliary variables x1,...,zm, 2], ..., z,, taking values in some alphabets
Xiyooy X, XYy, XL (with X = X, i € {1,...,m}), there is a function ¢(x,z’,y), called quantum mass function

(QMF) [7]], such that

q(a:a wlvy) € (C (fOI' all mvw,y) )
Z Q(m7m/7y) = 1 )
T,z Yy

q(z,x',y) is a PSD kernel in (z, ') for every y ,

> q(x,a',y) = Py(y) (forally),

wn
and such that g(x, 2’,y) has a “nice” factorization. The major difference between p(x,vy) and ¢(x,x’,y) is the fact that the
former takes value in R>, whereas the latter takes value in C. In particular, Zy g(x,x’',y) is in general not a PMF over
(z, ), thereby showing that @, @’ cannot be considered as random variables. (See [[7|] for more details.)

In [8]], the authors discussed an approach to QMFs where y does not appear explicitly anymore, but “emerges” from a QMF.

More precisely, they first introduced a simple quantum mass function (SQMF) ¢(x, x’) that satisfies

q(z,z') € Cso (for all z, z’) ,

!For simplicity, in the following all alphabets will be finite.



ZQ(w>w/) =1,

x,x’

q(z,x') is a PSD kernel in (z,z') .

Afterwards, they defined “classicable” variables.

Definition 1. Let T be a subset of {1,...,m} and let ¢ := {1,...,m} \ L be its complement. The variables x1 are called
Jjointly classicable if the function
q(:EI,.’B%) = Z Q(wam/)
mZC7m/Ic

is zero for all (xz,x%) satisfying xz # ac'IE]

Note that if 7 are jointly classicable, then one can define the function p(x7) := ¢(xz,x7), for which it is straightforward,
thanks to the properties of SQMFs, to show that it is a PMF. It is in this sense that random variables vy, ..., y, that were

omitted when going from QMFs to SQMFs can “emerge” againE]
Definition 2. Let KC be a collection of subsets T of {1,...,m} such that xz is classicable.

Example 3. Consider the Q-FG Ny in Fig. 4} whose global function is an SOMF. In that Q-FG, p represents a PSD matrix
and Uy, Uy are unitary matrices. One can show that for all choices of p, U1, and Us, the collection K can be chosen to contain

the sets {1,2}, {1,4}, {2,3}, and {3, 4}
Thoughout this paper, we consider

K= {{172}ﬂ{1ﬂ4}ﬂ{233}?{3?4}}' (D

Interestingly enough, the collection of functions { p(xz is usually such that there is no PMF p(x) such that for every

Jyzex
Z € K, the function p(xz) can be obtained as a marginal of p(:c)E] In general, we can only guarantee that for two sets
T1, Iy € K the following consistency constraint holds:

Z p(wll) = Z q(quw/Il)

’
TI\Io TIINZ2: T \Ty

(é) Z q(w,:c’)

/. ’
T, 2 BT T ®L (1, fixed

Z q(wI2 ) m/IQ )

’
TINZ1TLH\14

= Y plag,) (forall 27,q7,), )

TI\T

where at step (a) we have used Definition
Let us comment on these special properties of {p(mz)}z et
« It turns out that these special properties of {p(mz)} zex are at the heart of quantum mechanical phenomena like Hardy’s
paradox [12] and the Frauchiger—Renner paradox [13]E] In fact, the Q-FG N, in Fig. E] can be used to analyze Hardy’s

paradox. On the side, note that the Q-FG in Fig. [4] also captures the essence of Bell’s game [14].

21t would be more precise to call this function gz. However, for conciseness, we drop the index Z as it can be inferred from the arguments.

3Note that there is a strong connection of SQMFs to the so-called decoherence functional [9], [[10]], and via this also to the consistent-histories approach to

quantum mechanics [11]. However, the starting point of our investigations is quite different.
4For special p, the set K contains more elements.
A similar observation is at the origin of the so-called “single-framework” rule in the consistent-histories approach to quantum mechanics.

SFor a discussion of the latter in terms of SQMFs, see [8].



« Interestingly, these special properties of {p(:cI

polytope of an S-FG (see, e.g., [15])[]

)}z ci are very similar to the properties of beliefs in the local marginal

The above observations motivate the systematic study of the collection {p(a:z for a given SQMF. Indeed, one key

)}IEIC
contribution of this paper is to study this collection for the Q-FG in Fig. ] and compare it with other objects that can be

associated with this Q-FG.

III. MOTIVATION AND CONTRIBUTIONS

Bell inequalities [|18]] derived by the Bell theorem are useful tools for studying classical variables for PMFs and classicable
variables for QMFs. Linear Bell inequalities provide a characterization of joint PMFs [19]-[21]], which indicates the Bell
inequalities’ application in characterizing sets of marginals. The simplest and most well-known Bell inequality is the Clauster-

Horne-Shimony-Holt (CHSH) [22] inequality, i.e.,
[E(Z1 - Z2) + B(Zy - Z4) + B(Z3 - Z) —E(Zy - Z2)| < 2,

where Z1, ..., Z, are binary random variables in {—1, 1}. In [23]], the authors considered the CHSH inequality in terms of the

covariance and the Pearson correlation coefficients (PCCs), i.e.,

=

|COV(Z17 ZQ) + COV(Zl, Z4) + COV(Zg, ZQ) — COV(Zl, Zg)| (3)

ol ot Y

|Corr(Z1, Zs) + Corr(Z1, Zy) + Corr(Zs, Zs) — Corr(Z1, Z2)| < =, ()]

where Cov(Z;, Z;) and Corr(Z;, Z;) are covariance and PCC for binary random variables Z;, Z; € [—1,1] and {3, j} € K,
respectively. Note that these inequalities are non-linear for the PMF of Z1, ..., Z,. The authors in [23, Appendix A] proved (3)
and conjected @). They also proved Tsirelson’s bound [24] for the covariance measure in [23] Appendix B.1]. The proposed
conjecture and the proving techniques they used partially motivate our work.

To better understand classicable variables’ marginals, we define the set M (N,4), which is the set of the marginals created by
the classicable variables in the two-qubit system Ny in Fig. 4l One of our paper’s main topics is to fully characterize M (Ny).
For comparison, we introduce LM (K) (the local marginal polytope of the S-FG N; in Fig. , M(Ny) (the set of realizable
marginals of Ny), M(N2) (the set of realizable marginals of the Markov chain Ny in Fig. 2), and M(Nj) (the set of realizable
marginals of N3 in Fig. [B). We derive the following results.

o We prove the Venn diagram in Fig. [/| by showing that each part in the diagram is non-empty. We can see that the sets
of realizable marginals M (N3) and M(N4) are strict subsets of LM (K). In particular, both M(N;) and M(N3) have
marginals that are not in M (N4); the set M (N4) consists of marginals that are not compatible with any joint PMF.

o We generalize the Clauser-Horne-Shimony-Holt (CHSH) inequality [22] for Pearson correlation coefficients (PCCs), which
resolves a conjecture proposed in [23|]. Because PCCs are non-linear functions with respect to marginals, the inequality
has a non-trivial proof. We suspect that the proof approach is applicable for proving other non-linear Bell inequalities. A
violation of this inequality indicates that the associated marginals are not in M (N3).

o We illustrate Hardy’s paradox, Bell’s game, and the maximum quantum violation of the PCC-based CHSH inequality by
the classical variables in Ny.

Besides these specific results, our paper is, more generally, about leveraging tools from factor graphs to understand certain
quantities of interest in quantum information processing. In particular, given that factor graphs have been proven very useful in
classical information processing, but can also be used for doing quantum information processing, they allow one to understand

and appreciate the similarities and the differences between classical and quantum information processing.

"Local marginal polytopes are of relevance, for example, when characterizing locally operating message-passing iterative algorithms like the sum-product

algorithm [16], [17].
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The rest of this paper is structured as follows. Section reviews some basics of S-FGs. Section discusses some
properties for N3 in Fig. |3} In particular, Section proves the PCC-based CHSH inequality and discusses the Markov chain
in Fig. 2] Section [V]introduces the factor graphs N4 and N5 depicted in Figs. ] and [6] respectively. Section [V]] proves the Venn
diagram in Fig.

A. Basic Notations and Definitions

The sets Z, Z>o, Z>o, R, R>¢, Rs0, and C denote the ring of integers, the set of nonnegative integers, the set of positive
integers, the field of real numbers, the set of nonnegative real numbers, the set of positive real numbers, and the field of

complex numbers, respectively. An overline denotes complex conjugation. Square brackets are used in two different ways.



Namely, for any L € Z, the function [L] is defined to be the set [L] := {1,..., L} with cardinality L and for any statement

S, by the Iverson’s convention, the function [S] is defined to be [S] := 1 if S is true and [S] := 0 otherwise. For any vector
vi= (111 UN) € CV, we define
V1 0 0
0 (%) 0
diag(v) :=
0 0 - oy

For any matrix M € CN*N N € Z~q, and i, j € [N], the vector M (i,:) represents the i-th row of M and M(:, j) represents
the j-th column of M. The matrix M (i; : 42, j1 : j2) represents the submatrix of M s.t.
M(iy, j1) - Mf(iy, j2)
M(iy @iz, 41 1 j2) = : : ; i <1z, j1 < Ja.
M(iz, j1) -+ M(i2, j2)
IV. STANDARD NORMAL FACTOR GRAPHS (S-NFGS)

In this section, we review some basic concepts and properties of an S-NFG. The word “normal” refers to the fact that

variables are arguments of only one or two local functions. We use an example to introduce the fundamental concepts of an

S-NFG first.
Example 4. [/, [3]] Consider the multivariate function

Ny (Z1, - wa) = fro(wr, 22) - fra(z, @a) - fao(xs, x2) - f3,4(23,24)

where gn,, the so-called global function, is defined to be the product of the so-called local functions fi1 2, fi.4, f3,2 and f3 4.
We can visualize the factorization of g with the help of the S-FG N1 in Fig. I} Note that the S-FG N1 consists of four function

nodes f12,..., f3 4 and four (full) edges with associated variables x1, ..., x4.

For an S-NFG, a half edge is an edge incident on one function node and a full edge is an edge incident on two function

nodes.

Definition 5. The S-NFG N(F(N),E(N), X(N)) consists of:
1) The graph (F(N),E(N)) with vertex set F(N) and edge set E(N), where E(N) consists of all full edges and half edges

in N. With some slight abuse of notation, an f € F(N) will denote a function node and the corresponding local function.

2) The alphabet X(N) := [] cg(ny Xe, where X, is the alphabet associated with edge e € E(N).

Definition 6. Given N(F(N),E(N), X (N)), we make the following definitions:
1) For every function node f € F(N), the set Of is the set of edges incident on f. The degree of f is defined to be |0f|.
2) An assignment x = (zc)ecen) € X(N) is called a configuration of the S-FG. For each f € F(N), a configuration
x € X(N) induces the vector xyy with components oy = (Te)ecof € Heeaf X..
3) The local function f associated with function node f € F(N) denotes an arbitrary mapping

fr HXeHRZO.

ecof
4) The global function is defined to be

o) = [[ flaay)
)

feF(N



5) A configuration x with gn(x) # 0 is called a valid configuration. The set of all valid configurations, i.e.

6)

7)

8)

C(N) := {z[gn(z) # 0},

is called the global behavior of N, the full behavior of N, or the edge-based code realized by N.

The partition function is defined to be
Z(N) = gn(),
T
where .. denotes . -

The probability mass function (PMF) induced on N is defined to be the function

mix) = 2.

Let T be a subset of £(N) and let 1° := E(N) \ T be its complement. The marginal pn (1) is defined to be

pnz(TT) 1= ZPN(CD), xz € X7,

rzc

Definition 7. Considering K given in (1) and N € {Ny, N2, N3}, we make the following definitions:

1y
2)

3)

4)

5)

The alphabet X, is X, := {0,1} for all e € E(N).

