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Abstract

For standard factor graphs (S-FGs), i.e., factor graphs with local functions taking on non-negative real values, Vontobel gave a
characterization of the Bethe approximation to the partition function in terms of the partition function of finite graph covers. The proof
of that statement heavily relied on the method of types.

In this paper we give a similar characterization for so-called double-edge factor graphs (DE-FGs), which are a class of factor graphs
where local functions take on complex values and have to satisfy some positive semi-definiteness constraints. Such factor graphs are of
interest in quantum information processing.

In general, approximating the partition function of DE-FGs is more challenging than for S-FGs because the partition function is a
sum of complex values and not just a sum of non-negative real values. In particular, for proving the above-mentioned characterization of
the Bethe approximation in terms of finite graph covers, one cannot use the method of types anymore. We overcome this challenge by
applying the loop calculus transform by Chertkov and Chernyak, along with using the symmetric-subspace transform, a novel technique
for factor graphs that should be of interest beyond proving the main result of this paper. Currently, the characterization of the Bethe
approximation of the partition function of DE-FGs is for DE-FGs satisfying an (easily checkable) condition. However, based on numerical

results, we suspect that the characterization holds more broadly.

I. INTRODUCTION

Standard factor graphs (S-FGs) [1]-[3]], i.e., factor graphs with local functions taking on non-negative real values, are used for
representing statistical models. They are widely applied in different areas including statistical mechanics (see, e.g., [4]), coding
theory (see, e.g., [3]]), and communications (see, e.g., [6]). Many important inference problems in these areas can be transformed into
computing the marginals and the partition function of S-FGs. In order to approximate these quantities efficiently, a popular choice
is the sum-product algorithm (SPA), also known as loopy belief propagation (LBP), which is a heuristic algorithm and has been
successfully used for approximating the marginal functions and the partition function for many classes of S-FGs.

There are various characterizations of the pseudo-marginal functions obtained via a fixed point of the SPA. When an S-FG is cycle
free, the pseudo-marginal functions at the fixed-point of the SPA are the exact marginal functions of the global function represented
by the associated S-FG [4]. In terms of S-FGs with cycles, the authors in [7] showed that the fixed points of the SPA correspond to
the stationary points of the constrained Bethe free energy function. Because of this connection of the SPA to the Bethe free energy
function, the approximation of the partition function obtained with the help of the SPA is often called the Bethe approximation of
the partition function, or simply the Bethe partition function. In [8]], [9], Chertkov and Chernyak presented a technique they called
loop calculus that yields an expression relating the partition function and the Bethe partition function. Notable extensions to these

results were presented by Mori [[10].



Finite graph covers of S-FGs are a useful theoretical tool [11]]-[15] for understanding the Bethe partition function and the SPA. A
combinatorial characterization of the Bethe partition function of an S-FG in terms of the partition function of finite graph covers of the
S-FG was given in [[12]]. Leveraging this result, Ruozzi et al. [[13]], [14]] proved statements relating the partition function and the Bethe
partition function for certain classes of S-FGs, in particular solving a conjecture by Sudderth et al. about log-supermodular graphical
models [[16]. Moreover, graph covers were used in [15] to characterize the behavior of the max-product algorithm for Gaussian
graphical models. (For Gaussian graphical models, the max-product algorithm is essentially equal to the sum-product algorithm.)

All the above results are for factor graphs that here are called S-FGs, i.e., for factor graphs with local functions taking on non-
negative real values. Recently, some papers have considered more general factor graphs, namely factor graphs where the local functions
take on complex values, in particular toward representing quantities of interest in quantum information processing [17]-[19]. (For
connections of these factor graphs to other graphical notations in physics, see |18, Appendix A].) The structure of these factor graphs
is not completely arbitrary, and so, toward formalizing such factor graphs, Cao and Vontobel [20] introduced double-edge factor
graphs (DE-FGs), where local functions take on complex values and have to satisfy some positive semi-definiteness constraints.

DE-FGs have the property [20] that the partition function is a non-negative real number. However, because the partition function
is the sum of complex numbers (notably, the real and the imaginary parts of these complex numbers can have positive or negative
sign), approximating the partition function is in general much more challenging for DE-FGs than for S-FGs. This problem is known
as the numerical sign problem in applied mathematics and theoretical physics (see, e.g., [21]).

It is straightforward to define the SPA for DE-FGs, along with defining the Bethe partition function based on fixed points of the
SPA [20, Def. S]EI One can prove that the Bethe partition function is a non-negative real number. Given this, one wonders if there is
a characterization of the Bethe partition function of a DE-FG in terms of the partition functions of its graph covers analogous to the
result for S-FGs in [12]. Numerical calculations that we performed for small DE-FGs suggested that such a result should also hold
for DE-FGs, however, proving such a result turned out to be much more challenging than for S-FGs. The reason for this is that the
method of types, which was the main ingredient for the proof in the case of S-FGs, works essentially only for approximating sums
of non-negative real values. Therefore, a novel proof approach needed to be developed for the case of DE-FGs; this novel proof
approach is the main result of this paper besides the statement itself. (Currently, the characterization of the Bethe partition function
of DE-FGs in terms of its finite graph covers is for DE-FGs satisfying an (easily checkable) condition. However, based on numerical
results, we suspect that the characterization holds more broadly.)

Our proof approach is based on the following three main ingredients:

« In a first step, we apply the loop calculus transfornﬂ to the DE-FG based on a stable fixed point of the SPA. (In case the SPA
has multiple stable fixed points, we assume that it is the stable fixed point with the largest Bethe partition function value.) The
benefit of the loop calculus transform is that the transformed SPA fixed point messages have a very simple form independent
of the edge and the direction of the message.

o In a second step, we apply the symmetric-subspace transform, a novel technique for factor graphs that should be of interest
beyond the proof of the main result of this paper. Namely, for any positive integer M, the symmetric-subspace transform allows
one to express the average partition function of M-covers of the DE-NFG in terms of some integral.

e In a third step, we let M — oo and evaluate the integral with the help of Laplace’s method. In order to apply Laplace’s

method, we study the Hessian matrix of the relevant function by relating it to the Jacobian matrix of the SPA. The negative

'Note that in [20] the Bethe partition function is formulated based on the so-called pseudo-dual Bethe free energy function for S-FGs [20, Def. 8]). Although
generalizing the primal Bethe free energy function from S-FGs to DE-FGs is formally straightforward, it poses challenges because of the multi-valuedness of the
complex logarithm, and is left for future research.

2The loop calculus transform can be seen as a particular instance of a holographic transform [22].
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Fig. 1: NFG N in Example

semi-definiteness of the Hessian matrix at the point of interest follows from the stability of the SPA fixed pointE]
We leave it as an open problem to broadly characterize when the relevant function has a global maximum at the point of interest.
We give an (easily checkable) condition when this is the case. However, we suspect that it holds more generally.

In the following, we will use, without essential loss of generality, normal factor graphs (NFGs), i.e., factor graphs where variables
are associated with edges [2[], [3].

The rest of this paper is structured as follows. Section [[I] reviews the basics of S-NFGs and the Bethe partition function. Section [III]
discusses finite graph covers and the main result of [[12], i.e., the combinatorial characterization of the Bethe partition function of
an S-NFG in terms of the average partition functions of its graph covers. Section [[V] reviews DE-NFGs. Section |V] defines the loop
calculus transform. Section |V]| introduces the symmetric-subspace transform. Finally, Section combines the techniques from the

previous sectionsﬂ

II. STANDARD NFGS (S-NFGS)

In this section, we review some basic concepts and properties of an S-NFG, along with the Bethe approximation of the partition

function of the S-NFG. We use an example to introduce the key concepts of an S-NFG.

Example 1. Consider the multivariate function g(x1,...,25) := f1(x1,%2,23) - fa(x1,24) - f3(x2,25) - fa(x3, 24, T5), Where g,
the so-called global function, is defined to be the product of the so-called local functions f1, fa, fs and fi. We can visualize the
factorization of g with the help of the S-NFG N in Fig. |I| Note that the S-NFG N shown in Fig. |l| consists of four function nodes

f1,--., fa and five (full) edges with associated variables x1, ..., xs.