The matrices pn,; ; and p,; are defined to be

PN,i,;(0,0)  pn,i(0,1)

PNyi,j = ’ {27]} € ]C7
PN, (1,0)  pnig(1,1)
PN,i(0) 0 .
DN,i = ; i€ &EN).
0 pn,i(1)

The set of matrices 3 is defined to be 3 := ((/Bi,j){i,j}e)Ca (Bi)ieg(N)), where the matrices [3; ; and B; are defined to be

Bi,5(0,0)  Bi;(0,1)

ﬂi,j = € IR2>>(<)27 {17]} € K:a
Bii(1,0) B (1,1) -
(0 0
Bi = Ail0) € RZS?, i€ &(N).
0 Bi(1) -
The set of realizable marginals M(N) is defined to be
M(N) := {B |there exists (pn,i,;)ijex and (pni)icen) such that (@) holds } 5)
where
Bij = PN,ijs Bi = PN,i B = Pnj, {i,j} e K. (6)

The set LM(K) is defined to be

LM(K) := {B|@-(®) hold},

where

0 < By(zs,z;) <1, Z Bij(xi, ;) = Bi(xs), Z Bij(xi,xj) = Bi(x;), @z € Xe, {1,5} €, (T)

T;EX, ;X
> Bilwi)=1, i€&N). (8)
z; €EXe
The set LM(K) contains B3 such that (s.t.) for each (i, j) € K, the matrix (3; ; satisfies the normalization condition ()

and the marginalization constraints (1), i.e., (8; ;)i ; are locally consistent PMFs. The set LM(K) is called the local



6)

Note that £(N;)
any {i,j} € K, weuse >, and )

marginal polytope of the S-NFG Ny in Fig. |l| The definition of the local marginal polytope of an S-NFG is given in [|I5]
Section 4.1.1].

For each B € LM(K) and {i,j} € K, each marginal 3; ; can be used to represent the PMF for two random variables
Yy and Y5 in X, s.t.

Pr(Y1 =z;,Ys = x;) = B j(xi, xj),

iy Tj € Xe.
The covariance of Y, and Y5 equals

Cov(By) = E((Y1 —E()) - (V2 — E(Y:

) g Zi Ty - Bzg 331733] ( E 61 5172
x; EXe

)

z) ( > Bilw)) -
T;EX,

©)
The variances of Y1 and Y equal
2
Var(8;) := Var(Y1) = E((Y; — = Y Bilwi) @i — ( > Bilw) %) ; (10)
T, EXe T;EX,
2
2
Var(ﬁj) = Var(Yg) = E((YQ —E Y = Z ﬂj(l’j) . LL‘j — < Z 63'(:5]') . 1’j> . (11)
T;EX, T;EX,
When Var(Y7), Var(Ya) > 0, the Pearson correlation coefficient of Y1 and Y3 is defined to be
Y1, Y5
Corr(B;}) = Cov(¥1,¥2) (12)
v/ Var(Y7) - Var(Yz)

= E(N2)

E(Ns3). In the rest of this paper, we use £(N;) instead of £(N) when N € {N1, N2, N3}. For

instead of >0, . and ), ., when there is no ambiguity. We also use {-}; ;.

(')i,ja ()7,9 and {}w for {'}{i,j}E}Ca ('){i,j}elc, (')ie:‘)(Nl)» and {'}weX(Nl) respectively.

Because LM (K) is a convex set by its definition, Carathéodory’s theorem [25, Proposition B.6] implies that each element in

LM(K) can be written as a linear combination of the vertices of LM(K). The vertices of LM (K) following modulo cyclic

symmetries are listed as follows:

B4 B B32 B34 B4 Bi2 B30 B34

1 0 1 0 0 0 0 0 1 0 0 1 0 0 0 0
v Vs

0 0 0 0 1 0 1 0 0 0 0 0 0 1 1 0

0 0 0 0 0 0 0 0 0 1 0 1 0 1 0 1
Vg Vio

1 0 1 0 1 0 1 0 0 O 0 0 0 0 0 0

1 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0
V15 Vie

0 0 0 0 0 0 0 0 0 1 0 1 0 1 0 1

00 0 0 0 0 0 0 fo 1y | 1o\ |, (1t o\]|, (1 0
V11 vi7 | 3 5 3 1

1 0 0 1 0 1 1 0 1 0 0 1 0 1 0 1
v 1 1 0 i 0 1 1 0 1 i 0 1
21 | 2 2 2 2

0 1 1 0 1 0 1 0

Modulo cyclic symmetries means that by tranpose and circular shifts of each marginal in (3; ;), ; for each vertex listed in the

above table, we can obtain all the vertices of LM (K). The full list of the vertices is in Appendix [A]

Lemma 8. It holds that

2
Var /62 Z Bz xz zz) = det(ﬁi)a (S {1,3},

T;EX,




2
Var(B3;) = Z Bi(w;) < Z Bj(w;) j) = det(8;), j € {2,4},

T;EX, T;EX,

COV /B’Lj Z Zi-Xj - IB'L,] xl7xj ( Z ﬁl mz i> ( Z Bj(x]> : x]) = det(ﬂi,j)7 {%]} ek. (13)

T, x; EXe T;EX,

Recall that the definitions of K is given in (I).
Proof. See Appendix [B] [ |

Corollary 9. For {i,j} € K and 0 < 3;(0), 5;(0) < 1, the PCC Corr(B,; ;) satisfies

det(8i,) :5m@0)@ﬂln Bii(0,1) - Bi;(1,0)
det(B:) - det(8;) V/Bi(0) )+ 8;(0) - B;(1)
Proof. 1t can be proven by Lemma |

Cov(Bi ;) = det(Bi;), Corr(Bi,5) =

(14)

Proposition 10. For Cov(8; ;) and Corr(B3; ;) defined in (O) and (12), we have

Cov(Bi)| < |Corr(Bi)] < 1.

N

Proof. The inequality on the LHS can be obtain by

[Cov(Bi,)] < V/Var(¥y) - Var(Ya) € \/det(B;) - det(8) = /8:(0)(1 — 5:(0))5;(0)(1 — 5;(0)) <

> =

where at step (a) we have used Lemma [8| One can prove the inequality on the RHS by the Cauchy-Schwarz inequality. W

Definition 11. Suppose that 3 € LM(K), we define two expressions:
CovCHSH(B) := Cov(B1,2) + Cov(B1,4) + Cov(Bs3,2) — Cov(B3.4), B € LM(K),
CorrCHSH() := Corr(81,2) + Corr(B1.4) + Corr(8s2) — Corr(B3,4), 0< £:;(0) <1, i€ &(Ny), B e LM(K), (15)

where Cov(B; ;) and Corr(B; ;) for {i,j} € K are given in (14).

The constraint 0 < 3;(0), 3;(0) < 1 ensures that Corr(83; ;) for {i,j} € K is well-defined.

A. Properties for N3

In this subsection, we prove inequalities with respect to CorrCHSH(3) for 3 € M(N3). These inequalities genuinely are

(nonlinear) Bell inequalities [26] in the usual sense. By definition, one can verify that
M(N1) € M(N3),  M(N2) € M(N3),

which means that any property that holds for 3 € M(N3) also holds for 3 € M(N;) U M(Nz). The set M(N3) contains the

set of marginals that can be realized by joint PMFs for four random variables.

Theorem 12. For any 3 € M(N3) s.t. 0 < 3;(0) < 1 for all i € E(Ny), we have

|CorrCHSH(B)| < 2v/2.

Proof. See Appendix [ |

The main idea in the proof of Theorem [I2] can be used to verify whether a proposed bound for a function of PMFs is
achievable. In particular, we prove it by contradiction. On the one hand, the set M(N3) defined in (B) consists of marginals
for binary random variables. On the other hand, to have CorrCHSH(3) = 2v/2 for 8 € M(N3), the associated PMF has to

be the joint PMF for ternary random variables. It is different from the idea in the proof of the upcoming Theorem [14]



Proposition 13. There exists a B € M(N3) s.t. CorrCHSH(B) = 5/2.
Proof. See Appendix [ |

Theorem 14. For any 3 € M(N3) s.t. 0 < 5;(0) < 1 for all i € E(N1), we have

|CorrCHSH(3)| <

N | Ot

Proof. See Appendix [ |

Theorem [14] proves the conjecture stated in [23]]. The key idea of the proof is that we consider 8 € LM cusu(K) instead of
B € M(N3). Suppose that we want to prove CorrCHSH(3) < 5/2 for 3 € M(N3) directly. For any 3 € M(N3), the marginal
Bi,; can be written as a convex combination of some joint PMF for X7, ..., Xy, i.e., {pn,(x)}s, which makes the expression
of CorrCHSH(3) non-trivial. By considering a superset of M(N3), i.e., LMcusu(K), we can simplify CorrCHSH(3). We

suspect that this idea can be generalized in the proof of other non-linear Bell inequalities.

Corollary 15. For any 3 € M(N3), we have

|CovCHSH(B)| < é B e M(Ns).
Given that
S Bijwiiag) - (=1)%F — (Z Bila) - (—1)“) : (Z B;(x5) <—1>%‘) =4-Cov(Biy), {i,j} ek,

we also prove the inequality:
> (~pt=Ba (Z Bug(@iy ;) - (=) — (Z Bila:)- (—1)“) : (Z By(aj)- (—1)%‘)) ‘ <
i,JEK T;,T;j T Z;j

Proof. The proof is similar to the proof of Theorem [I4] and thus is omitted here. ]

B. Markov Chain Ny in Fig.
In this subsection, we study the Markov chain Ny in Fig. [2| In particular, we prove some inequalities w.r.t. the correlation

coefficients for (3; ;)i,;-

Definition 16. We make the following definitions for No in Fig.

1) The matrix Mx, x, is defined to be

My, x, == ) (16)
where

Mx, x,(21,72) € R>o, ry, w2 € Xe, Z Mx, x,(21,22) =1

T1,T2EX,
2) For {i,j} € {{1,4},{2,3}}, the matrix Mx, x,is defined to be
Mx,x,(0,0) Mx,x,(0,1)

Mx, x, = e e , (17)
Mlex'i(]‘?O) Mlexi(]‘7]‘)

where

My, x,(2j,%;) € Rxo, Z My, x,(z;,2;) =1, zi, xj € Xe. (18)



3) For i€ E(Na), the diagonal matrix Mx, is defined to be

Mx, (0 0
MX,i = X1(> y

0 My, (1)

where
Mx, (x;) == pny.i(24), z; € X,. (19)
Proposition 17. The set M(Ny) equals

M(N2) = {B|there exists F(N2) s.t. Z0)-22) hold} ,

where
B2 = Mx, x,, Bs2 = Mx, x,  Mx,, (20)
Bia= Mx, - (MX4\X1)T7 B34 = Mx,x, - (Mx,x, - Mx, x,)" (21)
Bi = Mx,, i € E(Ny). (22)
Proof. Tt can proven directly by the definition of M(N3) in (3) and thus it is omitted here. ]

Theorem 18. For the Markov chain No in Fig. [2] we have
COI‘I‘(,8374) = COI‘I‘(ﬁg,g) . COI‘I‘(BLQ) . COI‘I‘(5174).
Proof. See [27, Corollary 19]. |

Corollary 19. For the Markov chain N in Fig. |ZI it holds that
|Corr(Bs,4)| < |Corr(B1,2)| < 1.
Proof. It can be proven using Theorem [T8] and Proposition [T0] ]
We prove another variation of the CHSH inequality [22]] for the Markov chain N in Fig. 2}

Proposition 20. For the Markov chain Ny in Fig. 2} we have

|Cov(Bi,2) + Cov(B2.4) + Cov(Bi,3) — Cov(B3.4)| < (23)
|Corr(B1,2) + Corr(B2.4) + Corr(B,3) — Corr(Bs4)| < 2, (24)
Proof. Concerning the inequality (23), we have
Cov(B13) Y det(My, x,) - det(Mx,|x,),  Cov(Baa) Y det(My, x,) - det(My, x,),  Cov(Bsa) 2 det(Msy, x,) - det (M
where at step (a) we have used (20) and (Z1). By the property of My |x, for {i,j} € {{1,4},{2,3}} in (I8), we have

det(Mx,|x,) = Mx,x,(0,0) - My, x,(1,1) — (1 — Mx,x,(0,0)) - (1 — Mx,|x,(1,1)) = Mx,x,(0,0) + My, x,(1,1) =1 < 1.

Then we have

Cov(B12) <1 + Cov(B1,4) + Cov(Ba3) - (1 - COV(BL“))) ‘

(%) i‘l + Cov(ﬂm)‘ + ﬂl - COV(61,4)‘

<

N =

where at step (a) we have used Proposition



Now we turn to prove the inequality (24). Similar to the proof of [27, Corollary 19], the Markov property shown in Fig. 2]

implies
Corr(81,3) = Corr(8:2) - Corr(Ba,3), Corr(2,4) = Corr(B1,2) - Corr(B1,4)-

Then we have

‘Corr(ﬁl,g) . (1 + Corr(B1,4) + Corr(Bs,3) - (1 - Corr(,BlA))) ‘

(a)
<

1+ Corr(ﬁ1’4)} + ‘1 - COTY(ﬂ1,4)‘

< 2.

where at step (a) we have used Proposition

V. QUANTUM-PROBABILITY NORMAL FACTOR GRAPHS (Q-NFGS)

This section considers a quantum system represented by the Q-NFG N, in Fig. ] Such Q-NFGs have been discussed
thoroughly in [7]], [8]. For each degree-2 function node in NFGs, we can associate it with a matrix. In quantum information
processing systems, the degree of function nodes is usually 2. If a function node has degree more than 2, we can associated
it with a collection of matrices by setting extra variables to be the indices of matrices (see, e.g., the collections of matrices
{Ai 2, }iz, and {Bj 4}, in Fig. . In Figs. E], and [5| the row index of a matrix is marked by a ciliation. Recall that the
definitions of QMFs and the associated classicable variables are given in Definitions (I and [2} We present the details of N4 in

the following for completeness.

Definition 21. For N4, we make the following definitions.
1) The set of edges is defined to be the set E(Ny) := E(Ny).
2) The alphabet for Ny is X(N4) == [;ce(ny) X2, where X? :={0,1}? is the alphabet for the variable ¥; == (x;,z}).
3) An assignment & := (%;); € X(Ny) is called a configuration of N.

4) The matrix p with row index (x1,x2) and column index (x',x%) is defined to be

P11 P12 P13 P14

P21 P22 P23 P24

P31 P32 P33 P34

P41 P42 P43 P44
where the first row of p is indexed by (0,0), the second row of p is indexed by (0,1), the third row of p is indexed by
(1,0), and the forth row of p is indexed by (1,1). The columns of p are indexed similarly. We require that the matrix p

is a Hermitian, positive semi-definite (PSD) matrix with trace 1, i.e., a density matrix, which means that

P11 P2,1 P3,1 P41

P21 P22 P3,2 P42 - .
p= ) Pij = Pjis i,j €[ (25)
P31 P32 P3,3 P4,3

P4,1  P4,2 P4,3 P44
5) For i € {1,2}, the 2-by-2 unitary matrix U; is defined to be

Uz(()»O) Uz(oul) 2 2
Ui = ) |Uz(0a0)| + |UZ(0v 1)| = 17 UZ(O7O)a Ui(oa 1) S (Ca "2 S Rv

—exp(ip; )U;(0,1)  exp(tp;)U;(0,0)
where  is the imaginary unit. In particular, the row indices of U1 and Us are x3 and x4, respectively; the column indices

of Uy and Uy are x1 and xo, respectively.



6) The global function for N4 is defined to be
gny (&) = p((21, 22), (27, 23)) - Ur(as, 21) - Ur(ah, 27) - Ua(a, 22) - Up(ah, @) - [25 = 2, 24 = ).

7) The partition function of N4 is defined to be

Z(Na) =) gn, (&), (26)
where 5 denotes 3 ;)
8) The QM induce on Ny is
~\ . 9Ny (i")
qN4(w) = Z(N4) .

9) Let T be a subset of {1,...,m} and let ¢ := {1,...,m} \ Z be its complement. The marginal qz(Zz) is defined to be

|Z]

az(@1) =Y an,(E), ir e [[A7
Bze i=1

Proposition 22. The partition function Z(Ny) defined in 26) satisfies Z(Ny) = 1. Therefore, we have qn, (&) = gn, ().

Proof. This can be proven directly using the definitions of Z(Ny) and gn, (Z). [ |

Proposition 23. For any {i, j} € K and %;,; € X?, the marginals q; j(Z;,%;) and q;(Z;) are non-negative real numbers.

Proof. This can be proven directly using the definitions of K and gy, (Z). |
Then we define the set of marginals of N4 that can be realized by varying p, Uy, and U in Ny.

Definition 24. With 0 := (0,0), 1:= (1,1), the matrices qi; and q; induced by qn, are
4:,5(0,0)  ¢;;(0,1) ¢(0) 0

q;j = . . q; = -

,;(1,0) ¢;;(1,1) 0 ¢l

The set of realizable marginals M(Ny) is defined to be the set
M(Ny) := {3 |There exists (q; ;)i ; and (q;); for Na s.t. B; ; = q; ;, Bi = qi, {i,j} €K}.

For any 8 € M(Ny), there exist p, Uy, and Us s.t.

Bij(@i,xj) = Tr((Aiz;, @ Bja,) p- (Aiw, @ Bjo,)"), zi, x5 € X, {i, 5} € K, (27
where
- prli=3] o Crrli=4] .
Aj g, i =E,, U7, Bjz; = Ey Uy 7, {i,j} €K, (28)
1 0 0 0
Ey = . B = . (29)
0 0 0 1

Note that the set {F,, },, is a set of projection matrices, i.e.,

E, -EY =E2 =E, i € X, (30)

i

and also denotes the measurement of a single qubit in the computational basis. Then we have

oA A=Y B B =1 {ij}ek.

T EX, T;EXe

8The general definition of QMFs is given in [8, Definition 1].



which means that both {A; ., }., and {B; ., }., are sets of measurement matrices with outcomes x; and x;, respectively. It

holds that

Ai,mi Alz_frl = EI17 Bj,zj B;!zg = Emja Tiy Tyj S Xea {17]} € IC? (31)
u .\ H . H
A A, (OF) By U = (A, A) S me X e {1,3)
H @ (=)™ [i=4) H ; :
BY, B, (U2 ) B, U= = (Bj”,cj .Bm) .z EX., je{2,4),

where at step (a) we have used (30). Then we have

Alz—!xl : Ai,xi : (AEL . Ai,zi)H (g) Alz_fxl : E:m : Ai,zi @ Al:xl : Ai,mw (32)

B;ij 'Bj»fﬂj ’ (B;ij ’ Bj’rj)H (g) B;!Ij ’ E%‘ ’ BJ}IJ‘ (:b) BEIJ‘ 'Bj»ffj’ (33)

where at step (a) we have used and at step (b) we have used (30). The above equations imply that {4, ., - A, }...
{AZHJC “Aig Yo {Bja; - Bfmj}z]., and {B;fwj - Bj 2, }, are sets of projection matrices for all {3,j} € K.
Fig. [§] illustrates (27). Namely, after closing the dashed box in Fig. [5} i.e., summing over the variables inside the box, we
obtain (7). Therefore, the marginals 3; ; in Fig. E] represent the probabilities of the outcomes in the following experiment:
o Alice and Bob share two particles whose density matrix is denoted by p. They can do some processing and measurements
on their own qubits.
o Alice’s i-th measurement on her qubit is described by the set of measurement matrices {4; ,, },, for i € {1,3}.
o Alice does not know which measurement she shall perform. Instead, when she receives the particle, she uses some random
method (e.g., a coin flip) to decide which measurement to perform.
e If + =1, only outcome x; is accessible for Alice. If ¢ = 3, only outcome x3 is accessible for Alice.
 Bob’s j-th measurement on his qubit is described by the set of measurement matrices {B; ., }., for j € {2,4}.
o Similarly, Bob measures his qubit based on some random method.
o When Alice chooses ¢ and Bob chooses j, the probability of getting outcome ;, x; is B; j(z;, z;).
The setup of this experiment is similar to that in Hardy’s paradox and Bell’s game, which indicates that we can realize Hardy’s

paradox and Bell’s game in Fig. [5] or equivalently, Fig. 4]

Proposition 25. For any 3 € M(Ny), there exist p, Uy, and Uy s.t.

B2 = diag(p), Bs2 = diag((U1 & 1) - p- (U1 @ 1)), (34)
Bra=diag(I®Us) p- (IR U)"), B34 = diag(U1 @ Us) - p- (U7 @ Ua)"). (35)
Proof. This can be proven directly using the definitions of p, U, and Us. ]

Equation (2) and Proposition 23| imply M(Ny) € LM(K). Thus for any {i,j} € K, the functions Cov(8; ;) and Corr(8;,;)
defined in Definition (11| are well-defined for 3; ; s.t. the associated 3 is in M(Ny).

Proposition 26. There exists a 3 € M(Ny) s.t. |Corr(Bs3,4)| > |Corr(B1,2)]-

Proof. Let us consider the following setting.

Uy =H, Us = (1) (1) , p:i<1 1 1 —1)~(1 11 —1)T.

The set of matrices (3; ;); ; obtained by in (34) and (33) satisfies

—_

1 1 1
/81,2 = ) ﬂ1,4 = = ) /83,2 =
1 1

11 4

| =



Then the correlation coefficients are

Corr(B1,2) =0, Corr(B3.4) = 1.

|
Proposition 27. For the set X, with arbitrary size, it holds that
|CorrCHSH(8)| < 2V2, 0 < Bi(0),8;(0) < 1, {i,j} € K, B € M(Ny), (36)
|CovCHSH(B)| < g, B € M(Ny), (37)
which are PCC-based and covariance-based Tsirelon bounds, respctively.
Proof. The proof of (36) can be found in [23, Appendix B]. For the proof of (37), see Appendix [F |

For comparison, we note that Tsirelson’s bound is
Z (—1)l=30=4]. (51‘,3‘(0,0) + Bi;(1,1) = Bi;(0,1) — ﬁi,j(1,0)>’ <2v?2, B € M(Ny),
{i,7}eK
which is a linear inequality w.r.t. 3.

Let us make some comments on Proposition

o The proof approaches of Proposition ﬁ work for X, with arbitrary size, i.e., arbitrary finite-dimensional quantum systems.

o Forany {i,j} € K, the matrices Y, x;- A}, - A;,, and 3, z;-B

iy - B; », represent the observables with eigenvalues

0 and 1, which are different from the observables in [23, Appendix B]. In [23]], they considered more general observables
with eigenvalues in [—1, 1]. This is the reason why we obtain a stricter covariance-based Tsirelson’s bound, compared
with the bound derived in [23| Appendix B].

o We suspect that the proof approach for Proposition [27]is applicable for proving the maximum quantum violations of other

Bell inequalities for both covariance and PCCs.

Proposition 28. It holds that

|Corr(B1,2) - Corr(B1,4) — Corr(Bs,2) - Corr(Bs.4)|
< /1 - (Corr(B1.2))” - /1 = (Corr(B1.4))? + /1 — (Corr(Bs.2))? - /1 - (Corr(Ba)?.  BeEMMN),  (38)
16 - |COV(,@1 2) . COV(ﬂl 4) — COV(,B?, 2) . COV(,@3 4)‘

< /1 - (4C0v(B1 2))2 - /1 — (4Cov(B1,))? + /1 — (4Cov(B52))? - /1~ (4Cov(B30))2.  BEMNy).  (39)

Proof. We prove (38) first. By the definitions of ¢ ; in ([87) and 4, ; in (88) for k € £(N;) and {7, j} € K, we have

H
E (de,l Q3 Ye2 ’7@,4) '(de,1 Qus Ve %,4)
L

1 So(@r o)t e, Corr(B1,2) Corr(B1,4)
(@ (g )t ey 1 Corr(8s,2) Corr(B3s,4) o,
Corr(B1,2) Corr(B3,2) 1 (2.0 - Aae
Corr(fB1,4) Corr(Bsa)  2o,(Fa0)" A2 1

where at step (a) we have used (90). The author in [28] proved that the positive semi-definiteness of the above matrix
implies (38).

The proof of (39) is similar and thus is omitted here. Note that to prove (39), we need Proposition [10} i.e. [4Cov(3; ;)| <1
for all {i,;j} € K.



Corollary 29. For {i,j} € K, we define 6, ; € [0, ] s.t. cos(8; ;) = Corr(B; ;) and sin(6; ;) > 0. We have
cos(fy 2 + 01.4) < cos(fs2 —034), cos(03 2+ 03.4) < cos(b1,2 —01,4).

Proof. It can be proven directly by Proposition [28]

Example 30. Hardy’s Paradox Hardy’s paradox [12|] states that there is no 3 € M(N3) s.t.
B1,2(1,1) =0, B3,2(1,0) =0, B£1.4(0,1) =0, Bs.4(1,1) > 0.

We consider the following matrices for the Q-NFG Ny in Fig. [}

Hi= . U\=H, Uy=H, p:é~<1 110) (11 O)T,

where H is called the Hadamard gate. The collection of matrices 3 € M(Ny) obtained via (34) and (33) satisfies

1 (9 1

B34 =—=

4 0
Bsz = sl

1 141
0 6\1 1)’ 6\o 1/’

Wl =

B2 =

The above marginals satisfy Hardy’s paradox in ({@0).