For simplicity, we consider only S-NFGs with full edges, because S-NFGs with half edges can be turned into S-NFGs with only

full edges by adding dummy 1-valued function nodes to half edges without changing any marginals or the partition function.

Definition 2. The S-NFG N(F, &, X) consists of:

1) The graph (F,Emnn) with vertex set F and edge set Eryy, where Eqg consists of all full edges in N. With some slight abuse of
notation, f € F will denote a function node and the corresponding local function.

2) The alphabet X =[] X., where X, is the alphabet associated with edge e € Ep.

e€€un

Definition 3. For a given S-NFG N(F, i, X), we define:

1) For every function node f € F, the set Of is the set of edges incident on f.
2) The alphabet for each local function f € F is defined to be Xy := Heeaf Xe.

3Ata high level, this last result is similar in spirit to some results by Heskes [23]] and Watanabe [24]. However, in contrast to [24]], we make a statement about all
the eigenvalues of the Hessian matrix and not just the product of the eigenvalues, i.e., the determinant of the Hessian.

4Should there be any difference between the conference version and this version. This version would prevail.
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Fig. 2: Left: NFG N. Right: samples of possible 2-covers N of N.

3) An assignment T := (T¢)ecgyy € X is called a configuration of the S-NFG. For each f € F, a configuration x € X induces
the vector xyy with components oy ‘= (Te)ecay € Xy.

4) The local function [ associated with function node f € F denotes an arbitrary mapping f : Xy — R>q.

5) The global function g is defined to be the mapping g : X — Rxo, & = [[ ;7 f(zay).

6) The partition function is Z(N) := > » g(x).

If there is no ambiguity, in the following we will use the short-hands >, > ", . > 7, . > 0. Doy for Do c v D0 cxs D ca,s
Y ecsnn O fers Tespectively.
The following definition of the Bethe partition function is based on the so-called pseudo-dual Bethe free energy function, not based

on the (primal) Bethe free energy function.

Definition 4. Consider the collection of messages pu = {pre—f} tcoe,ccmn> With pe— s having entries fic_5(x.) € R>o, zc € Xe.

Let Zg(N, ) := Hf Zf(N,u)/ [I. Zc(N, ), where
Zf(Na”') = Zf(waf) H :ue—>f(xe)> [ EeF,

Tof ecof

Zo(N, 1) = e p(@ptes s (we), €= (f,f') € Enn.

Te

The Bethe partition function Zp(N) is defined to be maximum of Zg(N, p) over all SPA fixed-point messages p of N.

III. FINITE GRAPH COVERS

This section reviews the concept of finite graph covers of a graph in general, and of NFGs in particular [[11f], [[12f], [25].

Definition 5. A graph G = (f/,c‘f) with vertex set V and edge set & is the cover of a graph G = (V, ) if there exists a graph
homomorphism  : V — V such that for each v €V and ¥ € V, the set 90, i.e., the neighborhood of 0, is mapped to Ov bijectively.
Given a cover G = (V,€), if =~ (v)| = M € Zwq for all v € V, where ©—" is the pre-image of v under mapping , then G is

called an M -cover.

Consequently, we can denote the vertex set of an M-cover as V := V x [M]. It means that for (v,m) € V, n((v,m)) = v and
for edge ((v,m), (v',m’)) € g, 7(((v,m), (v',m'))) = (v,v"). Every M-cover, G=(V,€) of a graph G = (V, &) can be obtained
in the following way. For each edge (v,v’) € £, select a permutation o, ,» € Spr, where Sy is the group of all permutation of M

elements, and then add the edge (v,m), (v',0,.,/(m))) to G for every m € [M].

Example 6. An S-NFG N with 4 vertices and 5 edges is illustrated in Fig. [2fleft). Possible 2-covers of N are shown in Fig. [2[right).

In particular, one can verify that every M-cover of N has M - 4 function nodes and M -5 edges.

In the following, we review the characterization of the Bethe partition function in terms of finite graph covers [12].



Fig. 3: DE-NFG. in ExampleH

Definition 7. Consider some S-NFG N. For any positive integer M, we define the degree-NM Bethe partition function to be Zp pr(N) ==
M <Z(N)>NGNM’ where <Z(N)>NGNM represents the average of Z(N) over all N € Ny, where Ny is the set of all M-covers of
N.

Theorem 8 ([[12]]). Consider some S-NFG N. It holds thaﬂ

limsup Zp pr(N) = Zg(N).

M—o00
IV. DOUBLE-EDGE NFGs (DE-NFGS)

In this section, we review DE-NFGs [20]. Similar to Section [[I, we only discuss the DE-NFGs where the edges are all full edges.

Example 9. The DE-NFG in Fig. |3| depicts the following factorization
g(mv SC/) = fl(xh xr2,x3, xlla 33/2, Jfé) : fQ(xla Ty, x/la xil)
. f3(x27x57x/2,x'5) : f4($3,x47m5,xé, 552171'/5)

Note that with a double edge e we associate the variable T. = (x.,z.), where x. and x, take value in the same alphabet X,.

Moreover, if e is incident on a function node f, then T. is an argument of the local function f, i.e., both x. and x| are arguments

of f.

Note that DE-NFGs can also contain single edges (see [20] for details). However, without loss of generality, we can consider only
DE-NFGs with double edges, because DE-NFGs with single edges can be turned into DE-NFGs with only double edges by changing
single edges into double edges and suitably reformulating function nodes.

The definition of DE-NFGs is given as follows:

Definition 10. A DE-NFG N(F, &, X) consists of the following objects:
1) A graph (F,Ewn) with vertex set F and edge set Eryn, where F is also known as the set of function nodes.

2) An alphabet X =[]

e X,, where X, := X, x X, is the alphabet of variables (x.,x.) associated with edge e € Epyy.

3) A set of local functions {f}¢cr. Note that each f corresponds to function node f € F.
The details of a DE-NFG are listed as follows.

Definition 11. Given a DE-NFG N(F, Er, X), we make the following definitions.
1) For each f € F, the set Of is defined to be the set of double edges connected to f. Similarly, the set Oe is the set of function

nodes that are connected to edge e.

5 Actually, in [12] the right-hand side was based on Zi(N) computed via the minimum of the primal Bethe free energy function [7]]. Therefore, the reformation

here is for NFGs N for which the minimum of the primal Bethe free energy function can be characterized by an SPA fixed point, which is typically the case [[7].
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Fig. 5: Left: NFG in Example Right: DE-NFG in Example

The alphabet for the set of variables ((xe,¢)) cqs IS Xy = [lecor X..
For simplicity, we define &, := (x.,2.) € X. 10 be a configuration for each edge e € Eny. For f € F, the associated
configuration is o5 := (Fc)ecos € Xy. A configuration of N is & := (Zc)ecsy,, € X. Note that Zp is induced by .

For each f € F, f is defined to be an arbitrary mapping
f:./?f—>(c, iafo(:iaf).

In particular, we require that for each local function f, the corresponding square matrix (f(xsy, x f))ma,f,m’a ; with row indices
Ty and column indices $:9f, which is known as Choi-matrix representation [26|], is a complex-valued, Hermitian, positive
semi-definite (PSD) matrix.

The global function g represents a mapping

The partition function is defined to be

One can show [20] that Z(N) € Rxo.

It is straightforward to extend the SPA from S-NFGs to DE-NFGs. Note that the Choi-matrix representation of the SPA message
Wf—se can be represented by the square matrix (u Foele, x’e))nr; , with row indices x. and column indices x',. In particular,
if the initial messages represent complex-valued, Hermitian, PSD matrices, then all subsequent messages will also represent
complex-valued, Hermitian, PSD matrices. (We refer to [20)] for details.)

The expressions for Zg(N, p) and Zg(N) in Definition 4| can be extended straightforwardly. However, now the messages te—, s
represent complex-valued, Hermitian, PSD matrices.

It is straightforward to define finite graph covers for DE-NFGs. For example, Fig. #{right) shows possible double covers of the
DE-NFG in Fig. {left).

It is straightforward to extend the definition of Zp a(N) in Definition [?] to DE-NFGs.