A. Bell’s Game

(40)

In this subsection, we illustrate Bell’s game [14]] in terms of the classicable variables of the QMF gy, (). One way to win

Bell’s game is to let 3 satisfy

1(2+V2 2-V2 1[2-V2 2+42
Bi2=014=0P32=2 B34 =<
8\2-v2 2+v2 8\2+v2 2-V2
By Corr(8;,;) in (I4) for {i,j} € K, we have
2 2
Corr(B1,4) = Corr(B1,2) = Corr(B32) = g, Corr(Bs,4) = —g,
which implies
2 2 2 2
CorrCHSH(B) = V2 + V2 + V2 + V2 _ 2V/2.
2 2 2 2
Proposition 31. The collection of matrices 3 satisfying @I) is in M(Ny).

Proof. See Appendix [G|

B. The Double-Edge Normal Factor Graph (DE-NFG) N5

(41)

Note that the upper half and the lower half of N4 in Fig. 4| are mirror images of each other, which makes the factor

graph redundant in some sense. This redundancy is eliminated in a more compact factor graph namely DE-NFG [29]. In this

subsection, we present the details of the DE-NFG N5 in Fig. @ which is defined based on Ny.

Definition 32. Based on N4 in Fig. H| we make the following definitions for the DE-NFG N in Fig. [6]

o The matrix p1, with row index T1 and column index s is defined to be the Liouville-superoperator representation of p,

which means

pL(i'l’i'Q) = P(($1,$2), (x/lvxé))v xlax/lax%xé € Xe.



Then we have

P1,1 P1,2 P21 P22 P1,1 P21 P21 P22
| PL3 PL4a P23 P24 | (o) | P31 P41 P32 P42

o P3,1 P32 P41 P42 P31 P32 P41 P42 ’
P3,3 P34 P43 P44 P3,3 P43 P43 P4a4

where at step (a) we have used (23).

The entry in the matrix INJi with row index Z;, and column index Z;, is defined to be

Ui(i.ilaiiz) = Ul(xilaxiz) ' Ul(x;17m;2)7 :%i1vji2 € )Eea (XS {172}
where i1 = 3 and io = 1 when i1 = 4 and iy = 2. The matrix Uz can be written as

U, =U; @U,.

In Ny and N5, we require x;, = x;,. By item|5) in Definition the matrix U; can be written as

|U:(0,0)*  U;(0,0)-U;(0,1)  U;(0,1)-U;(0,0)  |U;(0,1)|2
. X X X x
U, = )
x x x x

where the entries marked X are irrelevant.

The set of realizable marginals M(N3) is defined to be the set

M(N5) := { B € LM(K) | there exist py, Uy, and U, s.t. BD-@E7 hold } ;

where
o, (00 @)
©\w@0) (D)
Byy— ~1(6,:)-pL(:,6) Ul(f),:)-pL(:,i)
© o\ (0) (L) (D))
o [0 (0)) w0 @)Y
Co () (@(0)T pu(l) - (Te(1)]
o (00 (@0 06 (D)
7 (1) e (O2(50)) T Oa(Le) - (Oa(: 1))

Proposition 33. Ir holds that M(N5) = M(Ny).

Proof. By the definitions of M (N5) and M (Ny), there is a bijection between the elements of M(Ns5) and M (Ny).

(42)

(43)

(44)

(45)

(46)

(47)

Proposition [26| and Proposition (33| imply that there exists 3 € M(N5) s.t. |Corr(B3.4)| > |Corr(B1,2)|. Combining with

Corollary we can see that although N» has a topology similar to N5, the DE-NFG N5 provides extra marginals by varying

PL> Ula and UQ'

VI. RELATIONSHIP AMONG THE SETS

In this section, we prove that that the Venn diagram in Fig. [/| holds by proving that each part in the Venn diagram is

non-mepty.

We prove that M(N3) and M(Ny) are strict subsets of LM (K) first.



Lemma 34. It holds that

M(N3) & LM(K).
Proof. See Appendix [ |
Corollary 35. The vertices vir, ..., va4 of LM(K) (see Appendix[A)) are not in M(N3).

Proof. The proof is similar to the proof of Lemma [34] and thus is omitted here. |

Then we study the relationship between M(N4) and LM(K).

Lemma 36. For a 8 € M(Ny) satisfying

0 o
Bi2 = ) a€ceR, 0<a<l,
l1—-a 0
the associated matrix p equals
0 0 0 0
0 « P3,2 0
p= |p372|§\/04'(170{).
0 ps2 1—a O
0 0 0 0
Proof. See Appendix [l] [ ]

Similar to the proof of Lemma [34} we prove that there are points in LM (K) that are not in M(Ny).
Lemma 37. The vertex vis of LM(K) (see Appendix [A)) is not in M(Ny).
Proof. See Appendix [ |
Lemma 38. The vertices v1r,...,v24 of LM(K) (see Appendix E]) are not in M(Ny).

Proof. The proof is similar to the proof of Lemma [37) and thus is omitted here. |

We can further prove that there are sets in LM (K) that are not in M (Ny).

Lemma 39. It holds that
UV = a3V3 + V4 + ayU7 + d10V10 + Q1818 + Q23V23,
S3,4.7.101822(N1) i= v € LM(K) | as,...,a03 € Rog, a3+ ag + ay + g+ g + agg = 1, ¢ M(Ny).
O<ag4+ar<l, 0<ag+ajpg<1

where v, ..., a3 are given in Appendix [A]
Proof. See Appendix [K] [ |

Lemma 40. It holds that
B = asvs + agvg + a12V12 + A13V13 + A18V18 + A23V23,
S5,9,12,13,18,23(N1) := B € LM(K) | a5,..., 03 € Rog, a5+ ag+ap+ais+ag+asg =1, ¢ & M(Ny),

O<as4+aeo<1, 0<ag+azg<l1

B = azvs + agg + a14V14 + Q15V15 + Q17V17 + QgVa
S2.8,14,1517,20(N1) == { BE€ LM(K) | ag,..., a0 € Rsg, o +ag+ais+ a5 +arr +azg =1, ¢ € M(Ny),

O<ar4+a4<1, 0<ag+a5<1




&

Fig. 8: The Venn diagram of M(Ny), M(Nz2), M(N3) and M (N4).

B = a1v1 + ags + a11v11 + Q1616 + Q17V17 + QapV20,

81,6,11,16,17,20(N1) =B € »CM(IC) a1,...,090 € Rzo, a1 +ag+a11 +ag a7 +Fagg =1

O0<ar4+a;1 <1, 0<ag+ag<1

where va, . .., a3 are given in Appendix [A]
Proof. The proof is similar to the proof of Lemma [39] and thus is omitted here.
Corollary 41. It holds that
M(Ny) G LM(K).
Proof. 1t can be proven by Lemmas [37H40]

A. Proof of the Venn diagram in Fig. [§]

In this subsection, we show that the Venn diagram in Fig. [§] holds.

It is easy to verify that

Lemma 42. It holds that

M(N3) \ (M(N1) UM(N4)) N M(N3)) # 0.
Proof. See Appendix
Lemma 43. It holds that

(M(N3) N M(N)) \ (M(N1) 0 M(Na)) # 0.
Proof. See Appendix [M]
Lemma 44. It holds that

M(N4) \ (M(Ns) 0V M(N3)) # 0.

Proof. In Example we show that there exists a 3 € M(Ny) satisfying

1 1
Bi2=7 ) B4 =
1 0

4 0
) ﬁ3,2 =
1

Wl =
=
|~
S
—_

On one hand, we have (83 4(1,1) = 1—12 > 0. On the other hand, we have

B1,2(1,1) =0, PB32(1,0) =0, B14(0,1)=0.

B4 =

12

Z M(N4),



20

If such 3 is in M(N3), there exists a joint PMF {pn,(x)} s.t.

P, (L1, 1,1) = " pn, (0,29, 1,1) = > pw,(21,0,1,1) =0,
T2

1

Z pNg(xhx?? 17 1) > Oa

T1,22

which is a contradiction. ]
Lemma 45. We consider the following vector and matrices for the Q-FG Ny in Fig.
H
Ur=H, Uy=4H, pzé-(—l 11 0) ~(f1 11 0).

The collection of matrices 3 obtained via (34)-(33) are not in M(Ns).

Proof. The setup above is similar to the setup in Hardy’s paradox (see Example [30) except that p is different. The collection
of matrices 3 € M(Ny) obtained via (34) and (33) satisfies

3 1 ({1 1 3 1(0 4 3 1 /{0 1 3 1 1 1
1,2 — 5 ) 1,4 — 7 ) 3,2 — & ) 3.4 — T4
3\1 0 6\1 1 6\4 1 12\1 9
Similar to the proof of Lemma [44] we can show that such 3 ¢ M(N3). |
Lemma 46. It holds that
M(N2) \ (M(Ng) N M(Ng)) # 0.
Proof. See Appendix [P} [ ]

Lemma 47. It holds that
M(N1) \ (M(Ng) UM(N2)) A M(Ny)) # 0.
Proof. See Appendix [N| [ ]
Lemma 48. It holds that
M(N2) € M(Ny), M(Ny) N M(Ny)\ (M(N2) N M(N1) N M(Ny)) # 0.
Proof. See Appendix [ |
Theorem 49. The Venn diagram in Fig. [ holds.

Proof. 1t can be proven by combining Lemmas 46| |

We make some remarks on the Venn diagram in Fig.

« On the one hand, the set of realizable marginals M (N,) provides extra marginals that are not in M (N3). For example, by

introducing entanglement in the quantum system, one can obtain a set of incompatible marginals (see, e.g., Lemmas [44]

and [43).
o On the other hand, the sets M(N1), M(N3), and M(N3) also consist of marginals that are not in M (Ny).

APPENDIX A

VERTICES OF LM(K)

Given (8, ;) ; for B € LM(K), the matrix 3; can be obtained via

Z Bij (@i, x;) = Bi(xi), z; € Xe, {i,j} e K.

Zj EXe
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It is sufficient to provide the values of (3; ;);; to determine a 8 € LM(IC). Note that LM(K) is a convex set and using

the Irs algorithm [35]], a revised version of the reverse search vertex enumeration algorithm proposed in [36], we can find the

vertices of LM(K), which are listed as follows.

B4 B2 B30 B3.4 B4 B1,2 B3,2 B34
1 0 1 0 0 0 0 0 0 1 1 0 1 0 0 1
v V2
0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 1 0 0 0 0 1 1 0
V3 V4
1 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 1 1 0 0 0 0 0
V5 Ve
0 0 0 0 0 1 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 1 0 0 0 0 0 1 1 0
U7 Vs
0 1 1 0 0 0 0 0 1 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 1 1 0 1
Vg V10
1 0 1 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0
V11 Vi2
1 0 0 1 0 1 1 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1
V13 V14
0 1 1 0 1 0 0 1 0 1 0 1 0 0 0 0
1 0 0 1 1 0 0 0 0 0 0 0
V15 Vie
0 0 0 0 0 0 0 0 0 1 0 1 0 1 0 1
- % 0 1 % 1 0 % 1 0 % 1 0 is % 1 0 % 0 1 % 1 0 % 1 0
1 0 0 1 0 1 0 1 0 1 1 0 0 1 0 1
- % 1 0 % 1 0 % 0 1 % 1 0 - % 1 0 % 1 0 % 1 0 % 0 1
0 1 0 1 1 0 0 1 0 1 0 1 0 1 1 0
- % 1 0 % 0 1 % 0 1 % 0 1 - % 0 1 % 1 0 % 0 1 % 0 1
0 1 1 0 1 0 0 1 0 0 1 1 0 1 0
- % 0 1 % 0 1 % 1 0 % 0 1 - % 0 1 % 0 1 % 0 1 % 1 0
1 0 1 0 0 1 1 0 1 0 1 0 1 0 0 1
APPENDIX B
PROOF OF LEMMA [§]
In this appendix, we prove that
2
> Bilw:) wi— ( > Bilw) :c) =det(B;), ie€{1,3}, (48)
T, EX, T, €EXe
2
Y Bylag) -y - ( > Bilx)) ) =det(By),  j€{2.4},
:Cjexe ’I]E-Xe
> wicwy Biglas, ) - ( > Bilwi) - Iv) ( > Bila;) 'l’j> =det(8i;), {i,j} ek (49)
Ti, T z;€EXe T;EXe
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We prove @3) first. By the definition of Var(Y7) in (TI), we have

3 Bilai) @i - ( 3 @»(m)-xi) @ Bi(1) — (B:(1))* = Bi(0) - Bi(1) = det(B).

T, €EXe T €EXe
where at step (a) we have used X, = {0,1}. The proof w.r.t. det(3;) is similar and thus is omitted here.

In the rest of this proof, we prove {@9). Because of X, = {0,1}, we have

Z LT+ Bz_/ xl7xj < Z 61 .131 l> ( Z Bj(x]) ’ xj) = ﬁi,j(la 1) - (/81,1(1’0) +Bz,](171)) : (ﬁi,j(ovl) +ﬁi,j(1a 1))

z; EXe IjGXE

@ Bi,5(0,0) - B; 5(1,1) — By - Bi;(1,0)
= det(Bi ;),

where at step (a) we have used > o, Pig (@i, z;) = 1.

APPENDIX C

PROOF OF THEOREM

In this appendix, we prove
CorrCHSH(8) < 2v/2,
assuming that
0<B:;(0) <1, i€&(Ny), Be€ M(N3).

The proof of CorrCHSH(3) > —2+/2 for the same setup is similar and thus is omitted here.
Note that there is a bijection between the set of all possible joint PMFs of random variables X, ..., X4 € {0,1} and pn, (x).

It means that for any joint PMFs of random variables X1, ..., Xy, there is an S-NFG N3 s.t.
Pr(X) =x1,..., X4 = x4) = pn, (€), wGXAXd.

The other direction also holds. Thus it is equaivalent to prove that for any joint PMF of random variables Xi,..., X4 € X,

s.t. 0 < Pr(X; =0) <1,ie&(Nyp), we have
Corr(X1, Xy) + Corr(X1, X4) + Corr(X3, Xo) — Corr(X3, X4) < 2v/2,

where Corr(X;, X;) is the Pearson correlation coefficient of X; and X; for {4, j} € K. For simplicity, we define
X‘ L Xi — E(Xl)

L= , i € E(Ny).
Var(Xi) ' ( 1)

It follows that
E((X:)?) =1, i€ E(Ny), (50)
COI‘I‘(X17X2) + COI‘I‘(Xl,X4) + COI‘I‘(Xg,XQ) - COI‘I‘(X3,X4) = E(XQ(Xl + Xg)) + E(X4(X3 - Xl)) (51)

By the Cauchy-Schwarz inequality, we have

E(Xa(X: + X)) < E((X2)?) - E((K + X2)2) @ VE((X + Xa)2),

E(Xa(Xs — X1) < E((X0)?) - E((Xs - X1)2) @ VE((Xs - X1)2).

where at step (a) we have used (50). Then the expression (51)) is bounded by

E(Xo(X1 + X3)) + E(Xy (X5 — Xy)) < \/E((Xl + X3)2) + \/E((X?) - X1)?). (52)
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Let us focus on the RHS of the inequality (52)). We have
E((X1+ X3)?) + E((Xs — X1)%) = 2E((X1)* + (X3)°) = 4,
where at step (a) we have used (50). Note that
2V2 = max, Vva++vi—a.

Then we have

VE((K + X3)?) +E((Xs - X1)2) < 2v2. (53)

In the rest of this proof, we prove that the equality in (33) cannot be achieved. In particular, the Cauchy-Schwarz inequality

in (52) holds with equality iff
X1+ X3 =E((X1+X;) Xo) Xo, with probability 1, (54)
X;— X1 =E((X5-X1) - X4) - Xy, with probability 1. (55)

In particular, we have X3 4+ X; € X} and X35 — X € X», where

v {m —E(Xs) | 71— E(Xl)} X {x?, “E(X) @ —E(Xg)} |
VVar(Xs)  NVar(X) | VVar(Xy)  Var(X) [

The random variables X, and X, have binary alphabet, which means that we need |X;| = 2 and |X,| = 2 in order to have (54)

and (33). There are five conditions w.r.t. X; and X3 that we need to analyse.
1) X; = 0 with probability 1. In this case we have
E(Xo(X1 + X3) + Xu(X3 — X1)) = E(X3Xs + X3Xy) < 2.

2) X; =1 with probability 1, X3 = 0 with probability 1, or X3 = 1 with probability 1. The analysis of these cases is
similar to the analysis of the previous case and thus is omitted here.

3) Pr((Xy1,X3) =(1,0)) = 0 and Pr((Xy, X3) = (0,1)) = 0. In this case, we have X3 = X; with probability 1, which
implies X3 = X with probability 1. Then the LHS of the inequality 3) equals

1-E((X%)?2) Y2 <2v2,

where at step (a) we have used (50).
4) Pr((X1,X3) = (0,0)) = 0 and Pr((X;, X3) = (1,1)) = 0. The analysis of this case is similar to the analysis of the
previous case and thus is omitted here.

5) The support size of Pr((X;, X3) = (z1,3)) is larger than or equal to 3. In this case, we cannot have |X;| = |Xs| = 2.

APPENDIX D

PROOF OF PROPOSITION [13]

In this appendix, we prove that there exists {pn, ()} s.t. the marginals (3; ;); ; computed in (6) for N3 satisfies
5
CorrCHSH(3) = 2 0<Bi(0) <1, ie&(Ny).

We consider a PMF of X1,..., X}y.

(x) (0,0,0,1) | (1,1,0,1) | (0,1,1,0) | Otherwise 56)
P, () 3 3 3 0
Then the marginals computed in (6] are
11 11 11 0o 2
Bia=|" i’ ;o Bsa=|° ? , Bua=|° ?1’ v Bsa=| ik (57
0 3 0 3 0 3 3 0
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2.0 10 2.0 10
Br=|?° ) B=|? ; Bs=|" ) Bi=|?
0 % 0 2 0 % 0 2
The resulting correlation coefficients are
1
Corr(B1,2) = Corr(Bs32) = Corr(B1,4) = 3 Corr(B34) = —1,
which implies
1 1 1 )
CorrCHSH(3) 5t5t5T 5
APPENDIX E
PROOF OF THEOREM [T4]
In this appendix, we prove that
5
COI‘I‘CHSH(,B) < > 0< ﬂl(O) <1, 1€ E(Nl), B e M(Ng) (58)

The proof for the inequality CorrCHSH

~~

B) > —% in the same setup is similar and thus is omitted here.
Definition 50. The set LM cusu(K) is defined to be

LMcusu(K) = {8 € LM(K) |9 and ©®0) hold } ,

where
Bi(0) - Bi(1) > 0, i€ E(Ny), (59)
> DI (B5(0,0) + Big(1,1) = By (0,1) = By (1,0)) < 2 (60)
{i,5}eK

The inequality (60) ensures that 3 satisfies the CHSH inequality [22]]. We will discuss the details in the proof of Lemma

Lemma 51. It holds that for any 3 € M(N3) s.t. 5;(0) - 5;(1) > 0, i € E(Ny), we have B8 € LMcusu(K). Recall that
M(N3) is defined in ().

Proof. By the definition of M(N3), a set of matrices 3 in M(N3) is also in LM(/C). We need to prove that 3 € M(N3)
satisfies (60) as well.

When a 3 is in M(N3), there exists a joint PMF {pn, ()} _ and the associated marginals {8; ;}; ; and {3;}; s.t. () holds.
For any joint PMF of random variables X1, ..., Xy € X,, there is a set of PMFs {pN3 (m)}ac realizing it, i.e.,

Pr(X; =21,... X4 = 24) = pn, (@), T1,...,T4 € X,. 61)
Suppose that we obtain the joint PMF of X7,..., Xy, the well-known CHSH inequality [22] implies that
E((-)% - (-)%) + E((-1)% - (-1)%) + E((-1)% - (-1)X) —B((-1)% - (-1)¥) <2, 62)
By (61) and (6), inequality (62) implies that holds for 8 € M(Ns). [ ]
Proposition 52. It holds that
LMcusu(K)\M(Ns3) # 0.
Proof. Let us consider 3 € LM cusu(K) s.t.
Br,2(z1,22) =

[z = 29, x1,%2 € Xe, B32(x3,22) = 5 - [12 # 23], T2,%3 € X,

T3,24 € Xe.

)
w
I
=
B

Bra(z1,z4) = = - [T1 = x4), 21,24 € Xe, Bs,4(x3,24) =

N = N =
N = N =
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If the above set of marginals is in € M(N3), there exists a joint PMF {pNs(w)}w s.t. B in (6) for N3 satisfies the above

expressions. In order to have such joint PMF, the valid configurations in C(N3) satisfy

T1 = To = T3 = T4, To # T3.
which is a contradiction. Such a 3 is not in M(N3). [ |
If we prove
ComCHSH(8) < 7, B € LMonsu(K), (63)

then we can prove with the help of Lemma Recall that the definition of CorrCHSH((3) is given in (I3). We prove (63)
for some special cases first and then we generalize the proof. The proof strategy is shown as follows:

1) We formulate an optimization problem where the CorrCHSH(3) is maximized over 8 € LMcusu(K) s.t. 8 has a
similar structure as (3; ;); ; in (57), i.e., having the same number of zero entries as in (3; ;); ;. Note that (3; ;); ; in
has four zero entries. This problem is an optimization problem with linear constraints only, which helps determine the
optimal solution. We prove CorrCHSH(3) < 5/2 in this case.

2) Then we consider another optimization problem where the CorrCHSH(3) is maximized over 8 € LMcnsu(K) s.t.
the number of zero entries in (3; ;); ; is three. We need to prove that to maximize CorrCHSH((3), the optimal 3 €
LM cusu(K) needs to have four zero entries in (3; ;); ;. Then we have CorrCHSH(8) < 5/2 in this case.

3) By repeating the similar procedure, we prove CorrCHSH(3) < 5/2 for all 8 € LM cusu(K).

A. Four Zeros

In the proof of Proposition [I3] we show that the PMF in (56) achieves the equality in (63). Based on this observation, in
this subsection, we prove (63) for 3 s.t.

B € LMcusu(K), B1,2(1,0) =0, B1,4(1,0) =0, f3,2(1,0) =0, B3,4(0,0) = 0. (64)

We define B(p1,...,ps) € LMcusu(K) to be the set of matrices satisfying (64) s.t.

p1 1—p1—p2 p3 1—p2—ps3 p1 1—p1—pg 0 1-—p4
B2 = , PBra= , Bza2= y Bza= ,
0 D2 0 D2 0 j 2 D3 D4 — D3
(65)
B1 = diag (1 —p2 p2) . B2 = diag <P1 1 —p1) ; Bs = diag (1 — P4 P4) ; B4 = diag (203 1 —P3> ;
pr+p2<1, po+p3 <1, pr+ps<1, p3<ps, 0<p1,...,pa <L (66)

Lemma 53. If B(p1,...,p4) is in LMcusu(K), we have
p1+p2+p3 <1
Proof. The function B(p1,...,ps) € LM(K) satisfies (59). To ensure that 3 satisfies (60) as well, we need

prtp2—l+4pitpetpstpr—1l4pstprt+pr+pa—l+pitpitps+l—ps—pstps=4pr+p2+ps)—2<2
|

The correlation coefficients for 3(p1, ..., ps) are

Corr(B12) = \/1 pilpl : \/1 €2p2, Corr(B1.4) = \/1 fZM : \/1 pigpg’

1 _
COTI’([’}:;’Q) = \/1 flpl . \/1 f4p4’ Corr(ﬁ3,4) =4/ 1 fgps . p4p47
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We then define an optimization problem:

Fy:= sup f1(p1,p2,p3,p04)
P1,P2,P3,P4
st. p1+pa <1, p3<ps, pr1+p2+p3<1, 0<p1,p2,p3,p1 <1, (67)

where

D1 D2 D2 D3 D1 D4 D3 1—ps
hMMMW4f¢ '¢ +¢ ~¢ +¢ ~¢ +¢ . .
( ) 1-p 1—-po 1-po 1—-p3 1—p1 1—1py 1—ps3 D4

If we prove Fy < 5/2, then we prove (63) for 3 satisfying (64).
Lemma 54. In order to find Fy, we can set at least one of the following inequalities

3 < pg, p1+p2+p3 <1, (68)

to be an equality.

Proof. The function f; is non-decreasing w.r.t. p3, which means that at least one of the inequalities w.r.t. the upper bound of

ps can be an equality to maximize f;. |

With the help of Lemma [54] we can solve the problem by considering two cases w.r.t. ps, respectively. In each case,

one of the inequalities in (68) is an equality. The first case is py = ps.
Lemma 55. It holds that Fy = 5/2 when py = ps.

Proof. When we let p; = ps = p3 = 1/3, we have f1(p1,p2,p3,p3) = 5/2. It is sufficient to prove F} < 5/2.