One of the motivations for considering DE-NFGs is that many NFGs with complex-valued local functions in quantum information

theory can be transformed into DE-NFGs.
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Fig. 6: DE-NFGs and the numerical results in Example

Example 12 ([17], [18]). Let us consider an NFG in Fig. 3 (left). Note that at the end of each edge there is a dot used for denoting
the first index of the matrix with respect to the function node. In particular, it describes a quantum system with two consecutive
unitary evolutions:

o At the first stage, a quantum mechanical system is prepared in a mixed state represented by a PSD density matrix p.

o Then the system experiences two consecutive unitary evolutions, which are represented by the pair of factor nodes U and B,

respectively.

By suitably merging the edges, rearranging the order of the variables for each local function and defining new local functions, we can
obtain the DE-NFG in Fig. E|(right). For example, the entries of matrix U are defined to be ﬁ(mo, x1, 20, 2h) = U(zo, 1) -W.

One can verify that U is a PSD matrix with row indices (zo,x1) and column indices (x}), ).

Based on the many connections between S-NFGs and DE-NFGs, and based on some numerical experiments, it is tempting to make

the following conjecture.

Conjecture 13. Consider some DE-NFG N. It holds that

limsup ZB,]\/[(N) = ZB(N)

M— o0

Let us provide some promising numerical results for Conjecture [T3]

A. Numerical Results for Conjecture [I3]

Example 14. Consider a DE-NFG in Fig. where the alphabet size of each edge is fixed to be 4, i.e., |X.| = 4 and X, = {0,1}

for all e € Exyy. The number of realization is 3000. In each realization, the local functions are randomly and independently generated.
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Fig. 7: Exemplifying the LCT for a part of an example DE-NFG.

Fig. shows the relationship between (Zp pr(N) — Zp(N))/Zp(N) and the degree of the covers M in terms of the cumulative
distribution functions, while Fig. illustrates the metric p £+ o with respect to |Zg p(N) — Zg(N)|/Zs(N), where p and o
respectively represent the mean and the standard deviation of the corresponding numerical results. We can see that as M increases,

the degree-M Bethe partition function Zp p(N) approaches Zp(N).

Example 15. We also investigate another DE-NFG shown in Fig. with |Xe| =4 and X, = {0,1} for all e € & The total
number of realizations is 3000. For every realization, all local functions are generated randomly and independently. The cumulative
distribution functions of (Zg,p(N) — Zg(N))/Zg(N) for M = 2 and M = 3, are respectively plotted in Fig. In addition, the
impact of degree of covers M on | £+ o is shown in Fig. where |1 and o are respectively the mean and the standard deviation
of the metric |Zp p(N) — Zg(N)|/Zs(N). We notice that when the degree of covers M increases, the gap between Zp(N) and

Zg v (N)is narrowed.

We can prove Conjecture [I3] for DE-NFGs satisfying the constraint mentioned at the end of Section However, we suspect
that Conjecture [I3] holds for a much larger class of DE-NFGs.

V. Loopr-CALCULUS TRANSFORM (LCT)

Loop calculus as defined by Chertkov and Chernyak [8]], [9]] and further developed by Mori [10], can be formulated as a certain
holographic transform [22]] applied to a factor graph, and will henceforth be called loop-calculus transform (LCT). In the following,
we give a high-level introduction to the LCT as applied to a DE-NFG with the help of Fig. [}

o Consider some DE-NFG N. (Fig. [/(a) shows parts of such a DE-NFG.)

o Consider some fixed-point messages p for this N.

o The DE-NFG in Fig. [(b) is obtained from the DE-NFG in Fig. [/(a) by applying suitable opening-the-box operations [3].

Importantly, the new function nodes h; are based on p and are such that the partition function is unchanged.

For example, for the edge ¢ = (f1, f2) in Fig. a), we introduce function nodes hs3 and hg with local functions hg : X, X /’\D,’e — C
and hg : X, x X, — C, where X, := {0, 1,...,|X.|—1}2. The partition function of the DE-NFG is unchanged because hs and
hs satisfy 3"z hs(@e,p,, Te) - hs(Fe,py, Te) = [Fe,p, =Fe,p)-

o The DE-NFG in Fig. [/(c) is essentially the same as the DE-NFG in Fig. [7[b).



o The DE-NFG in Fig. [7{d) is obtained from the DE-NFG in Fig. [7(c) by applying suitable closing-the-box operations [3] to
the DE-NFG in Fig. c). For example, the local function f; with set of adjacent edges Of1 = (e,¢’,e”) is obtained via
fl(;%e,;%e,je,,) = Eie_f’i s f1(Ze,pyZer g, Ter g) - h3(§}'5,f,.%e) . hQ(i’el,f,.%e/) . h4(i’€//7f,i‘eﬂ). Again, the partition

function of the DE-NFG is unchanged.

A. Definition of LCT for DE-NFGs

In the following, we use variables Z f = (Zof, xp;) for denoting the variable associated with function fand Z, := (&, )
for denoting the variable on each edge e € &gy for the DE-NFG after LCT and variables &5 = (xoy, wﬁa f) and z. for denoting
the corresponding variables for the DE-NFG before LCT. By definition, we have #5; = (Zc)ecaf, e, @, € {0,...,|X.| — 1} and
X, =X, x X, for each e € of, f e F.

Given a solution of Zg(N) for a DE-NFG N, which is denoted as the set of messages p* := (u?_, ;)ecos,fer, we define two

matrices M., ; € Cl¥!xI¥el and M, _, ;€ Cl*IxIxel for each e = (f, f') € Enn with entries

Me f(Ze, 0) i=ce1pte 5 (Ze),

.2 C * - - ° ° o B 2
Me—)f(xeaxe) ::Ceé ﬂeﬁf(xe)(['re = xe:| - be(xe))7 Te € Xe\{o};

)

MEHf’ (jmo) :206,2/‘:%]“(576),
Mc—)f/(‘%e; ‘%e) ::CG,QCG,3ZG(N7 “’*)ée(jea ‘%6)7 ﬂ%e € j@\{ﬁ}a

where 0 := (0,0), ce,1 € R and ¢ 2 € R are arbitrary constants satisfying cc 1¢.2 = Z.(N, u*)’l, Ce,3 € R is an arbitrary non-zero

constant and

- ! ‘%e = 67 M:_>f(6> 7é 0,
T E R S TR

e\le;Le) -— sz B o )
F=ml g LG ) £0,

[Be =] G0, pi (5 =0,

One can verify that

> Meop(Fer e f) Moo pr (Fe, e pr) = {»%e,f = %e,f/}»

Te

> Meoj(Fe g, Ze)Meos g (Fe g Be) = [T g = e g,

Te

for all .%E, %e7f, %eyf, S .)E'E and T, .i'ejf, i‘&f/ S /f'

Theorem 16. Given p* € FI(N) which is one of the solutions of Zg(N), we define N to be the LCT of the DE-NFG N and f be
its local function for function node f. In particular,
f@or) = f(@op) [ Mewsy(@e,ze). (1)
For c€df
for any agsaf € /'to’f and f € F.
The DE-NFG N has the following properties:
o N has the same underlying graph topology as DE-NFG N.

o The messages fto := (fle—f,0)ecof,feF With entries [le_”c)o(%e) =1 ifﬁoée =0 and /leﬁ'f)o(%e) = 0 otherwise for all e € Of,
f € F are fixed-point messages of the SPA for N.
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o Zs(N, f10) = Zg(N).
« Z(N) = Z(N) = Zg(N) + Zée??\{f)} [er f(:i:af), where X := [eee,, X, 0:= (0)ece,,.
. ZB(N, ®Am/[:1 uo) = (Zs(N)M for N € Ny, where Ny is the set of all degree-M covers of N.

Proof. Omitted. |

o

Proposition 17. For each local function f € F, the corresponding Choi-matrix representation (f(Tof, Tl 7)) with row indices

oy

Zos and column indices &, s is a Hermitian matrix.

Proof. See Appendix [A] [ ]

B. Definition of LCT for NFGs

Similarly, we use variables €5 € Xy for denoting the variable associated with function node f and 2. for denoting the variable
on each edge e € &, for the NFG after LCT and variables xo; € Xy and z. for denoting the corresponding variables for the NFG
before LCT. By definition, we have &of = (Ze)ecas and 2. € {0,...,|X.| — 1} for each e € Of, f € F.