Because fi is non-decreasing w.r.t. p3, we set p; + p2 + p3 = 1 in order to maximize f;. We have

Ji(p1,p2, 1 —p1 —po 1P1p2)\/ b2 \/ P +\/ p2_ Jlopiz b2 | L=p =
e ’ 1—p 1—po p1+ D2 1—po \/p1+p2 1—p1
(a)

S% P2 ‘ P2
1—m 1—272 1—292 1—-pm

(b) D2 P1 P1 P2
= : + /2 +1

\/1—p1 \/1—p2 \/ l—ps 1-—p1

+1

|

where at step (a) we have used the Cauchy-Schwarz inequality, i.e.,
’\/ p1+ p2

[ p2  [1—p1— P2 | / 1—p1— p2 ‘\/
p1+ D2 1—po 1+p2 1—p1 1+ P2

and at step (b) we have used p; + p2 + p3 = 1. Considering an optimization problem

sup Iy + V2 -z —y+1
.y

st. 0<z,y<1,

2
+‘\/1_p2
1—pm

2
. ‘\/1_191
1—po

wehavew/xy—l—\/Z—x—y—i—lS\/5—1—1Whena:zO,y:0,le,oryzl.Whenx,y>0andx+y<2,wehave

2 (e ) (). Al ) -3 (- )

e p—y
Setting the above expressions equal to zeros, which is the necessary condition for = and y to be the optimal solutions, we have

2 =1y = 1/2 and the associated optimal value is 5/2. Then we prove that F} = 5/2. |

The second case is p3 = 1 — p; — p2. We obtain the following lemma.

Lemma 56. When p3 =1 — p; — pa, we have Fy < 5/2.



27

Proof. The proof is similar to the proof of Lemma [55] and thus is omitted here. |
Lemma 57. Suppose that 3 € LMcusu(K) and for all {i,j} € K, at least one of the entries in 3; ; is zero, we obtain (63).

Proof. In this subsection, we prove (63) for 3 satisfying (64). The proof for other cases is similar and thus is omitted here. W

B. Three Zeros

In this subsection, we prove (63) for 3 s.t.

B € LMcusu(K), B1,2(1,0) =0, Bs,2(1,0) =0, B3,4(0,0) = 0. (69)

We define B(p1,...,p5) € LMcnusu(K) to be the set of matrices s.t.

p1 1—p1—p2 D3 1—ps—p3

B2 = ; Bia= , (70
0 D2 D2 — P4 D4
p1 1—p1—ps 0 1—ps

B2 = , B34 = , (71)
0 D5 D2 +D3—D4s Da+Ds—D2—D3

ﬁlzdiag(l—m pz)asz:diag(pl 1—p1),ﬁ3=diag(1—p5 p5>754:diag(pz+p3—p4 1+p4—p2—p3)a

pr+p2 <1 po+p3 <1, ps<pa, p1 +p5 <1, py <p2+p3 <ps+ps, p3,042>0, p1,p2,p5 >0, p1,...,p5 < 1.

(72)
Lemma 58. If B(p1,...,ps5) is in LMcusu(K), we have
p1+p2+p3 <l
Proof. 1t is similar to the proof of Lemma [53] and thus is omitted here. |
The correlation coefficients for 3(p1,...,ps) are
Corr(B1,2) = \/1 flpl . \/1 £2p2, Corr(B14) = N _p4(1 ) _112(1 12 _pi) —)
p2(1 — p2)(p2 + p3 — pa)(1 + ps — p2 — p3)

Corr(ﬂ&?)\/ = \/ b5 Corr(53,4)\/ P2+ Ps — P4 .\/1]95'

1—-p; 1—p5’ 1+ ps—p2—p3 D5

We consider an optimization problem:

Fy:= sup  fao(p1,...,p5)
PloeDs

st. p1+p2+p3 <1 ps<p2, p1+ps <1, py<p2+p3 <ps+ps, p3,ps >0, p1,p2,p5 >0, p1,...,p5 <L
(73)

where

pP1 P2 pa(1 —p2) — p2(1 — p2 — ps3) P s
fa(p1s- -5 ps) ::\/ \/ n N |
I—p L=p2 \/pa(1 — p2)(p2 + p3 — pa)(1 + pa — p2 — p3) L=m 1—ps

+\/ P2+ P3 — P4 .\/1—]?5
1+ps—p2—ps3 D5

If we prove I, < 5/2, then we prove (63) for 3 satisfying (69).

Lemma 59. It holds that F» < 5/2.

Proof. The proof is similar to the proof in Section and thus is omitted here. |
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Lemma 60. Suppose that 3 € LM cusu(K) and there are (at least) three of the matrices in (3; ;); ; s.t. each of these three

matrices contains at least one zero entry, we obtain (63).

Proof. In this subsection, we prove (63) for 3 satisfying (69). The proof for other cases is similar and thus is omitted here. W

C. Two Zeros

In this subsection, we prove (63) for 3 s.t.
/B S 'CMCHSH(’C)a 53,2(17 0) = 07 ﬁ3,4(07 0) =0. (74)

We define B(p1,...,ps) € LMcusu(K) to be the set of matrices s.t.

Do 1+ps—p1—ps—ps P4 1—p1 —ps
Bi2 = ; Bia= , (75)
D3 —Psé P1+DPs+Ds— D3 —Da P1— P4 Ps
P3 P2 — D3 0 D2
B2 = ; B34 = ) (76)
0 1—po P 1—p1—p2

ﬁlzdiag(1+p4—p1—p5 p1+p5—p4),/3’2=diag<ps 1—p3),ﬁ3=diag(p2 1—p2>754=diag(p1 1—p1),

D6 <p3, P3+Pa < p1+ps+ps <1+pg, pa<p1, p1+p5 <1, p3 <p2, pr +p2 <1, p1 +p5 <1+ps, p1 +ps > pa,
P1y---,DP6 < 17 P1,D2,P3 > 07 P4,D5, D6 Z 0.
Lemma 61. If B(p1,...,pe) is in LMcusu(K), we have

p1+p5+ps < 1.

Proof. Tt is similar to the proof of Lemma [53] and thus is omitted here. n
The correlation coefficients for 3(p1,...,ps) are
— pa(1 — P — — (1 — P —
Corr(By.2) = ps — p3(1 +ps —p1 —ps) 7 Corr (Br.4) = P4 — p1(14ps —p1 — ps) 7
VP3(1 = p3)(p1 +ps — pa) (1 +pa — p1 — ps) Voi(1=p1)(1 +ps — pa) (1 + ps — p1 — ps)
D3 1—po D1 P2
Corr (8 = . , Corr (8 = —\/ . \/ .
(Bs.2) 1—p3 D2 (8s.4) L=p 1=ps

We consider an optimization problem:

F3:= sup  f3(p1,...,p6)

P1,---sP6

st. pe <p3, p3+Pa<pr+ps+ps <1, pa<p1, p1+p5 <1, p3<p2, p1+p2<1, p1+p5s<1+ps,

P1+Ps > P4y P1,---,P6 < 1, p1,p2,p3 >0, p4,p5,p6 > 0, (77
where
P — p3(1+ps —p1 — ps) 1—p2
f3(p1a"'7p6) 1
VP31 = p3)(p1 +ps — pa) (1 +pa — p1 — Ps
— 1+ _
pa —p1(1+ps—p1 —ps) +\/ D1 \/ P2 (78)
VP11 —p1)(p1 +ps —pa) (1 +ps — p1 — IL—p1 V1-p2

If we can prove that F3 < 5/2, then we prove (63) for 3 satisfying (74).
Lemma 62. It holds that F3 < 5/2.

Proof. The proof is similar to the proof in Section [E-A]and thus is omitted here. n
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Lemma 63. Suppose that 3 € LMcusu(K) and there exist (at least) two of the matrices in (3; ;) ; s.t. each of these two

matrices has at least one zero entry, we obtain (63).

Proof. In this subsection, we prove (63) for 3 satisfying (74). The proof for other cases is similar and thus is omitted here. M

D. One Zero

In this subsection, we prove (63) for 3 s.t.
B € LMcnsu(K),  B34(0,0) =0. (79)

We define B(p1,...,p7) € LMcusu(K) to be the set of matrices satisfying (79) s.t.

p3 1 —p3—ps—ps D6 1—ps—ps —ps
ﬁl,? = ) ﬁ1,4 = ) (80)
y2 Ps P1—DP6 D4+ D5+ Ds— D1
p7 P2 — P71 0 P2
Bs2 = : B34 = , (81)
p3+ps—pr 1+pr—p2—p3—pa p1 1—p1—po

ﬁl:diag(l—m—p&s p4+p5)aﬁ2:diag(p3+p4 1—p3—p4)aﬁ3=diag(p2 1—p2>7ﬁ4:diag(p1 1—p1)a
P3+pa+ps <1, 0<ps<p1 <ps+ps+ps <1, pr <p2, pr <p3+pa, p2o+p3+ps <1+p7, p1+p2<1,
O0<ps+ps<l, 0<ps+ps<1, p1,p2>0, p3,...,pr 20, p1,...,p7r < 1.

Lemma 64. If 3(p1,...,p7) is in LMcusu(K), we have

ps +pe +pr < 1.

Proof. Tt is similar to the proof of Lemma [53] and thus is omitted here. |
The correlation coefficients for 3(p1,...,pr7) are
— — (1 —py —
Corr (/6172) = (ps +pa)(Pa + P5) — s , Corr (51,4) = ps {1~ 94— 7o) )
V(3 +p1)(1 — p3 — pa)(pa + p5)(1 — pa — ps) VP1(1 = p1)(pa +ps) (1 — ps — ps)
Corl“(ﬁg,z) = P — p2(ps + p) , Corr(ﬂ374) = \/1 Pt \/1 P2
VP2(1 = p2)(p3 + pa) (1 — ps — pa) — D1 — P2

We consider an optimization problem.

Fy:= sup  fa(p1,...,07)

P1,---,P7
st. ps+ps+pr <1, p3+ps+ps<1, 0<ps <p1 <ps+ps+ps <1, pr <p3+ps, po+p3+ps<1+pr,
pr<p2, p1+p2<1 0<p3s+ps<l, 0<ps+ps <1, p1,p2>0, p3,...,pr >0, p1,...,p7r <1
(82)
where

pr) = (ps + pa)(pa + Ps) — P4 ps —p1(1 —ps —ps)
’ V(3 +pa) (L —p3 —pa)(pa+p5) (L —pa—ps)  V/p1(1—p1)(pa+p5)(1 — ps— ps)

n p7 — p2(p3 + pa) +\/ D1 \/ D2
V/p2(1 = p2)(p3 + pa)(1 — p3 — pa) I—p 1 —p2

If we prove F; < 5/2, then we prove (63) for 3 satisfying (79).

Jalpr, -

Lemma 65. It holds that Fy < 5/2 for ps > 0.

Proof. The proof is similar to the proof in Section [E-A] and thus is omitted here. |
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Lemma 66. Suppose that 3 € LM cusu(K) and there exist a matrix in (B3; ;); ; having at least one zero entry, we obtain (63).

Proof. In this subsection, we prove (63) for 3 satisfying (79). The proof for other cases is similar and thus is omitted here. W

E. General Case

In this subsection, we prove (63) for 3 € LM cusu(K) based on the previously obtained results. We define B(p1,...,ps) €

LMcusu(K) to be the set of matrices s.t.

p1 1—p1—p2—ps3 D7 1—p2—ps—pr
Bi2 = ) Bia= , (83)
D3 D2 Ps+ps—DPr P2+D3+Pr—Ds—Ps
s Ps + P — P8 D6 Ps
Bz2 = ) B34 = , (84)
p1+ps—ps 1+ps—p1—D3—Dps— P ps 1 —ps—ps—Dps
B1 = diag (1—1?2—]03 D2 +p3>7 B2 = diag <p1 +p3 1—p1—p3),
B3 = diag (p5+p6 l—p;)—plg,>7 54:diag<p4+p6 1—p4—p6)a

Pr+p2+p3<1 0<pr <ps+ps <p2+ps+pr <1 ps <ps+ps, ps <p1+p3, pr +p3+ps+ps <1+ps,
Patps+ps <1, 0<p1+p3 <1, 0<pa+p3s <1, 0<ps+ps <1l 0<ps+ps <1, p1,....ps >0, pr,ps < 1.
Lemma 67. If B(p1,...,ps) is in LMcusu(K), we have
P2 —pe +p7r+ps < 1.
Proof. 1t is similar to the proof of Lemma [53] and thus is omitted here. |

The correlation coefficients for 3(p1,...,ps) are

Corr(B1,2) = (P1 + p3) (P2 + P3) —ps Corr(B14) = p7 — (pa +ps)(1 — p2 — p3)

V(1 +p3) (1 —p1 — p3)(p2 + p3) (1 — p2 —p3) v/ (Pa + p6)(1 — pa — ps) (p2 + p3) (1 — p2 —p3)

ps — (p1 + p3)(Ps + pe) Corr(ﬁg 4) _ (P4 +pe)(Ps + Ps) — Ps
V(01 +p3)(1 = p1 —p3)(ps +ps)(1 — ps — pe) ’ V(1 +p6)(L = pa —p6) (s + po)(1 — ps — po)
We then consider an optimization problem:

COIT(,Bg,Q) =

Fs:= sup  f5(p1,...,p8)

st. p2—pe+pr+ps <1, pr+p2+p3<1, 0<pr <ps+ps<p2+p3s+pr <1, ps <ps+ps, pg < p1+ ps,

P1+p3+p5s+ps <1+pg, pa+ps+ps <1, 0<pr+p3<1, 0<pa+p3<1,

0<p4+p6<170<p5+p6<17 pla"'uPSZOa p77p8<]— (85)
where
Fsrn- . ps) = (1 +p3)(p2 +P3) — 3 p7— (P4 +ps)(1 — p2 — p3)
V(1 +p3) (L —p1 —p3)(p2 +p3)(L —p2—p3) /(P2 +ps)(L — pa — ps)(p2 + p3)(1 — p2 — p3)
ps — (p1 + p3)(ps + ps) (pa + p6)(ps + ps) — D6

+ .
V(1 +p3) (1 —p1 —p3)(ps +ps) (1 —p5 —ps)  \/(pa+p6)(1 — ps — ps)(ps + ps) (1 — ps — pe)
Lemma 68. It holds that F5 < 5/2.