Given a solution of Zg(N) for an NFG N, which is denoted as the set of messages p* := (u’_, f)eea t,feF» we define two matrices

M, ; € Cl¥eIXI¥Xel and M, _, ;o € Cl¥IXI%e] for each e = (f, f') € Epu with entries

Me%f(xm 0) ::Ce,lﬂzaf(xe)a

Moy (2o, &) ::Ze—’;uzﬁf(xe)([xe = ] = belie)), @ € XA},

Me_; 4 (.Z‘e,O) ::Ce,QUZ—W’(Z‘e)a
Me%f’(xea ‘%e) ::ce,Zce,SZe(l\L M*)¢e($e, ‘%6)7 :%e € Xe\{o}v

where z. € A, ce1, Ce2 € R are two arbitrary constants satisfying ce 1cco = Ze(N,u*)’l, ce,3 € R is an arbitrary non-zero
constant and

_m 1036207 M2_>f(0>7é0a

o 1 Fe =0, pr,;(0) =0,
Gelwese) =0 1 .1 7
WG Te 70, pip(de) #0,

{50@ _ x] Be £ 0, iy (#e) = 0.

VI. SYMMETRIC-SUBSPACE TRANSFORM (SST)

The symmetric-subspace transform (SST) can be used to analyze M-covers of S-NFGs or DE-NFGs. The developments in this
section were motivated by [27], where, in terms of the language of the present paper, the authors transformed a certain integral into
the average partition function of some NFGs, where the average is over double covers. (Although [27]] needs to consider only double
covers, it is clear that their results can be extended to general M -covers.) However, compared with [27], we go in the other direction,
i.e., we express the average partition function of a DE-NFGs, where the average is over M-covers of some DE-NFG, in terms of
some integral.

The developments in this section were partially also motivated by the results in [28]].

For simplicity, in the following we consider only the case M = 2.

o Consider some DE-NFG N. (Fig. a) shows parts of this DE-NFG.)E]

6 Actually, for proving Conjecture we consider a DE-NFG that is the LCT of some DE-NFG.
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f1 f2

(a)

fia f21 %
(b) (©)
fi,2

Fig. 8: Partial DE-NFGs illustrating the SST.

o Let e = (f1, f2) be the edge connecting f; and f in Fig. [8[a). When considering double covers of N, the two copies of e can
connect the two copies of f; and f, either as shown in Fig. [§{b) or as shown in Fig. [|c). In fact, in half the double covers the
connections will be as in Fig. [§[b), and in half the double covers the connections will be as in Fig. [§fc).

o The connection pattern in Fig. b) can be encoded with the help of a {0, 1}-valued function node P, see Fig. d). Similarly,
the connection pattern in Fig. [§[c) can be encoded with the help of a {0, 1}-valued function node P, see Fig. [§[e).

o We can represent the function values of %Pl + %Pg in terms of a square matrix. Crucially, this matrix can be obtained by

evaluating the following integral (for M = 2)

A1) [ @ dprs () @
2h.eCPI—1

where CP?~! is the complex projective space with d = |X.|M; b, := . /||%e||; ¥ is the Hermitian transpose of 1.;
(bt )®M s the M-fold tensor product of the matrix 1b,4p!; and prg denotes the Fubini-Study (FS) measure.

The above integral can be expressed in terms of an NFG as shown in Fig. [§(f), where is implemented by parameterized
functions . that are parameterized by 1., which is distributed according to p(.).

A. An Alternative Characterization of <Z(N)> using SST

NEN]M

Here we give an alternative characterization of <Z (N)>N eNns

Lemma 18. Given an edge e € Ep, we suppose that the entries in we = [we(0), ..., w(2|X.] — 1)]T € R2X| gre independent
and identically distributed (i.i.d.) real-valued random variables following standard normal distribution. For any (Ki)g“‘ol_l € le/%‘,

we have

E(“ﬁ%_l“ww+<we<a+1>>2>“)= T
(S2E ™ ) (DT 1)

Proof. See Appendix [ |
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To apply SST, we define

d’ = (¢E)€€5i\1117
Ty, F = (Te f)ecof,fer

§(@epnr) = [ f(@or.p),
f

G2() = > G(@en.F) [ [ e(@ep)Pe(Ees), 3)

> e
T F

gsst(¥) = (§2(¢)) M7

where :i?afﬁf S Xf, Cfe’f c X, Zégm“}_ = Z%Sfu“,}'E()%)%

. . T .
Ve = |we(0) +iwe(1) ... we(2lX.| —2) +iwe(2]X,] —1)| € CHel,
with index Z. and the entries in w, = [w,(0),...,w.(2|X| — 1)]T € R21%| are i.i.d. real-valued random variables and follow

3

standard normal distribution. By definition of LCT, we have §(0) = Zg(N) € R>.
Theorem 19. The function (Z(N)) X, equals
(20, = (O + 15 [ gosn()dues ()

Proof. See Appendix [C] [ ]

VII. COMBINING EVERYTHING

We could apply the SST to all the edges of the DE-NFG N under consideration. However, the SST turns out to be much more
useful when applied to the LCT N of N based on some SPA-fixed point messages p. This is because of the properties of N mentioned

in Theorem Namely, after applying the SST to all edges of N, we obtain an NFG NSST with the following properties:

¢ On the one hand, the partition function satisfies

Z(Nsst) = (Za (N)) ™. @

¢ On the other hand, the partition function satisfies
Z(Nssr) = (0 + 5! [ Re(gsr () dutes), ©
where 1 := {t,}ces,,,, and where the integral is over some suitable set and measure as implied by (2). The function ggsr

appearing in this integral satisfies gssT (o) = (ZB(N,;L))M, where Yo := (¥e,0)ecgp, and ¢e,0(£%e) =1if . = 0 and

¢e(§:e) = 0 otherwise for all e € &gy
Theorem 20. Function Re(gssr(t)) has a local maximum at 9 = 1o

Proof. See Appendix [ ]

The proof of Conjecture [I3]can be obtained by combining @)—(®), taking the limit M/ — oo, and using Laplace’s method. In order
to show that Re (§SST(¢)) has a global maximum at ©) = 1), one can for example limit the consideration to DE-NFGs N whose
LCT N satisfies the following condition: for every function node f, it holds that f(0) > Zéf £ \f(x #)|. However, we suspect that

(much) weaker conditions are required.
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fley —fq fleg— fo
fr
! 3 Hez—f1 Heg— fo
fa
(a) (b)

Fig. 9: DE-NFGs in Example

VIII. COMPARISON BETWEEN §2(%)) AND THE BETHE PARTITION FUNCTION
Recall that the function Zg(N, f2) for the DE-NFG after LCT equals
] © H Zf(Nul‘D")
ZB(Na l"’) = fiooa
[I. Ze(N, )

where /01’ = {ﬁeﬁf}eeafﬁfej: and /oie—>f S Cl¥el,

Example 21. Consider the DE-NFG N in Fig. 9(a)l The corresponding function ZB(N, [t) is the partition function of the DE-NFG
in Fig. [9(D)] which equals to

(Zéah, fi (iafl) Hee(l,z,g) fre— 1 (jel)> <Zéaf27 f2(5i6fz) Hee(l,z,s) fre— 1 (@2))

et (S, e Fe)iies o (Ee2))

Zs(N, i) =

)

where LTof, = (.%171712'2,1,.%3’1) and LHfy = (.i'1727£f2,2,.’i3’2).