Proof. The proof is similar to the proof in Section [E-A] First we show that it is sufficient to consider ps = 1+ ps — p2 — pr.
In particular, we note that when pg = p2 + p7, there is a stricter upper bound w.r.t. ps. We cannot set pg = 1 + pg — p2 — p7

in this case. When pg = ps + p7, in order to maximize f5, the following inequalities is activated:

ps < max(ps + pe, p1 + P3)-
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Bi,j(xi, xj)

Tj

Fig. 9: The NFG representation of 3; ;(x;, ;).

Fig. 10: An alternative NFG representation of 8; ;(xi, z;).

In this case, one of the entries in 33 4 equals zero. By Lemma we have F5 < 5/2.
Then we find F5 for ps = 1 + pg — p2 — p7 and ps + p7 > pe. We note that the function f5 is a linear function w.r.t. p7. In
order to maximize fs, we can set one of the inequalities w.r.t. p7 to be an equality. Then one of the entries in 31 4 or B3 is

zero. With the help of Lemma we prove F5 < 5/2. The details are omitted here. ]

APPENDIX F
PROOF OF PROPOSITION 27]
In this proof, we prove CovCHSH(3) < 2v/2 for X, = {(0,0),(0,1), (1,0), (1,1)} first. The proof for CovCHSH(3) >
—V/2 /2 for the same X, is similar and thus are omitted here. Our proof approaches are mainly based on the approaches in [23]

Appendix B], where the authors proved
CovCHSH(B) < 2V/2, CorrCHSH(B) < 2V2. (86)

Note that they considered a more general setup where p, U;, and Uz have arbitrary finite size. In our setup, we consider a
special set of projection matrices A; o and B, o, as defined in (28), which results in a stricter bound of CovCHSH(3) for
B € M(Ny).

For every 3 € M(Ny), there exist p, Uz, and Uz s.t. (34)-(33) hold. We suppose that the p, Uy, and Uz in N4 are given.

Because p is a density matrix, it has an eigenvalue decomposition, i.e.,

p:Z)\g~uz~u?,
)

where >, denotes 3,z ;. the vectors wy, ..., u, g | form an orthonormal basis and are eigenvectors of p with correspoding

eigenvalues A, .. ")‘I?? B

=1, 0<MN<1, Le il
4
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Then we define

Oy - .
agi = ((A - Aio) © 1) - ug — B;(0) - uy), Q= %, Celz.]], i € {1,3}, (87)
>oor lleer il
Vo5 =V A ((I ® (BJFSO ! B]}O)) cUp — 6](0) : uf) ’ ;ﬂ»j = Z 7|£|,; | 50 te H‘ieuv VS {274}7 (88)
e 1Y

where I is an identity matrix of size |X.| x |X.|, the matrices A;( and Bj are defined in (28), and the sum ), denotes
Y veqz. - As shown in (32) and (@33), the matrices Af - A; o and B - Bj are projection matrices. In particular, when 3
satisfies (34)-(33) for given p, Uy, and Us, it holds that

Z)\g ’U,g A?O Ai70)®]—)'u€, 6](0):Z>\EU?(I®(B;!()BJ,O))UE7 {i,j}G’C,
4

B3:(0,0) = ZP@W ((A¥ - Aio) ® (B - Bjo)) - ue, {i,j} e K.

As shown in (32) and (33). the matrices (A} - Aio) @ I, I ® (B, - Bjo), and (A - A; o) @ (B - B;) are projection

matrices as well. When 0 < 5,(0) < 1 for ¢ € [|Z.|], we have

leaull2 (0)(1 = 5i(0)) < > el = 5;(0)(1 = 5;(0)) <

¢

{i.jtek, (89

»M»—*
.MH

(L

Zaf it Yes = ﬁi,j(0,0) - 61( ) ﬂj( ) (/61,]) Zaéz ’7[1 - COI‘I‘(,@l ]) {Za.]} € K:a (90)

where at step (a) we have used the definition of Cov(/3; ;) in (). Figs. |§| andmlllustrate Bi,j (i, ;) for any x; and x; in A.
By suitably rearranging the function nodes in Fig. [0} we obtain Fig. [I0] which is equivalent to Fig. 0] The details of Figs. 9]
and |10 are listed as follows:
o After closing the smaller dash box in Figs. [9 and [T0] respectively, namely summing over the internal variables in this box,
we obtain p.
o After closing the larger dash box in Figs. |§| and respectively, we obtain §; ;(z;, ;).
o We obtain S, ;(0,0) by setting x; = z; = 0 and closing the larger dash box in Figs. |§| and respectively.

Then we have

CovCHSH(B) = Z(ae,1 (o2 +vea) Fous (Vo2 —vea))
¢

2 s e ] (
0 I}

@Jl

) V3
27

24 llvee— 74,3||2>
4

(S lbal?+2eal))

)4

INS

where at step (a) we have used the Cauchy-Schwarz inequality and at steps (b) and (c¢) we have used the inequalities in (89).
Unlike [37]], to prove the covariance-based Tsirelon bound here, we need to show that the inequality (86) holds for arbitrary
finite-dimensional quantum system. One can verify that our proof in this appendix also works for X. with arbitrary size, i.e.,

our proof works for arbitrary finite-dimensional quantum systems.

APPENDIX G

PROOF OF PROPOSITION [31]

We prove Proposition [31] by showing that there exist p, Up, and Uy in Ny s.t. the associated 3 satisfying

242 22 1 (2-V2 2+V2 -

1
Bi2=0P14=P032= 3 , Bs.4
8\2-v2 242 8\2+v2 2-V2
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We suppose that the system Ny in Fig. [4|is prepared in the state

1
p:Z(U®I)'(I®I+01®Ul—U2®02+03®J3)'(U®I)H

100 1

1 0000
=_(U®I)- (U ID"

2 0000

100 1

2+vV2 V2 V2 2+V2
1] —v2 2-v2 —2+v2 -2
81 V2 —2+4v2 2-v2 V2 |
2+v2 =2 V2 2+V2

where

0 1 0 —u ~1 0 1(V2+v2 —V2-V2

g1 i — , g9 :— ; 03 1= , = =

10 L0 0 1 2\V2-v2 V2+v2

By M(N5) = M(Ny) in Proposition it is equivalent to consider the pr,, U; and Us. The associated pL is

1000 242  —V2 V2 2-V2

pLzl-U- 0100 1 V2 24V2 —24V2 V2
2 00 10| 8 v2 —24v2 2+v2 2
00 0 1 2 -2 V2 V2 242

where U = U @ U. We set the matrices ﬁl and Ug for the N5 in Fig. E] to be

Then we have

2+ V2 V2 V2 2-2
1] =v2  2+v2 —2+v2 V2
81 —v2 —24v2 24v2 V2
2-v2 V2 V2 2+V2

2-v2 V2 V2 2+V2
1 -v2 2-v2 -—2-v2 V2

8 —v2 —2-v2 2-v2 V2
24V2 V2 V2 2-v2
The marginals (3; ;); ; obtained in @#4)-(@7) are the same as the marginals (3; ;);; in (OI).

APPENDIX H
PROOF OF LEMMA [34]

One can verify that M(N3) C LM(K). In order to prove that LM (K)\ M(N3) # (), we consider the vertex v1s of LM(K)
(see Appendix [A).

B4 Bi,2 83,2 B3.4
fr ooy | fo 1y |, {1 0)\]|, ({10

Vg | 3 2 2 2
0 1 1 0 0 1 0 1
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By the definition of M(N3) in (3)), for any 3 € M(N3), there exists a joint PMF {pn,(x)} s.t. 3 computed by (6) satisfies

the above table for (3; ;) ;. In order to have such joint PMF, the valid configurations in C(N3) satisfy
Ty =Ty, Ty F T2, Ty = T3, T3 = Ty
which leads to a contradiction. Such 3 is not in M (N3).

APPENDIX I

PROOF OF LEMMA [36]

Since p is a PSD matrix, the principal minors of p are all non-negative, which implies the matrix p must have the form

0 0 0 0
0 a pzs2 O
p =
0 p32 1—a O
0 0 0 0
Since p is PSD, we need |ps.2| < (a(l — a))1/2.
APPENDIX J

PROOF OF LEMMA [37]

In this appendix, we prove that the vertex vig is not in M(Ny) (see Appendix @) Recall that

51,4 /81,2 ﬁ3,2 /63,4
Jfr ooy [ fo 1\ |, {1t o), (10 ©2)
Vis | 3 2 2 2
0 1 10 0 1 0 1

By M(N5) = M(Ny) in Proposition |33] we know that proving vi7 € M(Ny) is equivalent to proving vi7 € M(N5). In the
rest of the proof, we consider the matrices pr,, Ul, and Ug in Ns.

Lemma [36] implies that in this case, the p1, can be characterized by p3 2, i.e.,

o 0 0 3
0 0 p32 O
pL = ) lp3.2] < %
0 p32 0 O
L 0 0

The matrix 332 in @3) and the matrix 3; 4 in {@6) equal
1 (U200, 1)]*  |UL(0,0)
B32 = 3 ) e Bia
U1(0,0)[%  [U1(0,1)]

In order to have 3 in (92), we need
U0, )] =1, U1(0,0) =0,

Then the Uy and U; in @3) become

X
X
X
X

—
o
o
o

The matrix 33 4 obtained via @7)satisfies 83 4(x3, x4) = %[Ig # x4], which is a contradiction of the matrix 33 4 in vi7.
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APPENDIX K

PROOF OF LEMMA [39]
In this appendix, we prove that

UV = Q3V3 + 44 + Q7U7 + Q10V10 + Q18V18 + Qa3vV23,

S3,4.7.1018,22(N1) := Cv € LM(K) | a3,...,a03 € Rog, a3 + ag + a7 + aip + g + azg = 1, ¢ M(Ny).
O<ast+ar<l, 0<ag+ap<l1
where

B4 Bi,2 B3,2 B3.4 B4 Bi,2 B3,2 B3,4

0 0 0 0 1 0 1 0 1 0 0 1 0 1 1 0
V3 V4

1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 1 0 1 0 1 0 1 0 1
U7 V10

0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
i % 1 0 % 0 1 % 1 0 % 1 0 oo % 0 1 % 0 % 1 0 % 0 1

0 1 1 0 0 1 0 1 1 0 1 0 0 1 1 0
Any ,3 S 8273;6’9’17’22(“'1) satisfies

0 a4 g + 2stes oy + 25 ago+ F2
Bi2 = 2 ) Bia= > >, (93)
as + a7 + 7‘118;“23 0 az+ %2 ar + 58
ag +ag + A5y +agg a3+ oy + 93 oy +ap+ 95
Bso = 2 Bsa= ? 2 (94)
0 Qigtaos Qa3 aig
2 2 2

By M(N5) = M(Ny) in Proposition we know that proving Ss36.9.17,22(N1) ¢ M(Ny) is equivalent to proving
82.3.6,9,17,22(N1) € M(N5). In the rest of the proof, we consider the pr,, Ui, and Us in Ns.
In order to set the matrix 31 o in (@4) equal to the matrix 35 2 in (O3), Lemma [36| implies that the pr, equals

0 0 0 oyt usfen
0 0 P32 0 et .
L= ) P3,2§ Oé4+0[10—|—¥ . a3+a7+¥ .
0 P32 0 0
a3+ a7+ asfem 0

By (@3), the matrix 33 > equals
(Oz3 + a7 + —O‘lsgarza) . |U1(O7 1)‘2
(ag + ar + 4018—50423) . |U1(O,0)‘2

(a4+a10+%) |UL(0,0)2

Bz =
(s + o + 215022 ) U (0,1)]2

In order to obtain 33 5 in (94), we need

+ + +

<a3+m+ “82‘”) (0.1 = ag + 0y + 2EOB (a4+am+ “2“3) T (0,0) = s+ aso,

(Oé?, + a7 + als—;a23) . |U1(0,0)|2 = O, (a4 + a9 + W) . |U1(07 1)‘2 — %
Since a3 + a7 > 0, the above expressions imply

1/2 1/2
a1g + Qo 2(oy + o) )

U1(0,1)| = =1, U1(0,0)| = =0, ay + ag = 0.
| 1( )‘ (2(0&4+O&10) +a18—|—a23) | 1( )‘ (2(0&44’0&10) + aqs + Qo3 4 10

However, it contradicts to the requirement oy + 19 > 0 in the definition of S33.6,9,17,22(N1).
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APPENDIX L

PROOF OF LEMMA [42]

In this appendix, we prove that
M(N3) \ ((M(N1) UM(Ng)) N M(N3)) # 0.