The Wirtinger derivatives of Zg(N, pt) with respect to fic, -, 7, (ie,) and fley— f1 (Ze,) for ey = (f1, f]) equal

0Zp(N, 1) e, reS((er i) iey) I @ Fler— i (Te) Tem s, pryerun fer) et (Te,p)bte— s (Te,p)

Ofier— 1 (Ze,) Hee&uu (Z%w ﬂeﬁf(ée,f)ﬂeaf/(éafw

fres—pi(Ter) 2, - 9(@ern,F) Hem(r pyeemn Fe—sf (Te,p)ltes j (Te,p7)

b

(Z,ﬁq,fl frer—py (Ter ) bey > f (er g ))2 [ecern ey (Zie,f ﬁe%f(‘%eﬁf)ﬁﬁf’(%e’f))
0Zg(N, fr) 0
Oftersfy(Fer)

where

S((el’f1)7‘%el) = {ifmu,}- € (X)Q : 33;61,]"1 = ‘%61}7

for all %517]‘1 € /'\O,’el, e1 = (f1, f1) € Eran- At the stationary point of Zp(N, (1) i.e _9ZoNB) g for every e; € 0f and f € F,

e aﬁclﬁfl(iel)
we have

fley —f1 (Zey) Z é(igfun,f)ﬁelﬁfl (ie,f’) H /fbeﬂf(je,f),&e%f’ (i'e,f’)’
%5fu11>f65((81,f{)7%gl) e=(f,f")€Emn\{e1}

fey— f1 (Tey ) o > 9( @, F) ey (Te,f7) 11 fle—s f (Ze, ) fte—s / (ZTe,f7),
égfu“)}'es((el,fl),%el) e=(f,f")€Emun\{e1}

which is the expression for the fixed-point of the SPA.
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Proposition 22. Recall that §2(v) is defined in (). At the stationary point of §2(v), i.e., 83§2E?) ;= 82512210#) - = 0, for every
e (Tey eq (Teq
e1 € Of and f € F, the vector 1 corresponds to the SPA fixed-point.
Proof. From (16) and (T7), at the stationary point of g2(2)), we have
Ye, (j€1) X Z .é(i:&]:)wel (‘;i”elafl) H e (fe,f)iﬁe (‘%e,f'%
igﬂln,]:ES((el,f{),iel) e=(f,f")€Eun\{e1}

which is the expression for the fixed-point of SPA such that fi.—, s = v, and fie_, p = 1, for all e = (f, f') € Eun.

]

APPENDIX A
PROOF OF PROPOSITION [T7]
|Xe‘2 X ‘Xe‘Q

The following operations on a Hermitian matrix M, € C with row index x., Z. and column index 7, 2/, are Hermitian-

preserving operations:
1) cM, for some c € R.
2) The Hadamard product between M. and M., where M. is also a Hermitian matrix with the same size as M,.
3) The partial trace of M.. The matrix

Z Me((xe,:%e), ($:57$:5)>7

Te,T!,
with row index &, and column index & is a Hermitian matrix. Also the matrix
§ (] ol
M(i(('re? er), (Ie) xe))v
e,
with row index z, and column index z/, is a Hermitian matrix.

Given a function f’s corresponding Choi-matrix representation [26] (f(zay, s, i) ; and its associated matrices for

Tof,fiThy,
loop-calculus transform, i.e., Me—f((ze,f,Ze), (70, 15 %)) 5 ;i in Choi-matrix representation with row indices (2e,,Zc) and

/
€

column indices (7, ;., @) such that M, ¢((2e s, Ze), (2, 1, 2¢)) = M, §(Ze.f,2c) for e € Of, one can verify that they are all

Hermitian matrices. The loop-calculus transform in (I)) can be decomposed into two consecutive operations:

/

1) The Hadamard product between matrices (f(xay, s, m’af’f))waf,f,w/a” QI and Q.o Me—s (e s, Te), (2 11 jje))i:e,f,éeef’
where [ is the identity matrix with size [[ o [Xe| X [ cos [Xel-
2) The partial trace over the indices of the edges between local function and its neighboring loop-calculus transform matrices,
ie.,
f@opdhr) = Y f@org @) [T Mess((weys o), (2t f. 20))-
Tos Ty ecof

Both these two operations are Hermitian-preserving operations. Thus the resulting matrix (f(Zsy, €} f))w o &) is Hermitian.

APPENDIX B

PROOF OF LEMMA [T3]

The main idea of this proof comes from [29]. In the following, we prove Lemma when |Xe| = 2 and this proof can be
generalized to cases with alphabet size |Xe| greater than 2.
Let us define w, := (we(0), we (1), we(2), we(3)). Since we(0), we(l), we(2), we(3) are uniformly distributed when ||w.| = r,

we have

E(fl(we)) = s fi(we) dups(we),
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where f1(we) == ((0e(0))? + (we(1))2) 51 ((we(2))? + (we(3))?) 52 /||we||2F1+K2), After some calculations, one obtains

1 wel?
/ 7f1(we)e_” s = 2B+ K [ 1K), (6)
R4
Let us define a sphere in R* with radius r to be Sy(r) := {w, € R?*|||z|| = r}. Evaluating () in polar coordinates gives

1 o0 2
pre) / / pAUI TS [ (we) dr do(we)
S4 Y0
1 ' o

2
=3 | PR dr [ fi(we) dow)
™ Jo Sy

2B (K 4+ K 4 1)!
471'2 S

fi(we) do(we). (7

Since both ﬁa(we) and prps(w,) are measures induced from the Haar measure [30], comparing (6) with (7)), we have

2f1(we
/ % do(we) = [ fi(we) dprs(we)
Sy 7T CP3
KK
B (K3 +K2+1)!.
APPENDIX C

PROOF OF THEOREM [19]

Let us define a matrix D, as for each edge such that given o. € Sy, :Enl’ M C%'Q, M E XeM , the entry of matrix D, s with row

index &1 3 and column index Z2 s equals

M
Do, v, 01, &2, 01) i= H [fl,m =0c(Ta,m) |,

m=1
where I € RI¥elxI¥el ig the identity matrix. Notice that D,_ »s is a permutation matrix. If o, € Sy denotes the identity permutation,

then D,, pr = I®M, where I®M is the standard M-fold Kronecker product of the identity matrix. Define

Terr = L Ds_ s
M!

ceSm
M
By (Fe) 1= D [Fem = 2], ®)
m=1
for all c%:aM € PECM, ée S 2%, e € - One can verify that for :%ijv 3%27M IS AO’M,
° ° H"" B. 3 (5%6)!
2 ~ Te €, L1, M
Tem(Z1, 00, T2, 01) = — [ edin = Bedan | )

where means the vector . equals the vector B entrywise. With these definitions, we have
e, 1. M q €, 2 M y

ex1, ﬁe,fm,M

M
<Z(N)>,§,€NM = Z H H.]g(%af,f’m) : HTe,J\4(§:e,f7M7%e,f’,]W)7 (10

= m=1 e
mgfull JF,.M f

where e = (f, f') € Ernts Tep, 7.0 = (Te,fom)ecof, feF,mem) and Z;E%HYF,M = Zisfun,;,Meé?W' As a result, we can reduce
the problem of computing <Z (N)>Ne N, toa problem of computing the partition function over the original DE-NFG N with a matrix
T, on each edge and a function Hj\m421 f for each function node.

For &1 7, o0 € XM, the entry in E((pepH)®M) with row index &1 ) and column index & 5 equals

B(TT e ™) [B4, , = Bus] an



2,M

Recall that 8, ;  and 3, z
and column index ég, M equals
IL;. B 5, ,, (@e)! B
(M+1)! [ﬁei‘w B 56,.%2,1“}7

where [[; denotes []; Comparing the above term with (), we have (M + 1)IE((1ZJ@1IJE')®M) =Te M.

T €X."

APPENDIX D

PROOF OF THEOREM [20]
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are defined in (8). With Proposition the entry of matrix E(('JJGJJ?)@M ) with row index 5’:17 M

(12)

Here we prove the local maximum at 1y by proving that the Hessian matrix of — Re(gssT(¢)) with respect to v at ¥ = 1) is

PSD. For simplicity, we define

° ° Tey,f1=%ey
g(61,f1)(x61) =1\ e, F e, ;=0 V(e,f)E(Erau xF) |
\{(e1,f1)}: e€of

2 2 ° C%el,flc,:i’617 §€2:f2:§621
g(elvfl)v(e27f2)(‘rel7x62) =01 e, F - -’%‘e,f:() Y(e,f)E(Eran X F)
\{(e1,f1),(e2,f2)}: ecOf

S((elafl)v (623f2)7je175ie2) = {{t&uu,}' € (X)z : iel,fl = ‘ieu 5362,f2 = jez}a

for all ‘%61 S /Yo‘ep ‘%62 S /’é‘eg’ €1 = (flvf{)’ €2 = (f27fé) S gfull~

A. First Derivatives of gssT(1) with respect to 1 at ¢ = 1

Lemma 23. When ¢ = 1), we have

9gsst(¥) —0
8¢€1 (xel) P=1)o ,
9gsst(¥) —0
awel (:rel) PY=1po

Sor all ey = (f1, f1) € Eran, i‘el IS /'\i’el.

Proof. The Wirtinger derivatives of §o(tp) with respect to ., (Z., ) and 1., (i.,) equal, respectively,
092(%) _ ORe(92(¥)) |, 01m(g2(vp))
e, (Te,) e, (Te,) 81/}61(3361)
_ DbequreSen s de) I (e, F)er (Fer ) Tlem (1. e g} Ve (e ) (Fe )
[lecsq 1el?

Ye, (i‘h) Zigfunf g(&:ffun,]:) He:(f,f’)e&un we(jeﬁf)we(j&f')
e Loy e P ’

942(v) _ Zéffun,FES((el,f{)jel) 9(@enn.F)Ver (Ter 1) He:(fvf/)egfull\{el} Ve(Te f)Ve(Te,r)

Dbe, (Fey) oce,,, l1tel?

B Ve, (Te,) Zégmn = é(igmu F) He (f,f")EEmn 1/Je(xe fWe(xe v )
H"pel || Heeffun\{el} H’lpCH

At 1 = by, we have

03a(v) s[5 =8] 505
° = Y(e1,f1 (xel)i Leq =0 '9(0)7
awel (xel ) P=1)o ) |: :|
94 o 2 =1 o5
g2<1f) = Gler, ) (Ter) = [mel = 0} +9(0).
awel (xel) P=1)o

13)

(14)

15)

(16)

a7



When :%el = 0, the above expressions equal

9(er.s1)(Tey) = 0, which implies
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zero. When i, # 0, by definition of LCT, we also have g(el,fl)(éel) = 0 and

o) | _,
8'(/)61 ('i€1) P=1o
o) | _,
3¢el ('%61) P=1)o
Note that
g . _1 0g
ST O) _ pr gy apy) 1t 22
811061 (Iel) 811[}61 (zel)
g g
gSSTg(w) _ M( 2(¢))M—1 92(13/;
e, (Te,) e, (Te,)
]
Lemma 24. Ar 1) = )y, it holds
o) | _,
a¢el (wel) P=1pg
B |,
a¢e1 (jel) PY=1po
Proof. We have
3&2(1#) _ Z:igfuufeS((el,f{),iel) é(i&un,fﬂ’el (jjelhfl) He:(f7_f’)6£fun\{el} 7/’e(je,f>7//e(je,f/)
81/)61 (jel) H€€5fu11 Hd"EHQ
Ve, (‘%61) Zigfuu,]: é(éff.m,}') He:(f,f/)egfu“ we(%e’f)we(%e,f’)
e Loy 1921 ’
942(¢) _ Z%Sfullv]‘_es((elvfl)vie1) 9(@equn, 7 )Ve, (53617]0{) He:(fvf')egfull\{el} Ve(Te,f)ve(Te )
awel ({O{jel) HeG&uu ||¢e||2
Ve, (12761) Zigfu“f §(§35m11,}') He:(ﬁf’)egﬁm ¢e(5%e,f)¢e(5%e,f/)
[er [1* Tleesqun gery [1%el? '
When 1 = 1)y, we have
9g2(¢ z s _ & &
51/125:%)) Iler, ) (e [wel = 0} 9(0)
e fyp—y
= O7
9g2(¢ z £ &
D0 | g e - [ = 0] -4(0)
e, (Ze,) h=1po
= 07
for all e; € &, Jgfel S )éel. |
B. Hessian Matrix of gsst (1) with respect to ¥ at ¥ = g
Lemma 25. When ¢ = 1)y, we have
() s () (13)
ey (Tey) \Ote, (Tey) b=1bo ey (Tey) \Ote, (Tey) —
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e, (jsz) Otpe, (Tey ) Pp=1po e, (‘%Ez) Otpe, (Tey ) Y=1bo
e, (Tey) \ iy, (T, _— s (Tez) \OWe, (Te,)/ | ey,

)
ao (8QSST(¢)) M(é(é))M71 80 ( 8572(1:[)) ) , (21)
8’(/)52 (‘i‘ez) awh ( ) Pp=1pg 8'(/)62 (‘iez) 9 )

forall ey = (f1,f1), e2 = (f2, f5) € Enn, :Eel € Xel, 1%82 € .92'62.

Proof. We have

Veo (Tey) \Ote, (Te,) I ey (Tey) h=po e, (Te,) b=
Q&N M 9 992(v)
+ M(g(0))M 1 - ( : )

O 3G \Bbu G|,
Mol O 992(¢)

— M(§(0)M ' —=, ( 924 ) .

(g( )) 8’(/}62 (‘%32) 8¢61 (‘%61) P=1pg
The proof of expressions (T9)—(21)) is similar and thus it is omitted here. |

Let ¢ : X — [Ze,egm |Xe/|] be the bijection that sends an element . € X, to the position of (...,0, Z.,0,...) € [ece X,

in lexicographical order among all vectors in [], Epn Y-

The matrices Hap 1, Hyp,2, Hyp 3 and Hy 4 with column index ¢, (i‘el) and row index ¢, (3%62) is defined to be

Hyp 1 (e (Fey ) ber (de,)) = Hop 1 re(es (e ), ey (Tey)) + iHop 1im (Pes (Ten), Bey (Ze,)),
Hy 5(bes (Tes)s by (de,)) = Hup 2we(es (e ), ey (Fey)) + iHop 2. (Pes (e, ), e, (T ),
Hyp3(ey ey ): fer (de,)) = Hup 5re(es (Tes ), Ger (Tey)) + iHop 3.im (Pes (Ten), Bey (2, ),
Hy 4(ey(Tey): ber (o)) = Hupawe(Bes (Tey): bey (Te,)) + iHup i (Ges (Ten): Ge, (Tey ),

for all Ze, € Xe,, Tey € Xey, €1 = (f1, 1), €2 = (f2, f3) € Erar, Where

H¢717re(¢€2 (%62)7¢81 (9391 <8Re gSST > cC,

aw@( M, (Ze,) .
G 9 9Im gSST

H ,1,im(¢e2 (IeQ) (bel (xel T < > € (Ca
Y 61/}?2 (’I€2 awel Iel I

HU’-,QJC((ZS@ (:%ez) d)ﬁl (xel aN <8 gSST > ecC,
61/192 (IPQ 3%1 xe1 Y=1p9

H¢727im(¢62 (‘%62) ¢e1 (5561 8~ (a gSST ) c C7
8'1/)62 (xeg 81/151 xel —

H’l/’»37re(¢e2 (*%ez) ¢e1 (-Tel 9 (8 gSST ) cc,
81/}?2 Pg 8’@[161 {,Cel P

H¢737im(¢62 (%ez) ¢e1 (3761 5 <a gSST ) c (C’
8’1/)62 (xez awﬁ xel D=0

Hy 4,re(@e, (%eg) Qe (%1 : (6 e(gsst (v ) cC.
8¢e2 (3762 877[]61 {Eel b=po
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e C.
Pp=1ho

H¢,4,im(¢ez (‘%62)7(;561 (:%61)) = 82 (alm(gss;r(%b)))
87/162 ('rez) awel (xel)

Lemma 26. We have

Hy 10, (Fes)s e (P ) = M@GO)M - [y 0,0, 20] (9160, 1) (eni(FersFer) = o1 = 2] - [, = 5] - 5(0)), 22)
H’l/’72(¢e2 (§62)7¢G1 (%61)) = M(é(O))Mil ' _'%el 7é 67'%62 7£ 6_ : [61 7& 62] 'g(el,fl),(ez,fg)(éﬁu*%62)7 (23)

H¢,3(¢G2 (5,62)7 ¢61 (éﬁl)) = M(f](O))Mil ' _5'61 7£ 67§62 7£ 6_ ~[61 7£ 62] : g(el,f{),(ez,fé)(éel’éez)a (24)

H¢,4(¢62 (5%62)792561 (%61)) = M(.&(O))Mil ' _'%el # 67§62 7£ 6_ : (g(el7f1)7(e27fé)(‘%el’§€2) - [61 = 62] : {‘%61 = ‘%82] : g(ﬁ))a (25)

for all o, € X.,, Te, € Xoy, €1 = (f1, f1), €2 = (f2, f3) € Era.