We consider a joint PMF for {pn,(x)}s.

(x) (0,0,1,0) | (0,0,0,1) | (1,1,1,1) | Otherwise

Wl |~

1 1

Dng ((B) 3 3 0
The associated 8 € M(N3) in (6) satisfies
3 1(2 0 3 1 (1 1 3 1({1 0 3 1{0 1 )
12= 5 ; 14= 5 ; 3,2 = ; 34 = 5
3\0 1 3\0 1 3\1 1 301 1

If this 3 is in M(Ny), the possible valid configurations in C(N;) s.t. the marginals computed by (6) satisfy the above marginals

are

(z) | (0,0,1,0) | (0,0,0,1) | (0,0,1,1) | (1,1,1,1)

To have the marginals in (93), we need

P (0.0.1,0) = i f12(0.0) - Fra(L0) - £100.0) - fa(1.0) = 3 >0,
N, (0,0,0,1) = Z(lNl) - f1.2(0,0) - f32(0,0) - f1.4(0,1) - f3.4(0,1) = % > 0,
N, (1,1,1,1) = Z(1N1) cf12(1,1) - f32(1,1) - f14(1,1) - f3.4(1,1) = % >0,

which implies

P (0.0.1.1) = s F2(0.0)- f3a(10)- f1a(0.1) - fra(1.1) > 0
It contradicts the definition of py, (x), i.e., >, pn, () = 1.
In the rest of this proof, we prove that 3 satisfying (93) is not in M(N4). By M(N5) = M(N4) in Proposition [33] we
know that it is equivalent to prove that such 3 is not in M (N5).

In order to have 31 o in (I00), there are two conditions that py, needs to satisfy. One is that 31 o obtained from ([@4) satisfy

B1,2 in (93) and the other is that the associated matrix p is a density matrix. The resulting py, is

2
5 0 0 0
0 ps1 0 O V2
PL = ) ‘/74,1 < 3
0 0 P4,1 0
o o o 1%

Suppose that 33 2 € M(N5), the matrix 332 computed by @3] equals

1 (2U2(0,0)]* [U1(0, 1)

3,2 = g 5 9
The matrix 332 in (93) implies that
V2
|U1(071)‘:75 |U1(0a1)|:0a

which is a contradiction.
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APPENDIX M

PROOF OF LEMMA 3]

In this appendix, we prove that
(M(N3) N M(Na)) \ (M(N1) N M(Ng)) # 0.

We consider a joint PMF for {pn, ()} .

() | (0,0,0,0) | (0,0,1,0) | (0,0,0,1) | (1,1,1,0) | (1,1,0,1) | (1,1,1,1) | Otherwise 06
m@| & | 4 | % | & | % [ & | o
The associated 3 € M(N3) computed by (6) for N3 satisfies
1 (1 O 1 (3 1 1 (1 1 1 (1 3
Bi2 =2 ) Bia=< ) Bz2 =~ , B34 =3 7
2\0 1 8\1 3 4 1 8\3 1
We show that 3 € M(Ny). When we let
1 H V2 1 — M3 (14 v/20) 1[(vV3 1
P:*'(l 0 0 1) '(1 0 0 1), Ui =— /3 ’ ) U =5 )
2 2 \L01-va) 1 2\-1 V3

the collection of matrices 3 € M(N4) computed by (34) and (35) satisfies (97).
We want to show that the valid configurations in (96) are the only possible valid configurations in C(N3) to realize the
marginals in (97). The possible valid configurations in C(N3) s.t. the marginals computed by (6) satisfy (@7), and the range of

the associated probabilities are listed as follows.

(z) PN ()
(0,0,0,0) or (1,1,0,0) | < B54(0,0) = &
(0,0,1,1) or (1,1,1,1) | <Bs4(1,1) = ¢

(0,0,1,0) < B32(1,0) =1
(0,0,0,1) < B14(0,1) = §
(1,1,0,1) < B32(0,1) = 1
(1,1,1,0) < B14(1,0) = §

By the definition of the valid configuration, we have

Z pN3(£C) =1,

x€C(N3)
which implies

(z) PNg ()

(0,0,0,0) or (1,1,0,0) 1

(0,0,1,1) or (1,1,1,1) L

(0,0,1,0) L

(0,0,0,1) L

(1,1,0,1) 1

(1,1,1,0) L

To have marginals ((21)(0,1) = 1/4 and B(2,1)(1,0) = 1/4, we need
DPNg (07 07 ]-7 1) = pNg(la ]-7 07 0) = 07
which implies

png(0,0,0,0) = pn,(1,1,1,1) =
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In the remaining part of the proof, we prove that 3 satisfying (97) is not in M(N;) by contradiction. To have such marginals

in M(Ny), we need to set the valid configurations in C(N;) satisfy (96), which means that

Py (0.0,0,0) = — -+ f,5(0,0) - £32(0,0) - f14(0,0) - f5.4(0,0) =

1
Z(N) g0
P (L 10,1 = i fia(L 1) f1200.1) - fra(L) - fua0.1) = 1 >0,
Pa(11,1,0) = s (L) FraLD) - fia(10) - a(1,0) = § >0,
However, it implies
oy (1,1,0,0) = % Fra(L1) - f52(0,1) - fra(1,0) - f3.4(0,0) > 0,

which contradicts to p, (1,1,0,0) = 0 as required in (96).

APPENDIX N

PROOF OF LEMMA [7]
In this appendix, we prove that
M(N1)\ ((M(Ng) UM(N2)) 0 M(Ny)) # 0.

For Ny, if we let

1 1
fio(z,220) =[z1 =22 =0], f32(x2,23) = 3 fra(za, z1) = 3 faa(z3, x4) = (T3 # x4], 1, T2, x3, T4 € X,
then the associated 3 € M(N;) obtain by (6) satisfies

1 0 1 /1 1 1 0 1/0 1
Bia2 = , Bia= 5 , B32 = 3 , B34 = 3 . (98)
0 O 0 0 1 0 1 0

—_

We prove that 3 in (98) is not in M(N5) first. Suppose that 3 € M(N3) computed in (20) and ZI) having 31 2, 31,4, and
Bs.2 in (O8), we have

1 0 % aq % (65)
Mx, x, = ; Mx, 1 x, = ) , Mx, x, = ) ; 0<ag,ap <1.
00 O — L 1—aqy
Then 35,4 computed in (1)) satisfies
L1111
Bsa = Mxyx, - (Mxyx, - Mxx2)” = N

which is a contradiction to 33 4 in (©98).
By M(N5) = M(Ny) in Proposition 33| we know that it is equivalent to prove that 3 in (98) is not in M(N5). In order to
have 31 2 = (1,0,0,0), there are two conditions that pr, needs to satisfy. One is that 3; » obtained from @4) equals (1,0,0,0)

and the other is that the associated matrix p is a density matrix. Both these two conditions imply that
pL(E1,E2) = [(Z1,32) = (0,0)], i1, € Xe,
Then 31,4 and (332 obtained via @3) and (@6) equal

([ 1U2(0,0)]  [U2(0,1)[ _ [1U:(0,0)* 0
/81,4 - 9 /83,2 - 9
0 0 U1(0,1)]2 0

In order to have 31 4 and (332 in (98), we need
1
010, 0)* = [U1.(0, 1)* = [U2(0,0)* = [U3 (0, I = 3.

Then B34 computed by (@7) satisfies 35 4(x3,24) = 1/4 for all x5, 24 € X, and it contradicts to B3 4 in (98).
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APPENDIX O

PROOF OF LEMMA [43]
In this appendix, we prove that
M(Nz) € M(Ny), M(Ny) N M(Ny)\ (M(N2) N M(N1) N M(Ny)) # 0.
We prove M(N2) € M(Ny) first. For any 8 in M(N3), there exist three matrices Mx, x,, Mx,|x, and Mx,|x, s.t. (p10)=(PA1)
hold. If we let
fi2(x1,20) = Mx, x,(w1,22), f32(w3,22) = Mx,x, (23, 72), x1, T2, ¥3 € Xe,
fra(za,x1) = Mx,|x, (4, 21), f34(73,24) =1, T1, T3, T4 € Xe.

for the S-FG N; in Fig. [I} then 3 € M(N;) computed by (@) is the same as 3 in 20)-21).
In the rest of this appendix, we prove that there is a point in M (N1) N M (N4) that is not in M(N5). On one hand, if we let

f1,2($1,$2) = ¥7 f3,2(x3,172) = 1 f1,4(174,$1) = 1 f3,4($3,9€4) = ¥, T1, Tg, T3, T4 € X,
for N; and

1 1

2 00 3

U 1 1 1 U 1 1 1 0 0 0 O

1= —F7= 3 2= 7= ’ pP= )

V2 -1 1 V2 -1 1 000 0

1 1

2 00 3

for N4, then 3 computed in (6) and (34)—(33), respectively, are the same. In particular, the collection of matrices 3 satisfy

1 1 1 1
Br,2(z1,22) = 5[»’51 = ), Bra(x1,24) = vk Bs,2(x1,24) = — B3,4(x1,24) = §[$3 =x4], T1,...,74 € Xe.

4 )
99)
On the other hand, to have B3 4, 31,2, and 35 2 in (99), the expressions 20)—21) for computing B in M(N2) imply that the

matrices My, x,, Mx, x, and Mx, x, in Ny satisfy

Ty =1 1 1
%, Mx, x, (23, 72) = > Mx, x, (24, 71) = > T1,..., T4 € Xe.

Then B3 4 in 1) satisfies B3 4(x3, x4) = 1/4 for all z3, 24 € X, which is a contradiction to 33 4 in (99).

MX11X2 (xlva) =

APPENDIX P

PROOF OF LEMMA [46]

In this appendix, we prove
M(N2) \ (M(Ng) N M(N2)) # 0.

by proving that any 3 € M(N2) with

’ 2\1-0q 1-ay/)’

| —

1 0 1 (051 Q2
51,2@1,%2) = )

Pa2 =3 o Fl—a, 0<og,a2 <1 (100)
0

is not in M (Ny).
We firstly prove that there exists a 3 € M(N2) satisfying (T00). If we let

; Mx,x, = ; ar#1l—az, 0<ag,az <1,

0 Qg (e%)
Mx, x, =
1 1-— (6751 1-— (6%)

|~
o —

in No, then 8 € M(N2) computed by (Z0) and 1) satisfies (T00).
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In the rest of this appendix, we prove that 3 satisfying (T00) is not in M(Ny4). By M(N5) = M(N,) in Proposition [33] we
know that it is equivalent to prove that this 3 is not in M(N5).
In order to have 3; 2 in (I00), there are two conditions that py, needs to satisfy. One is that 3; o obtained from (@4) satisfy

B1,2(x1,x2) = 1/2-[x1 = x| for all 1, x2 € X, and the other is that the associated matrix p is a density matrix. The resulting

pL 18
% 0 0 0
0 P41 0 0 1
pL = , lpa1] < 3
0 0 ps1 O
0o 0 0 3

Suppose that 35 2 € M(Nj5), the matrix 33 » computed by @3) equals

1 (1U(0,0)]* |U1(0,1)[?
fs2 =3 : )
|U1(0,1)[*  [U1(0,0)]

Because this 33 - satisfies (I00), we need
U1(0,0)* = a1 =1 - as,

which is a contradiction to a; # 1 — as.
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