Proof. Note that

° 3 0 ORe(g . 0 0Im(g
Hy (60 (i) = 5o (IO O (Tl
€2 €2 €1 €1 Pp=1pg €2 €2 €1 €1 Pp=1pg
_ 0 9% (gsst () + gsst () v 0 D5 (9ss(¥) — gsst(¢))
8w€2 (iez) 8¢el (j‘€1 ) 81/’@ ('ie ) 6¢51 (i‘el)
P=1po Y=1po
_ - 83 <ggSST3('¢)> ' 26)
ey (Tey) \OWe, (Te, ) b=po
With Lemma it is sufficient to consider the Hessian of g2(1). We have
( 992 (1) )  aeresten ) ie) I PV e Fer 1) Tem(s e fer) Yoo Ve e )
a’lr/)el (‘%61) Heegfun H,lﬁbeHQ

Ve, (561) Zégmj é(égfulh}-) He:(f,f')egfu“ Ye (ieu‘)d’e (ieu") 27

[%er 1 Tecgn fery [1%el®

Suppose e; # e, we have

. < 992(¥) > = Zigfuu,}'es((el,f{)v(ezafz)ﬁ%q Eey) 9@, 7)Ver (Tey, 1) Ves (ie%fé) He:(.ﬂf’)Effuu\{el,ez} Ve(Te,p)Pe(Te,p)
Oy (Tey) \ O, (e, [ecen 1¥ell?
Pes (i’@) Zéé‘fuu,}'es((elaf{)véel) .&(53&“11,}')7/%1 (i'el,ﬁ) He:(ﬁf’)e&’f”u\{h} Pe (je,f)we (fe,f/)
[%eall* Teegn esy [1¥ell®

_ Ve (Te,) Zésfu“,fGS((€2yf2)7f%e2) 9(@eo,F)es (i'c%fé) He:(fvf')ESfuu\{%} Pe (fe,f)we (fﬁe,f’)
[%e: 1 Teegnn eny [1%ell®
4 Vey (Tey )es (Tey) Zéffuuf é(i"fmn,]‘-) He:(f,f/)egfu“ Ve (i“e,f)i/fe (‘%e,f’) '
N E N SO A

If e; = ey, the derivative of (%) with respect to e, (Ze,) is
e1 (Teq

o W _ Zégmll’}—es((cl7f{),(el7fl),;%al ,562) ﬁ(é&uu,}‘) He:(f,f’)EEfuu\{el} we(ie,f)we(ie,f’)
Dbes (e, (awel (s%el)> - [eceq, el
Ver(ea) L, resien ey I @V es Fero ) TLem (1, ) fer ) Ve (Fesf ) e (Ferg)
- e, 1 Tleceeay 190e]2
(Fer = x| T, 9@ e s gy Ve (Fef)e(e )
e, * Tleegpun fery el




Ve, (Tey) Zégmujes((ehh),éez) 9(Z e, 7) Ve, (fel,f{) He:(f,ff)egfuu\{el} Ve(Te,f)the(Te,s7)

[%er 1 Tecenm fery [1%el®

2te, (5:61 )wel (‘%62) Zégfun’}— é(igfully]:) Hez(f,f/)egfun e (i'e,f)we (i.e,f’)
[%e:l1° Teegnun eny [1¥ell® '

+

When 1 = 1)y and e; # eo, we have

s G

= e D) s(eants) (Ters Tea) — [xz = 6} “Glern ) (Ter) = [fﬁel = 0} “Y(ea.f2) (Tez)
w=o

+ [fe, = 0,30, =0] - 9(0).

When 1 = 1)y and e; = e, we have

= Yler, 1)) (er, f1) (Ter, Tey) — {fez = 6} “Ger,f}) (Ter) — {f = 6} “Gler, 1) (Tes)
P=1ho

+2ﬁﬁ=6j@=6]§my-ﬁqziﬁygmy

ey (Tey) \ O%ey (Tey)
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‘We notice that when at least one of :%el and 9%62 equals 0, we have 9 ( 992 (%) ) ‘ = 0. To sum up, for any ey, es € Epul,

Pp=1p
we have ’

51#:()337@) <5Z€?E;i)l)> - = [Ipﬁel # 67503@2 # 6} : (g(el,f{),(ez,fz)('%ela%ez) —[er =e] - |:-%e1 = 505@2] '§(6)>~

With (I8), we can obtain (22). The proof for expressions (23)—([23) is similar to the proof of (22). Thus it is omitted here.

By definition, the Hessian of gssr(e)) at ¢ = 1pg, denoted as Hy,, equals

Hy1 Hyp
Hyo Hya

Hy =

C. Relating Hy, to the Hessian of gsst () when gsst() is a function of real arguments w

Let J,, be the Jacobian matrix of 1) with respect to w and H,, be the Hessian of gssr(t) with respect to w. From Section 6 in

[31]], the matrix J,, is invertible and we have
Jw-Jﬂ,:cJ, c € Ryg,
1/} = Jw : wa

Hy = JR - Hy - .

D. Jacobian Matrix for SPA

Here we compute the Jacobian matrix of the SPA on the DE-NFG after LCT. For every the fixed-point messages of the SPA on the

original DE-NFG, there is a corresponding fixed-point messages of the SPA on the DE-NFG after LCT. Given a set of fixed-point

messages p of the SPA on the original DE-NFG, the corresponding fixed-point messages of the SPA on the DE-NFG after LCT,

denoted as ft = {fte— f }ecepn,feae With element fi._,; € (olld equaling

ﬂeﬁf = (Meﬁf) ' “He—fs

frospr = (Mesyr) ' Hes g7,

for all f € Oe, e € Exy.
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o o

In the SPA, the terms fi., £(0) and fi._, ;/(0) are normalized to be 1 for all e = (f, f’) € Ewn at each iteration. Suppose that we

(n+1)
e1—f1

are at the n-th iteration and we want to obtain the (n 4 1)-th message [ € Cl*l with index :%el € 2261 using SPA, we have

o2 o (n) ° .(n) /2 o (n) /2
Zésﬁ,u,reS((el,ﬁ),%El) g(wgfull’}-)ue?ﬂfl (Ter,tr) He:(f,f’)egfuu\{el} Me:f(w&f)uelf’ (Ze,f7)

o (n+1) 2
i?af)l(‘rel):

o2 o (n) 2 o(n) (2 o (n) 2 :
Zégfu”’]__es((ehf{)ﬁ) g(ngulljf)uel—)fl (xelmfl) He:(f’f’)effun\{el} :U’e%f (xe,f)/’('e*)f/ (xe,f')
Let us define (™) := {ﬁiﬂf}eegfum@f)fef. Recall that fiy is defined in Theorem t he Jacobian matrix .J,, of the SPA at
1 = iy equals
Ju _ JNJ JM»Q
Ju,3 Ju,4
where

. . Ofig 5, (&)
JM,1(¢61($61)7¢62('I€2)) = % ’
81“‘62 — f2 (xe2)

. . op{"*) (i)
Ju,2(¢61 (‘Tm)aqbez (5(562)) = % )
8/'“62_)]"5 ('I€2)

A =po

Al =po

. . i
‘]l—h3(¢€1 (‘%61)7¢€2 (5362)) =T e

M =pg

JH,4 ((bel (5351 ), d)eg (.%62)) =

2 =po
for all 3~3e1 € Xelv j:EQ € Xeg’ €1 = (flvf{), €2 = (f27fé) € Sfull-

Lemma 27. We have

) 9(ex,f]),(e2,f2) (‘%61 ) 5762)

JM71(¢€1 (*%el)ad)ez (éez)) = |:‘%€1 7& 6?‘%62 7é 6:| o2 ) (28)
9(0)

3 o 3 z o % 91,’,2,’(*%eat%e)

JH,2(¢€1 (‘r€1)7¢62 (x62)) = [61 7é 62] : [m(ﬁ 7é 073362 7& 0] - erf) (ecfi) - 2 ) (29)

9(0)

° ° ° a3 21 Y(er,f1),(ea, (i‘ea'%e)

Jﬂa3(¢€1 (xel)?¢€2 (xez)) = [61 7& 62] ' |:x€1 7é vaez 7& O:| : (el 20 f,zﬂ,) - = 3 (30)

9(0)

2 2 2 F 21 Y(er,f1),(e, f} (jelaje )

JM,4(¢61 (w€1)7¢82(x62)) = |:xe1 7é vaez 7é 0:| ' - 1) 20 3) 2 ) (31)

49(0)
for all ag:el € 2%61, 5:82 € 2%62, e1 = (f1,f1), e2 = (fa, f5) € Enn-
Proof. Suppose e; # eo, the Wirtinger derivatives of ui?ilf)l (;%61) with respect to ,uiz)_> £ (5%62) are
oY (.,) . . .
€ f1 ¢ o= o (1 2 o (n 2
80(7117 (,13. 1) = Z g(mgfullaf)ﬂ((il)—)fl (xe1,f1)ﬂizgfé(xez,f§)
Hey—s fa\ ez e rES((e1,f])(ea,f2)Fey sFes)
11 i) g (e )i g (a%e,m)
e=(f,f")€Eun\{e1,e2}
-1
Z é(it‘:fum]:)ﬁg)—)fl (‘%617f1) H ﬁéﬂf(fe,f)ﬁgi))f/ (j&f’))
égfullvfes((elvf{)vé) e=(f.f") €€\ {e1}

o2 o(n) 2 c(n) 2 Ne(n) /2
Zégfu“,fes((elvf{)’%el) g(wgf"“’]:)ﬂerfﬁfl (‘Telvfl) Hez(f,f/)egfun\{el} Neif(xeyf):uenﬁf’ (xfi,f’)

.2 o (n) ° o(n) /2 o (n) ° 2
(Zégf 11yf€s((€17f1')76) g(wc‘ffuu,]:):uezlafl (Ter,fr) He:(f,f’)eff.,n\{el} /Je:f (xe,f)ue:f/(x&f'))
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> U@, PIE g Fer 1)y (s )
ésf\,u,FGS((el,fl/)»(emﬁ)ﬁij)
o(n) (% o (n) 2 32
H Me—)f(xevf):u‘e%f/(xevf/) ’ (32)
e=(f,f")€Emn\{e1, e2}

ao(n+1) Z’LDV'
Ofe, 5y (Ter) 0, (33)

8luez~>f2( 2)

for all :Eel € Xel, xe2 € )2'62. When e; = ey, we have

nt1) ) Y (n) (2 ye(n) (2
‘9/%(91#1( a) Zisfun,feS((el,m (erf1) ey dey) 9@ F) Hlem(r ) cgnmn feny e g (e )it s pr (Te gv)

- o (n) 2 o (n) 2 o (n) 2
Ofig ), (&) Sae estensn ) I @ PVt g Ger 1) Tlm s s fery fre s (e, it pr (e g7)

s ( ) o( ) 2 o( ) °
Yie,rester it I @it g Fer ) Tlemf. e fer} Frems g (Tepite o pr (e p1)

o2 (n) o(n) 2 Ne(n) 2 2
(Zésf‘,n,ﬂfes((ehﬁ),é) 9(@er 7 )’uelﬁfl( el’fl) He:(ﬁf’)e&un\{el} ue%f(meﬁf)ﬂeéf/(xe’flg

> W@enr) I W@ G |
ésfun,?ES((ﬁaf{)7(€1~,f1)76,9:562) e=(f./)€Em\{ea}
n+1)
8M((alifl( ) —0
al‘l’pl—{fl('reQ)

for all e, € X,,, Ze, € Xo,. Evaluating (32) at (") = g gives

n+1 2 2 2 2
a'ut(%lﬁﬁ( ) _ g(elaf{)v(eQLfQ)(xel’xe2) _ g(elaf{)(xel)g(GQ,fQ)(xe2) (34)
a”ez%fa(xez) 1) = o 4(0) (9(0))?
for all agcel € )éel, 32052 € 22'62. When any one of :%el, 32362 equals 0, expression @) equals zero. As a result, it holds
0 (nt1) Te ° 2 . 2 e1. ). (e .%e ,.%e
Mel_}fl(i’, 1) = |:5:e1 7é O, -iez 7é 0:| : g( lﬁfl)v( 201f§,)( ! 2)5
aﬂ@zﬁfz( ) M =p0 g(O)
for all jc';el € 2261, 50362 € 2\?62 For e; = e, we have
n+1 2 2 2 2
Iy il‘ﬂfl (1‘ ) _ g(elaf{)v(elufl)(xel7xe2) . g(elaf{)(mel)g(elafl)(xe2) (35)
(n) 2 - e = 3
a/’celﬁjﬁ( 2) A =pg 9(0) (9(0))?

for all :%el € 2@61, agce2 € )2'62. Similarly, when any one of %el, :%62 equals 0, expression (33) equals zero. Thus

(n+1) 2 °
jre, "7, (Fe,) _ {x 4.5 #5] GlersDler ) (Ters Tey)
m 170 Tey 2
aﬂ@lL—)fl (‘TQ) M =p0 g(O)

for all Z,, € X,,, Ze, € X.,. The proof of expressions (B0)—@BI) is similar to the proof for expression (30) and thus it is omitted
here. |

E. Relating J,, to Hy

Lemma 28. Suppose that p = py is a stable fixed-point of the SPA, then the eigenvalues of the matrix —Hy, have non-negative real

part.

2 X |-1
Proof. Since p = p is a stable fixed-point of the SPA, by stability theory, the eigenvalues of the matrix J,,, denoted as {/\J,i}iz% eerun %! ,

satisfy |Aj;| < 1 and Re(1—Aj,;) > 0 for all i. Let us define I to be a matrix with size 23 . | X, x 2 > ectnm |X,| such that
I, 0
0 L

I =
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Cecepy 1Kl X T ecep, |Xel
where I; € RSy < € T has entry

140, (Fe,)s b (Bes)) = [Fey # 0,50, #0] - [er = €] - [, = 5]

for all 5&61 € /{’el, 5362 € /{’52, er = (f1, f1), e2 = (f2, f3) € Exnn. Comparing the entries in the matrix I’ — J,, with the entries in
matrix —H L, one obtains that I’ — Jy = —Hg . With the previous analysis, the eigenvalues of I’ — J,, also have non-negative real

part. Thus we can derive that both —H Z; and —Hy, have eigenvalues with non-negative real part. ]

Let us define matrices Hy, ;o and Hy jm to be

Hy e Hyore
H’L/J,re = 3

_H¢,2,rc H’(/)A,rc

Hy1im  Hy2im
Hyp jim =

| Hoyp2im  Hyaim

By definition, Hy vo and Hy, i, are the Hessian matrices of Re(gsst(vp)) and Im(gsst(vP)), respectively.
Theorem 29. Matrix —Hy, o is positive-semidefinite.

Proof. By definition and [31]], we know that —Hy, ;n, and —Hy, ;. are Hermitian matrices. Thus matrix —iHy, i, is a skew-Hermitian
matrix. Let v; € C?Zeceran 1%l pe g right eigenvector of —Hy, = —(Hyp e + iHyp,im) with eigenvalue A\; € C for all i =
0,...,2 ce,., |Xe] — 1. We have

—Hyv; = \jv;,
_”?Hz?) — )Tlva

Aillvi||? = vf - (—Hy) - v;

Therefore,
1
Re(W)|lwill? = o' (~Hy — (Hy)") v
1 . .
= Ev;—' ' <—H¢,re — iHyim — (Hypre)™ — (ZHw,im)H> -,
W M (—Hypre) - vi > 0, (36)

where at step (a) we have used the condition that matrix tHy im 1s a skew-Hermitian matrix. Note that the inequality vf' . (_Hd),re) .

v; > 0 in (36) holds for all i. Thus —Hy e is positive-semidefinite. [ ]
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